Chapter 5

STOCHASTIC CONTROL AND
DYNAMIC PROGRAMMING

5.1 Formulation of the Stochastic Control Problem

Consider the nonlinear stochastic system in state space form

1 = fr(or, uk, wi)

z(0) = xo (5.1)
for k = 0,1,--- , N, where N < oo in this chapter unless otherwise specified. We assume that {wy, k =
0,---,N} is an independent sequence of random vectors, with mean zero and covariance ). The

initial condition xzy is assumed to be independent of w; for all k, with mean mg and covariance X.
{ug, k=0,---, N} is the control input sequence. We assume that for each k, the past history of the state
xy, is available so that admissible control laws are of the form

up, = (2

where zF = {zj, 7 =0,---,k} is the history of state trajectory, also denoted by Xj. Such control laws
are called closed-loop controls. Note that open-loop controls, in which uy is a function of £ only, is a
special case of closed-loop controls. Tt is readily seen (see Exercises) that in general for stochastic systems,
closed-loop control laws out-perform open-loop controls. We may therefore confine attention to closed-loop
control laws of the form ® = {¢g,¢1, -+ ,dn}. Once the control law @ is chosen, the basic underlying
random processes {xg, wg,k =0,---, N} completely determine the process x; and hence uy through the
closed-loop system equations

eP = (@l dn(XT),wr)
z(0) = o
up = (A

where xf denotes the state process that results when the control law ® is used.

To compare the effectiveness of control, we construct a sequence of real-valued functions Ly (z, ug, wy)
which is to be interpreted as the cost incurred at stage k in state xj using control u; and with noise
disturbance wy. Ly is thus a function of random variables and its values are random. We define the cost
of control by

N
k=0

99
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Once the control law ® is chosen, J(®) can be evaluated. Different control laws can therefore be compared
based on their respective costs.
Example 5.1.1:

Consider the linear stochastic system described by
Tht1 = Tk + U + Wi

with Ezg = 0, Em% =1, Fwg = 0, Ew,% = 1. Suppose N = 2, and the per stage costs are given by
Ly (zg, up, wy) = z3. Let ® = {¢g, ¢1} with ¢o(x) = —2z, ¢1(z) = —3z. The closed-loop system under
this control policy satisfies

P

Ty =T — 2x9 + Wy = —To + Wo
x%’:xcf—?)x‘lb—kwl = —2(—xo + wo) + w1 = 229 — 2wy + w1

The cost criterion under the policy @ is given by

J(®) = Elaf + (27)” + (27)°]
= El‘% + E(—:E(] + ZU0)2 + E(Ql‘o — 2wy + ’LU1)2
=14+2+4+9=12
On the other hand, if we choose the policy ¥ = {¢, ¢}, where 1)(x) = —z, the closed-loop system is given
by
xl‘f+1 = Wk

Hence the cost criterion under the policy W is given by

J(0) = Elzg + (1) + (23]
:Ex?ﬁ—Ewg—l—Ew% =3

We see that for this example, the policy ¥ is superior to the policy ®.
We can now formulate the stochastic optimal control problem as follows:

Stochastic Optimal Control Problem:
Find the control law ® so that for the stochastic system (5.1), the cost J(®) incurred is minimized. The
control law ® which gives the smallest J(®) is called the optimal control law.

Let the optimal cost be defined as
J* = igf J(P)

The optimal control ®* is thus the policy satisfying

J(®%) = J*

Since there are an uncountably infinite number of control laws to choose from, the above stochastic
control problem might appear to be intractable. This fortunately turns out not to be the case. The
rest of this chapter treats the dynamic programming method for solving the stochastic optimal control
problem. Our treatment follows closely that given in Kumar and Varaiya, Stochastic Systems: Estimation,
Identification, and Adaptive Control.
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5.2 Dynamic Programming

The main tool in stochastic control is the method of dynamic programming. This method enables us to
obtain feedback control laws naturally, and converts the problem of searching for optimal policies into a
sequential optimization problem. The basic idea is very simple yet powerful. We begin by defining a special
class of policies.

Definition: A policy ® is called Markov if each function ¢y is a function of xj, only, so that ux = ¢g(zk).
Note that if a Markov policy ® is used, the corresponding state process will be a Markov process.

Let ® be a fixed Markov policy. Define recursively the functions

Vﬁ(aj) = FELyn(z,én(x), wN)
V,S(a:) = ELk(az,qbk(:E),wk)+Equ_)H[fk(:E,¢k(:E),wk)] (5.2)

Since x is fixed, the expectation is with respect to w. We use the following notation
(a) @ is the state process generated when the Markov policy ® is used.
(b) uf = ¢p(x}) is the control input at time k& when the Markov policy ® is used.

Lemma 5.2.1 now shows that the functions V;®(z) represent the cost-to-go at time k when ® is used.

Lemma 5.2.1 Let ® be a Markov policy. Then

N
Vit @p) = ED_ L], uf,wy)la}]

j=k
N
® P P
= E[ZLJ(:Ejvuj’wj”Xk] (5.3)
j=k
where the expectation is with respect to wy.
Proof. For notational simplicity, we write L; for Lj(a:?’,u;l’,wj) whenever there is no possibility of

confusion. The proof is by backward induction, a procedure used most often in connection with dynamic
programming. First note that Lemma 5.2.1 is true for £ = N. Now assume, by induction, that it is true
forj=k+1,--- ,N. We have

N N
E[Y Ljlai] = Ellg+ Y Lila]
j=k j=k+1
N
= BlLylaf)+ BB Lifafi,oflled)
j=k+1
N
= E[Li|z}] + E{E| Z Ljlzg,1]|zg} by the Markov nature of
j=k+1
= E[Lylay] + E[Vii (23 ) |27

= BlLilag] + BV (Fulak i, we))lay] (5:4)
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It is readily be verified that the following property of conditional expectation holds: If z and w are two
independent random variables,
E[h(z,w)|z] = Eyh(z,w) (5.5)

Where E,, denotes expectation with respect to the random variable w. Using (5.5) in (5.4) and noting that
z¥ and wy, are independent, the R.H.S. is seen to be V,*(z¥). Hence the Lemma is also true for j = k, By
induction, the Lemma is proved.

Now define, for an arbitrary admissible policy ¥, the cost-to-go at time k by

N
JI;II_ ZLJ ja j?wj)‘Xlgl]
=k
N
Then
J(;Il_ ZLJ T j’wj)’wo]
7=0
and
EJy = J(V)

The next lemma defines a sequence of functions which form a lower bound to the cost-to-go.

Lemma 5.2.2  (Comparison Principle)
Let Vi (z) be any function such that the following inequalities are satisfied for all x and w:

Vn ()
Vi(2)

ELyn(z,u,wy)

<
< EyLi(z,u,wg) + EyVii[fe(x, u, wy)] (5.6)

Let ¥ be any admissible policy. Then

Viz}) < JY  for all k w.p.1

Proof. Again the proof is by backward induction. Lemma 5.2.2 is clearly true for k = N by the
definition of Vx(z). Suppose it is true for j = k+1,--- , N. We need to show that it is true for j = k. By
independence of wy, and z*, (5.6) can be written as

V() E{Ly(a}  r(X7), wi) + Vi [fe (2, 0 (), wie)] | 3

E{Li(xy , r (X)), wi) + JI;I]+1‘XI§I}

IN A

= B{Ly(zy, vu(X)),we) + B Z T 71/}](‘)(\1/) wj)’Xk—l—l”Xk }
j=k+1

N

= E{)_L;|5'}
k

- J,g’

Corollary 5.2.1 For any function Vi(x) satisfying (5.6), J* > EVy(xo)

The next result is the main optimality theorem of dynamic programming in the stochastic control
context.
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Theorem 5.1 Define the sequence of functions

Vn(z) = inf ELn(z,u,wy)
Vk(:p) = Hif{Eka(ZE,’LL,wk) +Eka+l[fk($7uvwk)]} (57)
(i) For any admissible policy ®,
Vi(ag) < J¢
and
EVy(xo) < J(P)
(ii) A Markov policy ®* is optimal if the infimum for (5.7) is achieved at ®*. Then

Vilaf ) =J2  wp.1

and
EVy(zg) = J* = J (D)

(iii) A Markov policy ®* is optimal only if for each k, the infimum for (5.7) at each :Ef* is achieved by
(@)

Proof. (i): Vj satisfies the Comparison Principle so that (i) obtains.
(ii): Let @ be a Markovian policy which achieves the infimum. Then by Lemma 5.2.1 and (i)

Vi(z2) = J2 <J¥ all k and any admissible ¥

In particular, Jg’ = Vo(xg) = @ is optimal by Corollary 5.2.1.

(iii): To prove (iii), we suppose ® is Markovian and optimal. We prove by induction that ® achieves
the infimum. For k£ = N, (iii) is clearly true. For, if gblN # ¢n achieves the infimum, we can define a
Markov policy P = (¢o,...ON—1, (ﬁlN) Then since EFL;, = EL;W k < N — 1, we see that & not optimal.

Now suppose (iii) is true for k + 1 and J,‘fﬂ = Vk+1(x$+1), but that it is not true for k. Then 3 QS;C s.t.

)
)

Furthermore, strict inequality holds with positive probability so that expectation of L.H.S. of (5.8) >
expectation of R.H.S. Define

k)]
k)] (5.8)

)swy,) + By Vi [z, o (a

Eka(x§7¢k(x )
)swr) + B Vi [f(af, op (2

® @

k k)W
d D @

> EyLi(zy, ép(x), k)W

P = (¢o---¢k—1,¢;7¢k+1---¢N)

Then
EL;=EL, 1<k-1

By the induction hypothesis, ¢;y1--- ¢n achieve the infimum. Since ¢, ¢ are both Markovian

EJI?—i-l(:Eg—i-l) = EVk+1($$+1)

!

EJP A (zh) = EVig(zi)
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We then have
k—1
J(®) = EY Li+ELy+EViy(af,,)
0

k—1

> EZL2+EL;+EVk+1($E+1)
0

= J(®)

contradicting the optimality of ®.

Based on Theorem 5.1, the solution to stochastic control problems can be obtained through the solution
of the dynamic programming equation (5.7). It is to be solved recursively backwards, starting at k = N.
For k = N and each x, we have the corresponding optimal control ¢}, (x). At every step k < N, we evaluate
the R.H.S. of (5.7) for every possible value of x, and for each x, the optimal feedback law is given by

¢p(z) = argmin{ Ey, L (2, u, wi) + By Vi1 [fr(z, u, wi)] }

Theorem 5.1 can be interpreted through the Principle of Optimality enunciated by Bellman:

Principle of Optimality
An optimal policy has the property that whatever the initial state and initial decision are, the remaining
decisions must constitute an optimal policy with regard to the state resulting from the first decision.

Let us discuss how the Principle of Optimality determines the optimal control at time k. Suppose we
are in state x at time k, and we take an arbitrary decision u. The Principle of Optimality states that if
the resulting state is xjy1, the remaining decisions must be optimal so that we must incur the optimal
cost Vi+1(zp41). The optimal decision at time k& must therefore be that u which minimizes the sum of the
average cost at time k and the average value of Vi1 (xp11) over all possible transitions. This is precisely
the content of the dynamic programming equation.

5.3 Inventory Control Example

The method of dynamic programming will now be illustrated with one of its standard application examples.
A store needs to order inventory at the beginning of each day to fill the needs of customers. We assume
that whatever stock ordered is delivered immediately. We assume, for simplicity, that the cost per unit
stock order is 1 and the holding cost per unit item remaining unsold at the end of the day is also 1.
Furthermore, there is a shortage cost per unit demand unfilled of 3. The stochastic control problem is:
given the probability distribution for the random demand during the day, find the optimal planning policy
for 2 days to minimize the expected cost, subject to a storage constraint of 2 items.

To analyze this problem let us introduce mathematical notation and make precise our assumptions.

Let x, be the stock available at the beginning of the kth day, uy the stock ordered at the beginning of
the kth day, wy the random demand during the kth day. The storage constraint of 2 units translate to the
inequality xj + up < 2. Since stock is nonnegative and integer-valued, we must also have 0 < zp, 0 < ug.
The z, process is then seen to satisfy the equation

Tt1 = max(0, zy + up — wy) (5.9)
Now let us assume that the probability distribution of wy, is the same for all k, given by

Pw,=0)=0.1, Pwp=1)=0.7, Pw,=2)=02
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Assume also that the initial stock xg = 0. The cost function is given by
Li(zp, ug, wg) = ug + max(0, zx + up — wy) + 3max(0, wg — z — up) (5.10)

N =1 since we are planning for today and tomorrow. So the dynamic programming algorithm gives

* — : E _
Vi o min {u + max(0, z + ur — wg)
+3max (0, wy, — v — ug) + Vj'yp g [max(0, z 4wy, — wy)]} (5.11)

with Vi (z) = 0 for all .
We now proceed backwards

Vi'(z) = min  E{u; + max(0,z + u; —wq) + 3max(0,w; —x —u1)}
0<u1<2—x

Now the values that x can take on are 0, 1, 2, and so is u1. Hence, using the probability distribution for
w1, we get

V(o) = oglLilIlz{ul + 0.1 max(0, u1) + 0.3 max(0, —u;) + 0.7 max(0,u; — 1)
+2.1max(0,1 —uy) + 0.2max(0,u; —2) + 0.6 max(0,2 — u1)} (5.12)

For u; =0, R.H.S.of (5.12) =2.1 4+ 1.2 =33
For u; =1, R.H.S.of (5.12) =1+ 0.1 + 0.6 = 1.7
For uy =2, R.H.S.of (5.12) =2+ 0.2+ 0.7 =29
Hence the minimizing u; for z; = 0 is 1 so that ¢7(0) =1, and V{*(0) = 1.7.
Similarly, for z1 = 1, we obtain
V(1) = Oénilll E{u; + max(0,1 +u; —w;) +3max(0,w; — 1 —uy)}
SUu1s
= 0.7 for the choice u; = 0.

Hence
¢1(1)=0 and V(1) =0.7

Finally, for 1 = 2, we have

Vi'(2) = min E{u; + max(0,2 + u; — wy) + 3max(0,w; — 2 —uqy)}
0<u1 <0

= 09

In this case, no decision on u; is necessary since it is constrained to be 0. Hence ¢7(2) = 0. Now to go
back to k = 0, we apply (5.11) to get

Vi(x) = min  E{ug + max(0,x + up — wo) + 3max(0, wy — x — ug)
0<up<2—zx
+ V" max (0, x + ug — w,)|} (5.13)

Since the initial condition is taken to be z = 0, we need only compute V;(0). This gives

V5 (0) = min E{up+ max(0,up — wp) + 3max(0, wy — ug)
0<up<2

+ Vi [max(0, up — wo)]}
= 02}%2{% + 0.1 max(0, ug) + 0.3 max(0, —uyp)
+0.1V;*[max(0, ug)] + 0.7max (0, up — 1) + 2.1 max(0,1 — ug)
+0.7V{" [max (0, up — 1)] + 0.2 max(0, up — 2) + 0.6 max (0,2 — ug)
0.2V)"[max (0, ug — 2)]} (5.14)
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Using the values of Vj*(z) computed at the previous step, we find that for

up =0, R.H.S. of (5.14) = 5.0
up=1, R.H.S. of (5.14) = 3.3
wo =2, RILS. of (5.14) = 3.82

Hence, the minimizing ug is up = 1 and

V5 (0) = 3.3 with ¢5(0) =1 .
Had the initial state been 1, we would have

Vo (1) = 2.3 with ¢5(1) =0 ;
and had zg been 2, we would have

Vi (2) = 1.82 with ¢;(2) =0 .

The above calculations completely characterize the optimal policy ®*. Note that the optimal control policy
is given as a look-up table, not as an analytical expression.

5.4 A Gambling Example

In general, dynamic programming equations cannot be solved analytically. One has to be content with
generating a look-up table for the optimal policy through minimizing the right hand side of the dynamic
programming equation. However, in some very special cases, it is possible to solve the dynamic program-
ming equation. We give an illustrative example to show how this may be done.

A gambler enters a game whereby he may, at time k, stake any amount u; > 0 that does not exceed
his current fortune xj, (defined to be his initial capital plus his gain or minus his loss thus far). If he wins,
he gets back his stake plus an additional amount equal to his stake so that his fortune will increase from
T to 2 + ug. If he loses, his fortune decreases to x; — ug. His probability of winning at each stake is p
where % < p < 1, so that his probability of losing is 1 — p. His objective is to maximize F logxzy where zn
is his fortune after N plays.

The stochastic control problem is characterized by the state equation

Tpil = Tk + UpWg

where P(wp = 1) = p, P(wy = —1) = 1 — p. Since there are no per stage costs, we can write down the
dynamic programming equation
Vk(l’) = mqiix E[Vk+1(az + ukwk)]

with terminal condition
Vn(z) =logx

Since it is not obvious what is the form of the function Vi (x), we do one step of dynamic programming
computation starting from the known terminal condition at time V.

Vn—i(z) = maxFElog(x +uwn_1)

= mgx{p log(z + u) + (1 — p) log(x —u)}
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Differentiating, we get
D 1—p
T+ u r—1Uu

Simplifying, we get

uy—1 = (2p —1)zN-1
It is straightforward to verify that this is the maximizing value of ux_1. Upon substituting into the right
hand side of Viy_1(x), we obtain

Vn-i1(z) = plog2pz+ (1 —p)log2(1l—p)x
= plog2p+plogz + (1 —p)log2(1 —p) + (1 — p)logx
= logz + plog2p+ (1 —p)log2(1 —p)

We see that the function logx + «y fits the form of Viy_i(x) as well as Viy(x). This suggests that we try
the following guess for the optimal value function

Vi(x) = logx + oy
Putting into the dynamic programming equation, we find

logx +ar = max E{log(z + vwg—1) + s}

= max{plog(z +u) + (1 — p)log(z — u) + g1}

Noting that the maximization is the same as that for time N — 1, we have again the optimizing u; given
by
up = (2p — L)y,

Substituting, we obtain

logz +ar = plog(2pz) + (1 —p)log2(1 — p)x + a1
= plog2p+plogz+ (1 —p)log2(1 —p) + (1 —p)logx + g1
= logz + ag+1 +plog2p + (1 —p)log2(1 — p)

We see that the trial solution indeed solves the dynamic programming equation if we set the sequence
to be given by the equation

ap = opq1+plog2p+ (1 —p)log2(1 —p)
= py1 +1og2+plogp+ (1 —p)log(l —p)

with terminal condition ay = 0. This completely determines the optimal policy for this gambling problem.

5.5 The Curse of Dimensionality

In principle, dynamic programming enables us to solve general discrete time stochastic control problems.
However, unless we are lucky enough to be able to solve the dynamic programming equation analytically, we
would need to search for the optimal value of u for each x. If we examine the computational effort involved,
we quickly see that in practice, there are difficulties in applying the dynamic programming algorithm. To
get a feeling about the numbers involved, suppose the state space is finite and contains N, elements.
Similarly, let the total number of elements in the control set be N, and let the planning horizon be N
stages. Then at every stage, we need to evaluate V* at N, values of the state. If we look at the right hand
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side of (5.7), we see that for each x, we have to evaluate the value of E,, Ly (z,u, wr) + Ey Vy'  [fr(2, u, wy)]
for N, values of u. So the number of function evaluations per stage is of the order of N,/N,. For N stages
then, the total number of function evaluations would be N, N, N. Often the state is a continuous variable.
Discretization of the state space is used to produce a finite approximating set. For good accuracy, N, is
often large. Thus, with any planning horizon N greater than 10, as is common, we shall be burdened with
a significant computational problem. Although this rough analysis does not take into account much more
efficient computational methods associated with dynamic programming, it does give an indication to the
rapid increase in the computational difficulties. This computational difficulty associated with the method
of dynamic programming is often called the curse of dimensionality, and has effectively prevented it from
being applied to many practical problems.

For the theoretically inclined, there are interesting technical problems associated with the dynamic
programming equation. Two such mathematical problems are the following:

(1) We have to show the minimization in (5.7) can be carried out at every stage. Typical assumptions
which enable us to do that are the following:

(a) Assume that the control set is finite. Then the minimization of the right hand side at every
stage is easily determined by simply searching over the control set.

(b) Assume that the control set is compact (for Euclidean space, this is the same as closed and
bounded) and show, from other assumptions connected with the problem, that the R.H.S. is
continuous in u so that the minimum exists.

(2) The quantities appearing in (5.7) makes probabilistic sense, i.e., they are all valid random variables.
Such measure-theoretic questions can be avoided if the underlying stochastic process is a Markov
chain with countable state space.

Of course, all these problems disappear if we can actually solve the dynamic programming equation
explicitly. Such cases are rare and are often of limited scope and interest, as in the gambling example.
There is however one important class of stochastic control problems which have broad applicability and
for which we have a simple solution. This is the linear regulator problem which we shall treat next.

5.6 The Stochastic Linear Regulator Problem

The system process is given by the equation

Tpr1 = Azp + Bug + Guy (5.15)
Tp, = o

where wy, is an independent sequence of random vectors with Fwy = 0 and Ewkwg =@, and Fxy = m,
cov(zg) = Xo, x¢ independent of wy. The cost criterion is given by

N-1
J=E{afMay+ Y | Dy + Fu? (5.16)
k=ko

where M > 0 and FTF > 0. The control set is the entire R™ space, hence the control values are
unconstrained. The form of the cost is motivated by the desire to regulate the state of the system xj to
zero at time N without making any large excursions in its trajectory, and at the same time, not spending
too much control effort.
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The dynamic programming equation for this problem can be written down immediately.

Vie(x) = muin {|Dz + Fu|? + E{Vj41[Az + Bu + Guy)}} (5.17)

with terminal condition Vy(z) = 27 M.
The great simplicity of this problem lies in the fact that we can actually solve the dynamic programming
equation (5.17) analytically. To this end, we first note 2 preliminary results.

(i) For any random vector x with mean m and covariance ¥, and any S > 0, we have
E(z"Sz) = E{(x —m)TS(x —m)}+ Em’ Sz + Ex"Sm —m”Sm
tr S¥ + m?Sm (5.18)
(ii) For Ry > 0, any Ry, and R3 symmetric,

g(u) = v Ryu + u” Ry 4+ 27 RYu + 2™ Ryx
= (u+ R Ro2) " Ry (u+ Ry ' Rox) + 27 (R3 — RS R Ry)x

Hence for each z, the value of v which minimizes g(u) is given by
U = —Rl_lRQx
with the resulting value of g(u) given by

g(u) = :L'T(R3 — RgRl_le):E

Now noting the form of the cost and the terminal condition, we try a solution for Vj(z) in the form
Vie(2) = 27 Spx + q (5.19)
Applying (5.17), we see immediately that Sy = M and gy =0

E{Vii1]|Az + Bup + Guwy]} = (Az + Buy)T Spi1[Azy, + Buy)
+tr Sp1GQGT + et (5.20)

so that (5.17) becomes
T Spx 4+ q = min{||Dz + Fug|?® + (Az + Bug)? Sp1(Ax + Buy)
U
+tr Sp1GQGT + rsr} (5.21)

The optimal feedback law is given by, according to Theorem 5.1, the minimizing value of the R.H.S. of
(5.21). We find, using preliminary result (ii), that

up = i (x) = —(FTF + BYS, 1B " Y(BTSj 1A+ FTD)xy, (5.22)

This is then the optimal policy. On substituting (5.22) into (5.21) and grouping the quadratic terms
together, we see that Sj must satisfy

S, = A'S, A+ D'D— (ATS, 1B+ DTF)(FTF + BTS,1B) Y (BTS;, 1A+ FTD)

S — M (5.23)
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qr must satisfy

TG = Qo +tr Sp1GQGT (5.24)
g = 0
(5.24) can be solved explicitly for g, to give
N—1
G =Y tr $;11GQGT (5.25)
j=k
The optimal cost is given by
EVi(w0) = E$gsko$0 + Gk
N-1
= m Skymo +tr Sk o+ Y tr S GQGT (5.26)
Jj=ko

There are several things to notice about the solution of the linear regulator problem.

1. (5.23) may be recognized as a discrete time Riccati difference equation. It is identical in form to the
Riccati difference equation which features so prominently in the Kalman filter equations. We can
put them into one-to-one correspondence by the following table:

Regulator Filter
k<N k> ko
A AT
B cT
DD GQGT
FTF HRHT
DTF GTHT
DT[I - F(FTF)'FTID | GIQ - THY(HRHT)"'*HTT|GT

This is an illustration of the intimate relation within linear-quadratic control and linear filtering, and
is also referred to as the duality between filtering and control.

2. The optimal feedback law is the same one as the linear regulator problem for deterministic systems,
i.e., for the case where wy = 0 and z( fixed. On the one hand, this says that the linear feedback law
is optimal even in the face of additive disturbances, a clearly desirable engineering property. On the
other hand, it also says that the naive control scheme of setting all disturbances to its mean values
and solving the resulting deterministic control problem is in fact optimal. So for this problem, the
stochastic aspects do not really play an important role. This is due to the very special nature of the
linear regulator problem.

3. The manner in which the stochastic aspects enter is basically through the modification of the optimal
cost. If the problem were deterministic, then the optimal cost in (5.26) would contain only the term

mgSkomo. The random nature of the initial state xg contributes the additional term tr Sy >, and
N-1

the random nature of the disturbance wy, contributes the term Z tr Sj+1GQGT.
Jj=ko
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5.7 Asymptotic Properties of the Linear Regulator

The asymptotic properties of the linear regulator again centre on those of the Riccati difference equation.
The asymptotic behaviour of the Riccati equation has already been studied in the filtering context. We
can summarize the results as follows:

Let

= A-B(FTF)'F'D
— (I-F(FTF)'FT)2D

>

(or any D satisfying DTD = DT(I — F(FTF)"'FT)D). If (A, B) is stabilizable and (D, A) detectable,
then there exists a unique solution, in the class of positive semidefinite matrices, to the algebraic Riccati
equation

S=ATSA+D"D - (ATSB + DTF)(F'F + BTSB) "' (BTSA + F' D). (5.27)

Moreover, the closed-loop system matrix A— B(FTF+BTSB)~Y(BTSA+ FT D) is stable. For any M > 0,
Sk, the solution of (5.23) , —— 5.
If we consider the stationary version of the feedback law (5.22), i.e.

d(z1) = —(FTF + BTSB)"Y(BTSA + FTD)xy, (5.28)
Where S is the unique positive semidefinite solution of (5.27), the resulting closed-loop system is given by

2pp1 = (A — B(FTF + BTSB) " (BTSA + FT D))z, + Guy (5.29)

If we denote the covariance of x; by ¥y, then by stability of (5.29), ¥; ,— 2 3. This means that the second
moments of zj are finite in the infinite interval and second moment stability obtains. In particular, if xq is
Gaussian and wy, is a white Gaussian sequence, the closed-loop system (5.29) will also generate a Gaussian
process. It converges to a stationary Gaussian process as k — oo. Note that because of the noise input,
xy, will not go to zero as k — oo.

5.8 Stochastic Control of Linear Systems with Partial Observations

In Section 5.5, we considered the linear regulator problem when the entire state x; is observed. In this
section, we assume that xj is not directly observable. Our system is given by

Tht1 = Az, + Buyg + Guy, (5.30)
yr = Cxp+ Hu (5.31)
:Eko = Xy

where we assume wy, and vy, to be independent Gaussian random sequences with Fwy, = Ev, = 0, Ewkw;p =
Qdr;, Evkv]T = Réyp; with R > 0, HRHT > 0, and Ewkva = T0y;. Furthermore, g is assumed to be a
Gaussian random vector with mean mg and covariance Fy, independent of w; and vy.

The control problem is to minimize

N-1
J=E s Mzy + Z | Dy, + Fug|?
k=ko
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The crucial distinction between the present problem and that in Section 5.5 is that the control law cannot
be made a function of zp. It can only be allowed to depend on the past observations. It is thus very
important to specify the admissible laws.

Let Vi = o{y(s), ko < s < k}, the sigma field generated by {y(s),ky < s < k}. This represents the
information contained in the observations so that we have a causal control policy with a one-step delay
in the information feedback. We take the admissible control laws to be ® = {¢y,, ..., pn—1} where ¢y is
a (Borel) function of Y;_1. The interpretation is that uj depends on ys, kg < s < k — 1. Once Yy_1 is
known, the value uy is also determined.

The key to the solution of the problem is that under the linear-Gaussian assumptions, the estimation
and control can be separated from each other. Introduce the system

Trr1 = AT+ Guy
Tp, = o (5.32)
Y = Czy, + Huy, (5.33)

Lemma 5.8.1 For any admissible policy ®, YV, = Vi, k = ko,--- N — 1. In other words, Y, contains the
same amount of information as Y.

Proof: Let T, = 2 — T). Then
Tri1 = AT+ Bug

i — 0 (5.34)

We claim that &5, depends only on Vj,_s. This is clearly true for 2y, because 1 = A%y, +Bug, = Buy,,
which is assumed to be dependent on Vy,—1 (i.e. no observed information). Suppose, by induction, that
Z1, depends only on Vj_s. Then since T+ = A%y + Buy, the R.H.S. depends only on V)1, and the claim
follows.

Now yr, = ¥k,- Assume by induction that Y; = 37]-, j <k—1. Then

vy = Cxp+ Hvp,=Czp+ Hu, + Cay
= yp+Cxp (5.35)

Using the previous claim, the R.H.S. of (5.35) depends only on ). Hence ), C V). But from (5.35), we
also see that ), C Vi so that Vj, = V.

Remark: If we allow u; to depend on Y, Lemma 5.8.1 still holds, with virtually no change in the
proof. In this case, there is no delay in the information available for control.

We may now split the system into two parts
T = T + Tk (5.36)
using (5.32) and (5.34). Furthermore, the estimate

e = Bloe1| Vi) = E{%rq1 + Tp1 |V}
= E{Zp1|Ve} + Trp1 (5.37)

But E{Zp11|Vx} = E{Zp41|Vx} corresponds to the optimal conditional mean estimate in the Kalman
filtering problem. So (5.37) becomes

Lfk+1|k = Ailﬂk—l + Ky (yr — C‘%k\k—l) + A%y + Buy (538)
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where K}, is the Kalman filter gain. But using (5.37), we have
Tppre = Adpp_y + Bup + Ki(yp — Cp — Cyp_q)
= Aik|k—1 + Buy + Ki(yr — Cik\k—l) (5.39)
If we compare (5.39) to the standard Kalman filter, we see that the additional term Buy in the state
equation appears in the same additive manner in the estimation equation (5.39). This is a consequence of

our assumption about admissible laws.
The next step in the development is the simplification of the cost. Consider the term

E{ay D" Day|Ve1} = E{(xx — Erp—1) DT D(xy, — Epp—1)|Ve1} + & DT Dy
= tr DTDPk|k_1 + i‘ak_lDTDi‘lﬂk—l

Hence
E(xf D" Dzy) = E(E{«} D" Day|Y4-1}) = tr D" DPyj_y + E(&f;,_, D" Diyyp_y) (5.40)
Similarly, noting that uj is known given )j,_1,
E(xf D" Fuy) = E(E{x}, D" Fur|Y,—1}) = E(if,_, D" Fuy) (5.41)

Note that the 1st term on the R.H.S. of (5.40) is independent of ug. Using (5.40) and (5.41), we obtain
the following expression for the cost

N-1
J = E{iyn Mény-1+ Y [IDékr-1 + Fugl’]}
k=ko
+ terms independent of control (5.42)
Now (5.39) may be written as
fjk+1|k = Aik\k—l + Buy + Kpvg (5.43)

where vy = yp — CZpp—1 = Up — C’:%k‘k_l is the innovations process. According to the results in Section 3.2,
vk is also a Gaussian white noise process, and in the form of g — Ci’k‘ k—1, can be seen to be independent of
ug. We have now reduced the problem from one with partial observations to one with complete observations
in that &) is the state of the system, known at time k£ + 1 from (5.39), with cost criterion

N-1
J = E{szv|N_1M!ﬁN\N—1 + Z | Dégpp—1 + Fugl|*}
k=ko
since the terms in (5.42) which are independent of the control will not affect the choice of the control law.
The results of Section 5.6 are now directly applicable and we obtain

up = —(F"F+ B"Sp1B) " (BT Spp1 A+ FTD)dgjes
= Sk(Vi-1) (5.44)

since &, depends only on V1.

The result obtained in (5.44) characterizing the optimal control in the partially observed linear regulator
problem is usually known as the Separation Theorem. The name comes from the fact that the feedback
law

op(z) = —(FTF + BTS, . B) "1 (BT S 1A+ FTD)x

is precisely the optimal control law for the deterministic linear regulator problem with quadratic cost. The
Separation Theorem says then that if we have additive Gaussian white noise in the system, the optimal
feedback law should be applied to the best estimate of the state of the system. This separates the task of
designing the optimal stochastic control into 2 parts: that of designing the optimal deterministic feedback
law, and that of designing the optimal estimator. This constitutes one of the most important results in
system theory.
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5.9 Stability of the closed-loop System
Equation (5.30) together with the control law (5.44) give rise to the closed-loop system

2k41 = Az — B(FTF + B S 11B) (BT Sks1A + FTD)dypp—y + Guy, (5.45)
Let egjp—1 = 2 — Zgp—1. Then ey, _; satisfies the equation

o1 = Aegp—1 — (APyp_1CT + GTH")(C Py C" + HRH") ™' Ceypy
—(APy1CT + GTH")(C Py CT + HRH") ™' Huy, + Guy, (5.46)

Let

L, = (F'F+B"S,. 1B Y(BTS;;1A+ F'D)
Ki = (AP CT+GTH")(CPypCT + HRH™)™!

(5.45) and (5.46) may be combined to give the following system

Th+1 A— BLk BLk :| |: Tk :| |: ka
= + 5.47
|: ek+1|k :| |: 0 A— KkC ek‘k_l ka - KkH’Uk ( )

If the algebraic Riccati equations associated with Sy and Py ,_; have unique stabilizing solutions, then we
may consider the stationary control law given by

up = —(F'F + B"SB) " {(BT"SA+ F'"D)ay_,
where 2, _1 is generated by the stationary filter given by (3.11). Let
L = (FTF+BT'SB)"Y(BYSA + FTD)
K = (APCT + GTHT)(CPCT + HRHT)™!

The closed-loop system then takes the form

[ Chrilk } B [ 0 A-KC ] [ e } + [ G — K Hop } (5.48)

This is again a system of the form
Eor1 = Ak + Mk

and the stability of &, in the sense of boundedness of its covariance, is governed by the stability of A. But
the block triangular nature of A shows that the stability of A is determined by the stability of A — BL and
that of A — KC. Using our previous results concerning asymptotic behaviour of the Kalman filter and the
linear regulator, we can immediately state the following result.

Theorem 5.2 If the pairs (A, B) and (A,G) are stabilizable, and the pairs (C, A) and (D,A) are de-
tectable, then the stationary control law

up = —(F"F + B"SB) " (B"SA+ F"D)dy—1 (5.49)

where S is given by the unique positive semidefinite solution of the algebraic Riccati equation (5.27) and
Tyk—1 18 given by the stationary filter (5.11), gives rise to a stable closed-loop system.
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In connection with stationary control laws we may consider infinite time control problems. Note that
we cannot in general formulate the cost criterion associated with an infinite time control problem as

[ee]
E || Dy + Fugl?,
k=0
since the noise terms will make the above cost infinite no matter what the control law is. This may be
N-1
seen from the optimal cost for the finite time problem which contains the term Z tr Sk+1GQGT. If as

k=kq
N — o0, S — 5, the infinite sum will become unbounded. One way of formulating a meaningful infinite

time problem is to take the average cost per unit time criterion

N-1
. 1 9
= Jim > E||Day + Fuyl| (5.50)
k=0
It can be shown that if the conditions of Theorem 5.2 hold, the control law (5.49) is in fact optimal for the
cost (5.50). See, for example, Kushner, Introduction to Stochastic Control and the exercises.
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5.10 Exercises

1. This problem illustrates the fact that in stochastic control, closed-loop control generally out-performs

open-loop control. Consider the linear stochastic system
Th+1 = Tk + Uk + Wk

with cost criterion

where N > 1, Exy = 0, Ea:g =1, Fw, = 0, Ew,% = 1, and wy is an independent sequence, also
independent of x.

(a) Let ug be any deterministic sequence (corresponding to open-loop control). Determine the cost
criterion in terms of N and uy.

(b) Let uy be given by the closed-loop control law u, = —xj. Determine the cost criterion associated
with this policy and show that it is strictly less that the cost criterion determined in (a),
regardless of the open-loop control sequence used in (a).

. Let x; denote the price of a given stock on the kth day and suppose that

Th4+1 = Tk + Wy

:1:0:10

where wy, forms an independent, identically distributed sequence with probability distribution P(wy =
0) =0.1, P(wp =1) =04, P(wr = —1) = 0.5. You have the option to buy one share of the stock at
a fixed price, say 9. You have 3 days in which to exercise the option (k = 0,1,2). If you exercise the
option, and the stock price is x, your profit is max(x — 9,0). Formulate this as a stochastic control
problem and find the optimal policy to maximize your expected profit.

. Consider the following gambling problem. On each play of a certain game, a gambler has a probability

p of winning, with 0 < p < 1/2. He begins with an initial amount of M dollars. On each play he
may bet any amount up to his entire fortune. If he bets u dollars and wins, he gains u dollars, while
if he loses he loses the u dollars he has bet. Let x; be his fortune at time k. Then we readily see
that x; satisfies the following equation

Tpil = Tk + UpWg

where uy, satisfies 0 < wup < zk, and wy is an independent sequence with P(w, = 1) = p and
P(wy, = —1) = 1 — p. The total number of plays is fixed to be N and the gambler would like to
construct an optimal policy to mazimize Em?v where z is the fortune he has at time N.

(a) Formulate the problem as a stochastic control problem and obtain the dynamic programming
equation which characterizes the optimal reward.

(b) Characterize the optimal policy in terms of the parameter p.

(Hint: Guess the form of the optimal reward Vi (z). Be careful about the maximization.)
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4. An employer has N applicants for an advertised position. Each applicant has an independent nonneg-
ative score which obeys a common probability distribution known to the employer. The actual score is
found by interviewing the applicant. An applicant is either appointed or rejected after the interview.
Once rejected, the applicant is lost. The position must be filled by the employer. The problem is to
find the optimal appointment policy which maximizes the expected score of the candidate appointed.

We formulate the problem as a dynamic programming problem. Let the score associated with the kth
candidate be wy, with density function p(w). wy is an independent identically distributed sequence
by assumption. Let x; be the state of the process, which is either the score of the kth candidate, or
if an appointment has already been made, the distinguished state F'. The two control values at time
k are 1 for appoint or 2 for reject. We can therefore write the state equation as

Th1 = f(@k, Uk, Wht1)
where

flep,ug, wprq) =F if vp=F or u,=1
=wpy1 if up =2

(i) Determine the per stage “reward” L(xp,u) as a function of zy, uy.

(ii) Obtain the dynamic programming equation for this optimization problem. Be sure to include
the starting (terminal) condition for the optimal cost.

(iii) Show that for £ < N — 1, the optimal control is to appoint the kth candidate if z; > oy and
reject if x;, < oy while both appointment and rejection are optimal if z, = «j. Characterize ay.
(Hint: Set ap = EViy1(wgy1) and obtain a difference equation for ay.)

(iv) Suppose p(w) =1, 0 <w < 1, and N = 4. Determine the oy sequence and hence the optimal
policy.

5. This problem treats the optimal control of a simple partially observed scalar linear system with
quadratic criterion.

(a) Let
Th+1 = Tk + Uk

Yk = Tk + Uk

N-1
J:E{qa:?v—i-ZfQuz}, qg>0

k=0

Exg = mg, cov(zg) = po > 0, Ev, = 0, Evgv; = 105, v > 0. Admissible controls uy are
functions of y,, 0 < 7 < k — 1. Find the optimal control law explicitly in terms of the given
parameters. You'll have to solve two Riccati difference equations.

(b) Let X} = E:ﬁz‘ w_1- Determine the difference equation satisfied by Xj. Express the control effort
Eui in terms of Xj.

(c) Let N=4,g=10, f=1,mg =1, pp =1, r = 1. Find sequentially Eu; for k =0, 1,2, 3.

6. (i) Infinite time problems can also be solved directly using dynamic programming. Consider the
System

ZTra1 = Axy + Bug + Guy, (ex6.1)
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where the state x;, is perfectly observed. The cost criterion to be minimized is

[ee]
J, = EZpkHka + Fuy?
k=0

Show that if there exists a function V (z) such that p* EV () .0 and that V (z) satisfies the
dynamic programming equation

V(z) = min{||Dx + Ful]> + pEV (Az + Bu+ Gwy)} (e6.2)

then the optimal control law is given by
uy, = argmin{||Dzy, + Fug||® + pEV (Axy, + Buy, + Gwy)} (ex6.3)

Determine the function V(x) and the control law uy explicitly, making appropriate assumptions
about properties of solutions to an algebraic Riccati equation.

(ii) Similar results can be obtained for the average cost per unit time problem

N-1
1 )
Jop = lim < E kE_O Dy, + Fugll

Show that if there exist a real number A and a function W (z) such that & EW (zx) v 0 and
that
A+ W (z) = min[|| Dz + Ful|> + EW (Az + Bu + Guwy,)) (ex6.4)

then the control which minimizes the R.H.S. of (ex6.4) is the optimal control. Determine the
function W (x) explicitly and the optimal control law. Finally, show that X is the optimal cost.

(Hint: Consider the identity F {Z;V:;l Wixj) — E[W(xj)|:17j_1,uj_1]} =0.

Show that E[W (z;)|zj_1,uj—1] > XA+ W (zj_1) — ||[Dxj—1 + Fu;_1]|* and substitute this into
the identity.)

7. A singular quadratic control problem is one in which there is no penalty on the control. This problem
shows how sometimes a singular control problem can be transformed into a nonsingular one. Suppose
the scalar transfer function

blz"_l + ...+ b,
a2Vl 4+ L+ ay,

H(z) = by # 0

is realized by a state space representation of the form
Tpr1 = Axg + buy

Yk = CTg

so that c¢(2I — A)~1b = H(z). Without loss of generality, we may take (c, A) to be in observable

canonical form
0 —a,

A=| . . c=1[0...0 1]
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Then

by
Suppose the control problem is to minimize
00
J=> u
k=0

This is then a singular control problem.

(a) Show that J is minimized if and only if J; = ;% ¥, is minimized.

(b) Express J; in the form of

o0
J1 =Y || Dy, + Fug|® with FTF >0
k=0
What are D and F7?
(c) Put vp = ug + (FTFY"'FT Dz}, and express the system equations in terms of vy, i.e., find A
and b so that R )
Trr1 = Axg + bug
Express J; also in terms of vy, i.e. find D and F so that J; = 302 | Dag + Fug|?, FTEF > 0.
(d) Give conditions in terms of the original system matrices under which (A, b) is stabilizable and
(D, A) is detectable. Determine the optimal control (which is also stabilizing) in this case.

(e) Determine the necessary and sufficient conditions for detectability of (15, fl) using the original
transfer function H(z).

8. We discussed the solution to the LQG problem when there is a one-step delay in the information
available for control. Assume that E(wkvg = 0), i.e. T =0, but the admissible control laws are of
the form wuy, = ¢y (y"*). Imitate the derivation of Section 5.8 to show that the optimal control law in
this case for the finite time problem is

up = —(F"F + B S0 B) " (BT S A+ FTD)dp

9. (i) For the control algebraic Riccati equation (CARE), assume F' = 0. (CARE) now reads, assuming
that the indicated inverse exists,

S=ATSA+D'D - ATSB(BTSB)"'BTSA

Assume that B is a n x 1 column vector and D is a 1 x n row vector, DB # 0. Verify that DT D
is a solution of CARE. Give appropriate structural conditions under which this solution is the
unique positive semidefinite solution which stabilizes the closed-loop system.

(Hint: Refer to problem 7.)

(ii) Consider the system
Yk + aYk—1 = Ug—1 + bug_2 + € + cep_1

A state space representation of this system is

10 0 n b L
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ye = [0 1zy
Find the time-invariant control law using LQG theory which  minimizes
limpy_ oo %E Z;V:_Ol y]2 where uy, is allowed to be a function of y*. Check all the structural
assumptions needed (stabilizability, detectability, etc.) and solve as many equations explicitly
as you can.
(Hint: Use the result obtained in (i).)



