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ABSTRACT. We study the reach control problem for affine systems on simplices, and the
focus is on cases when it is known that the problem is not solvable by continuous state
feedback. In previous work we used the reach control indices to construct a (discontinuous)
piecewise affine control that solves the problem. Here we initiate an investigation of the
extent to which time-varying feedbacks can be used. A particular time-varying feedback
is proposed and shown to solve the problem.

1. INTRODUCTION

This paper studies the reach control problem in simplices. The problem is for an affine system
defined on a simplex to leave the simplex through a prespecified facet in finite time. The
problem was introduced in [7] and was further developed in [8, 9, 14, 3, 4, 5, 6]. In [3] it was
shown that affine feedback and continuous state feedback are equivalent from the point of
view of solvability of the reach control problem (RCP). In [4, 6] we developed reach control
indices which expose how affine or continuous state feedbacks may fail - such feedbacks
induce closed-loop equilibria in sub-simplices that are inherently starved of sufficient inputs.
Fortunately, the reach control indices also give insight on how to overcome the problem
of insufficient inputs. In [5, 6] we presented a subdivision procedure that triangulates
the simplex into sub-simplices with sub-reach control problems that are solvable by affine
feedback. The final outcome was that if the reach control problem is solvable by open-loop
controls, then it is solvable by (discontinuous) piecewise affine feedback.

The objective of this paper is to explore whether other types of controls can be used to
solve the problem, in the case when it is not solvable by continuous state feedback. We
are especially interested in controls that are not discontinuous in order to circumvent issues
about chattering due to measurement errors, and a natural choice is time-varying feedback.
Here we present a method inspired by the information that is provided by the reach con-
trol indices. In particular, these indices indicate in which sub-simplices equilibria appear
when affine feedback is used. This information is used to construct a compensator that
dynamically shifts the set of equilibria so that trajectories can effectively “roll around” the
equilibria in order to exit the simplex.

The paper is organized as follows. In Section 2 we explain the ideas of the paper using
a 2D example. In Section 3 we formulate the reach control problem and we review those
cases when the problem is not solvable by continuous state feedback, thereby setting the
context for the rest of the paper. In Section 4 we review results on the reach control indices.
In Section 5 we develop a flow-like condition that tells us about the general movement of
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FIGURE 1. 2D example.

trajectories in the simplex. In Section 6 we present a time-varying compensator and we give
the main result of the paper on solvability of RCP using this compensator. In Section 7
we apply the result to a pedagogical example arising from a materials transport problem.
Proofs of supporting lemmas are found in the Appendix.

Notation. Let KK C R™ be a set. The complement of K is K¢ := R™\ K, the closure is K, and
the interior is K°. For a vector x € R"™, the notation z > 0 (z = 0) means x; > 0 (x; > 0)
for 1 < ¢ < n. The notation x < 0 (z = 0) means —z > 0 (—z = 0). The notation 0 denotes
the subset of R™ containing only the zero vector. The notation £ denotes the open unit
ball, and % denotes its closure. The notation co{vy,vs,...} denotes the convex hull of a set
of points v; € R™. The notation sp{yi,y2, ...} denotes the span of vectors y; € R"™. Symbol
U denotes a control type: we consider open-loop controls, continuous state feedback, affine
feedback, or time-varying feedback.

2. CONTRIBUTION

We explain the contribution of the paper informally and intuitively by way of an example.
Consider the simplex & = co{vg, v1, v} and facets Fy, Fi, and Fo, as in Figure 1. Consider
a single-input control system & = Ax + bu + a defined on §. The reach control problem is
to find a state feedback u(x) such that all closed-loop trajectories initialized in S leave S
in finite time through the exit facet Fy.

Suppose that vg = (0,0), b = (0,1), and that Az + a € Im(b) along a line O through v;
and vy. Let 3 € Ker(b") be such that 8- (Az +a) =0 on O, B (Azx + a) > 0 above O,
and - (Az + a) < 0 below O. Clearly closed loop equilibria can only appear on the set
G :=S8NO0O. The procedure to solve the control problem by continuous state feedback is to
select control values u; at the vertices v; such that the velocity vectors Av; + bu; + a point
inside cone(S), the cone with apex at vy determined by S; otherwise trajectories may leave
S through F; or F3, which is disallowed. The controller u(z) is formed as a continuous
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interpolation of the control values at the vertices. Label the vertex velocity vectors as
yo = Avg + bug + a, and b; = Av; + bu; + a, i = 1,2, as shown in the figure. Importantly,
b; € Im(b) because v; and vg are in O. Now it is obvious that this control problem cannot
be solved by any continuous state feedback. For at vy, b; has to point up to be inside
cone(S), but at vy, be has to point down. If we continuously interpolate along Fy from v;
to vg, the continuous vector field, always in Im(b) along Fy, must pass through zero (by
the Intermediate Value Theorem). The defect is that there are two vertices v; and v that
“share” the only control direction available, b.

On the other hand, the problem is trivially solved by open-loop controls. Take any initial
condition zg € S. For the sake of argument, say xoy ¢ Fo. Pick any final point z close to
Fo such that the slope of the line through xy and xf is negative. Because - (Ax +a) > 0
for x € S\ Fy, at every point z along the line ZToz; there exists a control value u, such that
Az + bu, + a is a non-zero velocity vector tangent to the line. This determines an open
loop control that drives the state along the line from g to z; in finite time. Then to drive
the state out of S from z; sufficiently close to Fy, use a sufficiently large negative input.
A formal argument is provided by Theorem 6 of [11]. Our concern is with the gap between
solvability by open loop controls and solvability by continuous state feedbacks, and we ask
ourselves: is there any other type of feedback that can solve this problem? The only known
result is the class of discontinuous piecewise affine feedbacks [5, 6]. What about continuous
controllers?

Consider this situation. Suppose we devise an affine controller called u’(x) that assigns
the same vertex velocity vectors as u(z), except u’(x) places an equilibrium at v;. Then
we devise a second affine controller u*(z) that assigns the same vertex velocity vectors as
u(z), except u™(x) places an equilibrium at ve. Finally, define a controller that interpolates
between these two:

u(z, o) == (1 — a)u’(z) + au™(z). (1)

By playing with o € [0, 1], we can “slide” the equilibrium along Fy. See Figure 2. There-
fore, we have introduced a new degree of freedom, so to speak, that is not available with
continuous state feedback.

How do we exploit this new degree of freedom to solve the reach control problem by a
continuous feedback? Here is one idea. Recall that 8- (Ax +a) > 0 for 2 € S\ Fp and that
B € Kerb”. This means that in S\ Fy, independent of the choice of controller, trajectories
naturally drift to the right. Now suppose we can slide the equilibrium to the left along Fg
using u(z, o). Then trajectories could be made to “roll around” the equilibrium as it drifts
towards vy. There is one caveat. Trajectories that start in & to the left of v might not
move quickly enough to the right and thereby get stuck at an equilibrium at vo. This is
circumvented if the equilibrium is slid slowly enough so that trajectories originating to the
left of v9 have enough time to drift to the right past vo. Our main lever for controlling the
speed of sliding is the dynamics of «, which we get to pick. Finally, the overall argument
works because b cuts Fy transversally; in other words, a hyperplane H* with normal vector
0 strongly separates v1 and vy. If b were parallel to Fy, the argument would fail completely.

The contribution of the paper is to make mathematically rigorous for multi-input systems
the informal ideas presented for this single input 2D system.
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FIGURE 2. Possible locations for equilibria.

3. REACH CONTROL PROBLEM

Consider an n-dimensional simplex S with vertex set V := {vg,v1,...,v,} and facets
Fo,...,Fn (the facet is indexed by the vertex it does not contain). Let h; be the unit
normal vector to the facet F; pointing outside of the simplex. Facet Fy is called the exit
facet of S. Define the index sets I := {1,...,n} and I, :== I \ {i} (note Iy = I). Define the

closed, convex cones
Ci={yeR": hj-y<0,j€el;}, ic{0,...,n}.
We'll write cone(S) := Cp since Cy is the tangent cone to S at vg. We consider the affine
control system
t=Ax+ Bu+a, z €S, (2)

where A € R"*", q € R", B € R"™ and rank(B) = m. Let ¢,(t,x0) denote the trajectory
of (2) starting at xp under some control law w.

Problem 1 (Reach Control Problem (RCP)). Consider system (2) defined on S. Find a
feedback control u(x) such that for every xog € S there exist T > 0 and v > 0 such that

(1) ¢ult,zo) €S for allt € [0,T],
(i) ¢u(T, o) € Fo, and
(iil) @u(t,xo) & S for allt € (T, T + ).

RCP imposes that all closed-loop trajectories leave S in finite time through the exit facet
Fo, without first leaving S through another facet. Note that condition (iii) requires that
the dynamics (2) are extended to a neighborhood of S. The following conditions guarantee
that closed-loop trajectories cannot leave S through a non-exit facet.

Definition 1. We say the invariance conditions are solvable if for each v; € V' there exists
u; € R™ such that Av; + Bu; + a € C;. Equivalently,

hj - (Av; + Buj+a) <0, ie€{0,...,n}, jel;. (3)
The inequalities (3) are called the invariance conditions, and they are used to construct

affine feedbacks [8]. For general state feedbacks, stronger conditions (also called invariance
conditions) are needed.
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Definition 2. We say a state feedback u(x) satisfies the invariance conditions if for all
jel and x € Fj,
h; - (Az 4+ Bu(z) +a) <0. (4)

Definition 3. A point xg € S can reach Fy with constraint in S and using control type U,
denoted by xg S, Fo, if there exists a control u of type U such that properties (i)-(iii) of

Problem 1 hold. We write S -+ Fo by control type U if for every xqg € S, xg S, Fo with
control of type U.

For Problem 1 the following necessary and sufficient conditions have been established for
the case of affine feedback.

Theorem 4. [9, 14] Given the system (2) and an affine feedback u(x) = Kx + g, where
K e R™" g € R™, the closed-loop system satisfies S S, Fo if and only if

(a) The invariance conditions (3) are satisfied with uy = u(vg), ..., un = u(vy).
(b) There is no closed-loop equilibrium in S.

Let B = Im(B), the image of B. Define O :== {z € R" : Az +a € B} and G :=8SNO.
Notice that closed-loop equilibria can only appear in G. In the remainder of the paper
we make an important assumption concerning the placement of O with respect to S. The
reader is referred to [3] for the motivation for and a method of triangulation of the state
space that achieves this assumption. See also [10].

Assumption 5. Simplex S and system (2) satisfy the following condition: if G # (), then
G is a k-dimensional face of S, where 0 < k < n.

The primary conclusion of [3] is that under Assumption 5, RCP is solvable by affine feedback
if and only if it is solvable by continuous state feedback. The goal of this paper is to solve
RCP in cases where continuous state feedback cannot be used. Based on [3], the cases to be
studied are captured by the following assumptions. Let Ig := {1,...,k + 1} be the vertex
index set of G.

Assumption 6. Simplex S and system (2) satisfy the following conditions.

(A1) G =cof{vy,...,ve41}, with 0 < Kk < n.

(A2) BNcone(S)=0.

(A3) BNC; #0, i€ Ig.

(A4) The maximum number of linearly independent vectors in any set {b1,...,bxt1 | b; €
BNC;} (with only one vector for each BN C;,i € Ig) is m with 1 < m < k.

Assumptions (A1)-(A2) exclude the application of results on solvability by affine feedback in
[3]. Assumption (A3) is necessary for solvability by open-loop controls [5, 6]. Finally, (A4)
introduces a new condition in terms of the variable m, which necessarily satisfies m < k1.
When m = k + 1, an affine feedback solves RCP [3]. The remaining cases when m < k are
the topic of this paper.

In the sequel we make use of the following family of matrices. Let 1 < p < g < Kk + 1,
b € BNC;, and define H,, := [h,---h,] € R@PTD v, o= [b,...b,] € R¥(a—pHD)
and M, , = Hg: ¢Ypq- We say a matrix M is a Z-matrix if the off-diagonal elements are
non-positive; i.e. m;; < 0 for all ¢ # j [2]. Since b; € BNC;, i € Ig, each M, , is a Z-
matrix. Also under the condition that B N cone(S) = 0, certain matrices of the form M, ,
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will be shown to be nonsingular .Z-matrices [6]. A complete characterization of nonsingular
A -matrices is found in [2], Ch. 6.

4. REACH CONTROL INDICES

Suppose Assumption 6 holds. We know from [3] that RCP is not solvable by continuous
state feedback. Since m < k, there exists p > 1 such that

m+p=r+1.

Evidently there are not enough independent vectors in B to resolve all invariance conditions
for vertices in G. The reach control indices provide a means to bookkeep those vertices
v; € G that share degrees of freedom in B, and they capture the strong restrictions placed
on BB imposed by (3). We summarize the main results below.

Theorem 7 (4, 6]). Suppose Assumption 6 holds. Then there exist integers ry,...,1, >
2 and an independent family of subspaces {Bu,...,Bp} such that w.l.o.g. (by reordering
indices)

BNC;i C By :=sp{bmy,-- s bmytri-1}, i=mi,...,m1+7r1 —1, (5a)
BNC; C By :=sp{bm,,---bmy4rp—1}» i=mp,...,mp+1p—1, (5b)
where b; € BNC; and
mp:i=71+-+rp_1+1, k=1,...,p. (6)
Moreover, for each k =1,...,p, {bm, ..., bmy+r,—2} are linearly independent and
by +ri—1 = Cmpbmy, + -+ + Coy sy —20my 4y —2 (7)

with ¢; < 0.

We observe that due to (7) the lists (5a)-(5b) have the property that any vector in a list on
the right is dependent on all the other vectors in its list. Also, if any vector is removed from
a list, the remaining vectors are linearly independent. In particular, the kth list contains
r, — 1 linearly independent vectors in B, so dim(By) = ry — 1. The integers {ri,...,7rp}
are called the reach control indices of system (2) with respect to simplex S. The reach
control indices enable to discover a further necessary condition (D5) for solvability of RCP
by open-loop control. This leads to the following assumptions to be used in the rest of the

paper.
Assumption 8. Simplex S and system (2) satisfy the following conditions.

(D1) G =cofvy,...,v5+1}, 0 < K < n.

(D2) BN cone(S)=0.

(D3) BNC; #0, i€ lg.

(D4) 3Im such that (A4) holds, 3 {r1,...,rp,} such that (5a)-(5b) hold.
(D5) Bk¢H0:{y€Rn|h0y:0}v k:177p

Conditions (D1)-(D3) are copied from (A1)-(A3) and define the problem setup. The ne-
cessity of (D3) and (D5) was proved in [6] for a slightly stronger version of RCP, and (D4)
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comes from Theorem 7. Below we summarize the algebraic consequences of the reach con-
trol indices, stated primarily in the language of .#Z-matrices [2]. Proofs are provided in the
Appendix.

Let Hpq := [hp---hg) and Yy, = [b,---by], where the b;’s come from (5a)-(5b). Let
M, 4= H, Yy 4 Define
ri=Ti4 e+
and for k =1,...,p define
Ig, = {mp,...,mp+r,—1}, (8)
Gr = co{Umy,- ) Unmptrp—1}- (9)
Lemma 9 ([4, 6]). Suppose Assumption 8 holds. Then for each k =1,...,p,
hj-b; =0, ielg,, jel\lg, . (10)
Equivalently, By L sp{hmy - hy_i4rp1—1, hangs - -+ B} Moreover,
Bi, C sp{vm, — 0, -, Ump4ry—1 — U0} - (11)

Lemma 10. Suppose Assumption 8 holds. Then for each k =1,...,p,

(i) Each principal submatriz of My, m,+r.—1 i @ nonsingular A -matriz.
(ii) Matriz My, my+r—1 € R™¥7k is irreducible.
(i) Matriz My, my+r,—1 @5 a singular A -matriz.

Lemma 11 ([4, 6]). Suppose Assumption 8 holds. For each k = 1,...,p, there does not
exist B € B such that {by, ,...,bm,+r,—2,0} are linearly independent and

hjﬁgov ]GI\ng (12)
5. A FLOW-LIKE CONDITION

We begin our exploration of time-varying feedback to solve RCP in cases when it is not
solvable by continuous state feedback. The development is divided into two parts. First we
establish that a flow-like condition holds on & which has desirable properties relative to the
sub-simplices G, k = 1,...,p. By a flow-like condition we mean a condition of the form:

¢ (Az+ Bu(z)+a) >0, reS,

where 0 # £ € R". Geometrically this condition corresponds to a foliation of parallel
hyperplanes H. := {z € R" | £ -z = ¢}, ¢ € R, with normal vector £ such that closed-
loop trajectories on S flow in one sense only with respect to the hyperplanes. Second, we
propose a time-varying compensator whose role in essence is to dynamically shift the set of
equilibria generated by affine feedback in a direction opposite to the direction indicated by
the flow-like condition.

In this section the flow-like condition is developed. We give an overview of how it is derived.
Consider each Gi and its associated set of velocity vectors in By. By assumption (D5), By
is not parallel to Ho. Consequently one can find a vector B in Ker(BT) (or a variant of
it), with the property that there exists a hyperplane with normal vector i that strongly
separates at least two vertices in Gi. This is the content of Lemma 14. Simultaneously this
B trivially contributes toward a flow-like condition on G since B - (Az + Bu(z)+a) = 0 for
any x € G and any control u(z). By taking a linear combination of the [3;’s, one gets both
the vertex separation property and the flow-like condition using a single vector ¢'. This is
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done in Lemma 15. The fact that the vertex separation property of 3; is not corrupted by
the presence of 3;, j # 14, in the expression for { 1is a result of the special form of the 8;’s.
This form is derived in Lemma 12. It relies on the properties of the simplex summarized in
Lemma 21 and on the properties of relevant .#-matrices summarized in Lemma 10.

So far we have discussed the strong separation of vertices in each G, and a flow-like condition
on G in terms of a vector £ L There remains the question of a flow-like condition for S \ G
in terms of a vector £2. This condition arrives automatically from convex analysis, as given
in Lemma 16. Finally the flow-like conditions based on ¢! and &2 are put together into one
flow-like condition based on a vector &£* in Theorem 17. This £* is adjusted to retain the
vertex separation property, the main property upon which the time-varying compensator is
based.

Define the matrix

B= [ D1 Doy by -

P bmp+7‘p—2] € RHX(T_p) ’ (13)
and let B = Im(B\) Note that the columns of B are ordered according to Theorem 7 and

that vectors by, 4+r.—1, & = 1,...,p, do not appear in the columns of B. Also, velocity
vectors associated with v;, ¢ =7+ 1,...,x + 1 are not yet defined, so they do not appear.
By Theorem 7, dim(By) = r, — 1 and By, ..., By, form a family of independent subspaces,

~

so rank(B) = r — p. Recall the definitions of Ig, and G from (8) and (9). The next result
gives a specially selected vector used to strongly separate at least two vertices in each G,
k=1,...,p.

Lemma 12. Suppose Assumption 8 holds. For each k € {1,...,p} there exists By €
Ker(BT) such that

(i) Br = dmkhmk —+ e+ dmk+7"k—1hmk+7"k—1’ with d; < 0.

(i) B (vi—wvo) =0, i€l\Ig,.
(iii) By (vi —vj) =0, i,j€Ig\Ig,.

Proof. Let k € {1,...,p}. By Lemma 10(ii) and (iii), My, m,+r.—1 1S & singular, irreducible
M -matrix; therefore, so is M1 By Theorem 6.4.16(2) of [2], there exists d < 0

mg,mi+rg—1°

such that MTbkarrk_ld = 0. Define

m
B = Humymytr—1d -

This gives the form (i). Next we show Sy, € Ker(ET). First, we have

M,ﬂk,mkm_ld = ngk,mk+rk—1Hmk,mk+rk—1d = Yﬁk,mkm_lﬁk =0.
That is,

Br-b; =0, i=mpg,...,mp+r,—1.
Also from (10)
Br-b; =0, i=1,...,mp_1+rg—1 — L, Mgg1,...,7.

We conclude 8 € Ker(BT). The statement (ii) follows from Lemma 21(ii). The statement
(iii) follows from Lemma 21(iii). O

Lemma 13. Suppose Assumption 8 holds. Consider p1,...,[B, from Lemma 12. Then
Ker(B\T) =sp{fi,.--,Bps hrg1,. .., hn}.
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Proof. By construction 8y € sp{hm,,.-.,Amy+r,—1}, kK =1,...,p, and so by Lemma 21(viii),
{B1,..., Bpshyg1, ..., hy} are linearly independent. From (10), Bl sp{hr+1,...,hn}. Thus,
Peg1yeoeshn € Ker(ET). Also from Lemma 12, f1,...,08, € Ker(ET). Now rank(ET) =
r—p, SO dim(Ker(ET)) = n—r+p. Thus, {$1,...,Bp, brt+1, ..., hn}is abasis of Ker(ET). O

The next result shows that for each k = 1,...,p, vector 8, can be used to strongly separate
at least two vertices in Gy.

Lemma 14. Suppose Assumption 8 holds. Consider Bi, ...,y from Lemma 12. For each
ke {1,...,p}, there exist iy, ji € Ig, such that

Bre - (03, —v5,) # 0. (14)

Proof. Let k € {1,...,p} and suppose by way of contradiction that for every g € Ker(ET)

~

and i,j € Ig,, B (v; —v;) = 0. This implies (Vpm4+1 — Vmy), -+ > (Umptro—1 — Um,) € B.
Suppose w.l.o.g. that
Ump+1 — Umy, = v+

where t/ € By, and 0 # 0" € sp{bmy,- -, 0m;_ 474 _1—1,bmy 15+ -+ br}. Then by Lemma 21(iii)
and by (10)

Ozh]"(vmk-l-l_vmk) :hj'b/—I—hj'b//:hj'b//’ j:mlv"'7mk—l+rk—1_17mk+17"'an'

By construction {bp,,, - - . , bm, +r,—2, 0"} are linearly independent. This contradicts Lemma 11.
Thus, V" = 0. This argument can be repeated for each vy, 1i — V., i = 1,...,7 — 1 to get

(Ump+1—Vmy)s - - - » (Umyptre—1—Um,, ) € Bi. By Lemma 21(vii), {(vm,+1—Umy)s - - - » (Umptrp—1—
Um,, )} is a basis for By, so By, C Ho. This contradicts Assumption (D5).

We deduce that there exist iy, ji € Ig, and € Ker(BT) such that 3 - (vip, —vj,) # 0. By
Lemma 13, 8 € Ker(BT) can be expressed as

ﬁ:alﬁl+"'+apﬁp+ar+1hr+1+"'+anhny a; € R.
By Lemma 12(iii) and Lemma 21(iii)
0+#0- (Uik - Ujk) = (alﬁl +-+ O‘pﬁp + rgrhpyr +000 F anhn) : ('Uik - 'Ujk)
= arbr - (vi, — vj,)
implying that By - (v, — vj,) # 0. O
In light of Lemma 14, we assume without loss of generality (by reordering the indices within
each group Ig, ) that for k=1,...,p

Upn,, € arg max [y - v;, Umnjtrp—1 € arg min S, - v; . (15)
iEng iEng

We also define the sets
g0 = co{vml,vmm . ,vmp}

(S SR
& = CO{Uml—l—rl—lavmz—l—rz—ly---7Ump+7’p—l}-

In the next result we pick a single hyperplane that strongly separates the two sets £ and

E>.
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Lemma 15. Suppose Assumption 8 holds. Consider 31,...,[3, € Ker(ET) from Lemma 12.
Define

gi=EBi+-+5B, & ER, (16)
and

H:={xcR": &' (z—vy) =1}. (17)
There exist &1, . .. ,f; > 0 such that H strongly separates E° and .

Proof. Let x € €Y and y € £°. Then there exist a; > 0, Y7 a; = 1, and v; > 0,
f:1 7 = 1 such that z = y0m, + - + YpUm,, and y = a1Vmy4r—1 + 0+ ApUmy,+rp—1-
For k=1,...,p define

Iy = B - (Umk — ), T = P - (Umk+7"k—1 — o) -

By Lemma 12(i) we may write 8y = dm, hm,, + -+ + dimytrp—1Amy+r,—1 With d; < 0. By
Lemma 21(iii)-(iv) we have that

Bk - (vi —vo) = dihi - (vi —vo) >0, i € Ig, .
In particular, 7 > 0. By Lemma 14 we know that I # m; thus,
0 < mp < Tl k=1,....p.
Select ¢} € (Hik, Wik) #( for k=1,...,p. Then using Lemma 12(ii)
& (x—w) = (EGBi+-+E8) - (n(0my —v0) + -+ 7p(Um, —v0))

= 1&BL (Umy —v0) + -+ EpBp - (Vm, — 0)
’Ylf%ﬂl + -+ ’Ypf;zl)Hp

> mkln{ﬁ,iﬂk} >1. (18)
Similarly,
E-(y—w) = (Bt +&B) (W (Vm -1 —v0) + - + 4p(Vmytr,—1 — V0))
= a1&{Br - (Wmytr—1 = 00) + - + & By - (Vmytr,—1 — Vo)
= oq&%m + -+ ongzl,wp
< m]?x{f,iﬂk} <1. (19)
Thus, H strongly separates £ and £°°. O

The next result shows that the open-loop system naturally drifts in some fixed direction for
points away from G.

Lemma 16. Suppose Assumption 8 holds. Let P := co{vg,vsx+t2,...,0n}. There exists
€2 ¢ Ker(BT) such that

2. (Ax +a) >0, reP. (20)

Proof. Observe that P is compact and convex and that P N O = (). The image of P under
the affine map x — Az + a, denoted C; = AP + a is also compact and convex. We observe
that C; N B = (. For suppose not. Then there is a point x € P such that Az + a € B.
Then z € O, by definition, which contradicts P N O = (). Note that both C; and B are
convex sets, and that C; is bounded. By Corollary 11.4.2 of [13], there exists a hyperplane
‘Ho separating B and C; strongly. This implies B is parallel to Ho since B is a subspace.
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Let €2 be the normal vector to Ho pointing to the side containing P. Then, £2 € Ker(BT)
and €2 - (Az +a) > 0 for all z € P. O
The following is the main result on a flow-like condition on §.

Theorem 17. Suppose Assumption 8 holds. Let u(x,t) be a time-varying affine feedback
such that fort >0

Av; + Bu(vj,t) +a€C;y, i=0,r+1,...,n (21a)

Av; + Bu(vi,t) +a€ B, i=1,...,r. (21b)
Then there exists 0 # £* € Ker(ET) such that fort >0

& - (Az + Bu(x,t) +a) >0, z €S, (22)
and such that H* strongly separates E° and £ where

H ={xeR" | & (x—vy) =1}. (23)

Proof. Consider ¢! given by Lemma 15 and ¢2 given by Lemma 16. Define

€= (1 - NEH + 22, A e (0,1). (24)
Since B = Hpy my+rp—1d with d < 0 and by (21a) we have for each k =1,...,p,
B - (Av; + Bu(v;,t) +a) >0, i=0,r+1,....,n.
Therefore from (16)
¢l (Av; + Bu(vi,t) +a) >0, i=0,r+1,...,n.

Using (20), for i =0,k +2,...,n
£ - (Av; + Bu(v;,t) +a) = (1= \) &L - (Av; + Bu(v;, t) + a) +X €2 - (Av; + Bu(v;,t) +a) > 0

>0 >0

where we use the fact that ¢2 € Ker(B”). Similarly, for i =7 +1,..., 5+ 1,
& - (Av; + Bu(v;,t) + a) = (1 — N)&L - (Av; + Bu(v;,t) +a) >0,

where we use the fact that ¢2 € Ker(BT) and Av; +a € B,i =7 +1,...,x + 1. Finally,
since ¢! € Ker(BT), €2 € Ker(BT), and Ker(BT) c Ker(BT), then ¢* € Ker(BT). Thus,
by (21b), fori=1,...,r
& - (Av; + Bu(v;, t) +a) =0.
By convexity of Ax + Bu(x,t) + a in x, £ - (Av; + Bu(x,t) +a) > 0 for all t > 0, x € S,
and A € (0,1), which proves (22).
Let x € £ and y € £, and let ; and «; be as in the proof of Lemma 15. Using (18) and
(19)
& (@ —v) =1 =N (& —w9) +AE? - (& — vo)
—_——
>1
and
€ (y—v0) =1 -NE - (y—w) +A? (y— o).
1
<
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Since functions fi(z) = &' - (x — vg) and fao(x) = €2 - (x — vp) are continuous, they achieve
a minimum and maximum on each compact set £ and £>. This means we can select
A € (0,1) close enough to 0 such that

& (y—w) <l<&-(z—w), zc&yeck™. (25)
With this choice of A\, H* strongly separates 0 and £°. O

6. TIME-VARYING COMPENSATOR

The time-varying compensator will be constructed so as to exploit the flow-like condition
(22) and the separation property of H* in (23). First, we define two affine feedbacks u"(z)
and u™(z) that place equilibria at £ and £, respectively. Then we define a compensator
u(z, ) with additional state o € R. This compensator simply interpolates between u°(x)
and u™(z) as « varies from 0 to 1. By construction when o = 0, all closed-loop equilibria
are in £°. When o = 1, they are in £*. Thus, as « varies from 0 to 1, the set of closed-
loop equilibria crosses from one side of H* to the other in a direction with decreasing &*
component. Informally, we can say that trajectories flow downstream according to (22)
while equilibria flow upstream, so that no trajectory can be “stuck” at an equilibrium.
Ultimately, this enables all trajectories to exit S, as shown in Theorem 20.

Suppose the invariance conditions for S are solvable; thus, there exist inputs u8, cooud e R™
such that (3) hold. Let y{ := Av;+Bu)+a, fori =0,...,n. We choose ul, ,ul, ,... ,u?np €
R™ such that
W = 0, i€ {my,mg,...,mpy} (26a)
W o= b, i€ lg\{mi,ma,...,my}, (26b)

where b; € gﬂCi, 1=1,...,r, are provided by Theorem 7; and b; € BNC;, i = r+1,...,k+1,
are selected so that m independent directions in B are associated with G, as per (D4).
Finally, construct the associated affine feedback

u(z) = K% + ¢°,
and let ¢°(¢,z0) denote trajectories of the closed-loop system. Note that the closed-loop

system has equilibria at vy, ..., vm,-

Next we define a symmetrical controller u® () which is identical to u°(x) except that it
places equilibria at vy, 4,—1, K = 1,...,p. Let y7° := Av; + Bu{® 4+ a, for ¢« = 0,...,n.

First set u$® = u?, i = 0,7 + 1,...,n. Then we choose ui®, ..., u’; € R™ such that
yi© = by, ie{l,...;r}\{mi+r1—1mo+ro—1,...,my+mr,—1} (27a)
yi© = 0, ie{mi+r—1mo+re—1,...,m,+r,—1}, (27b)

where again b; € BN Ci, t = 1,...,r, are provided by Theorem 7. Finally, construct the
associated affine feedback

u®(z) = K¥x + ¢*°,
and let ¢ (¢, x¢) denote trajectories of the closed-loop system. Note that this closed-loop

system has equilibria at vy, 4+r,—1, £ = 1,...,p. The next result argues that, away from
equilibria, trajectories do exit S.



TIME-VARYING AFFINE FEEDBACK FOR REACH CONTROL ON SIMPLICES 13

Lemma 18. There exist 2,6 € R™ such that
€. (Az + Bu’(z) +a) > 0, ze€8\&°%, (28)
£° - (Az + Bu™(z)+a) > 0, zeS8S\&E™. (29)

Proof. We consider only (28), since the proof for (29) is completely analogous. First, we
claim

Az + Bul(z) +a #0, vee S\ E°.
Suppose not. Then there exists T € S\ £° such that
AZ + Bu®(Z) +a =0.

Since necessarily T € G, there exist A1,...,A\er1 > 0 with >°A; = 1 and not all \;, ¢ €
Ig \ {mi,...,mp} equal to zero such that

k+1
T = E iU .
=1

By convexity of y°(z) := Az + Bu®(x) + a and the fact that y°(v;) = 0 for i = myq,...,m,,

we have
k+1

0=1y7) = Z iy (v;) = Z Aibi
=1 ielg\{ml,...,mp}

with not all \;’s equal to zero. The set {b; | i € Ig\{m1,...,mp}} consists of k+1—p =m
vectors in B. The first » — p vectors are selected from the r vectors in (5a)-(5b), except
that one vector has been removed from each group {by,,...,bm4+r,—1}, k=1,...,p. The
remaining r — p vectors are linearly inpendendent according to Theorem 7. The last m —
(r — p) vectors in the set {b; | i € Ig \ {m1,...,m,}} are selected to fulfill (A4). In sum,
{bi | i € Ig \ {m1,...,mp}} are linearly independent. Thus, we reach a contradiction.
Now let P := 0 and &' := co{v; | i € {0,...,n}\ {mi,...,mp}}. Since y%(z) is affine,
P = {y°(z) | € S’} is compact and convex. By the argument above P NP’ = (), so by
Corollary 11.4.2 of [13], there exists £ € R™ such that

€% (Az + BuP(z) +a) >0, red.

Let z € S\ £° That is, there exist Ag,...,\, > 0 with Y. \; = 1 and not all \;, i €
{0,...,n}\ {m,...,mp} equal to zero such that

Tr = Z >\i'Ui .
i=0
By convexity of y°(z) we have
& y0(@) =D Mgy (i)
=0

Since not all \;, i € {0,...,n}\ {m,...,m,} are equal to zero, £ - y°(v;) > 0 for v; € &,
and €0 - 40(v;) = 0 for v; € £2, and we get £V - y%(z) > 0, as desired. d

Now we extend the state x by an additional state o € R with dynamics

a=—ca+ec, a(0) =0, (30)
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where ¢ > 0 is a to-be-determined constant. Construct the extended state vector x, := (z, a)
and define a multiaffine feedback

u(z, o) = (1 — a)u’(z) + au™(zx). (31)

Clearly the role of u(z,a) is to interpolate from u’(x) to u™(z) as « varies from 0 to 1.
Define the closed-loop system

y(z,a) = Az + Bu(z,a) +a.

The next result guarantees that using u(x,«), closed-loop trajectories cannot exit from
restricted facets Fi,..., Fy.

Lemma 19. For each o € [0,1], y(x, ) satisfies the invariance conditions (4).
Proof. Let 3°(x) := Az + Bu®(z) + a and y*®(z) := Az + Bu®(x) + a. We have that
1 —a)(Az + a + Bu'(2)) + a(Az + a + Bu™(z))
1—a)y’(z) + ay™(z).

y(z,a) = (
= (
By construction, using u’(x) or u®(x) the invariance conditions (3) are satisfied. That is,
hj-y°(v;) <0and hj-y>(v;) <0fori € {0,...,n}and j € I;. Therefore, for each v € [0,1],

hj-y(vi,oz):(1—a)hj'yo(vi)—l—ozhj-yoo(vi)§0, i€{0,...,n}, jel.
Finally, by the convexity of y(x, «) in z, the invariance conditions (4) hold for all zx € §. O

The following is the main result of the paper.

Theorem 20. Suppose Assumption 8 holds and suppose the invariance conditions (3) for S

are solvable. There exists ¢ > 0 sufficiently small such that S N Fo using feedback u(x, )
defined in (30)-(31).

Proof. To construct u(zx, ) in (31), we define u’(x) and u™(z). For i € Ig, assign u®(v;)
and u™ (v;) according to (26a)-(26b) and (27a)-(27b), respectively. For i € {0,k+2,...,n},
assign u’(v;) = u*(v;) so that Av;+Bu°(v;)+a € C;. Let u®(x) and u* () be the associated
affine feedbacks. By construction u”(z) and u™(z) satisfy (21a)-(21b) of Theorem 17. Now
consider H* given by (23). Define the compact, convex sets P~ :={x € S | £* -2 < 1} and
Pri={zeS|& x>1}. From (25), 0 Cc P, € Cc P, P~ Cc S\E% and PT C S\ E®.

First we discuss the behavior of trajectories using u°(x) and u*(z). By Lemma 18, a
flow condition holds on P~ using u’(x). Since P~ is compact, by a standard argument
all trajectories ¢°(t, ) exit P~ in finite time. Since the invariance conditions hold using
u®(x), trajectories only exit P~ via Fo or H*. Similarly, by Lemma 18, a flow condition
holds on P* using u>(x). Since P is compact, all trajectories ¢ (¢, z¢) exit P* in finite
time. Since the invariance conditions hold using u®(z), trajectories only exit Pt via Fy or
H*. Because u°(x) satisfies (22), trajectories ¢>(t, () cannot exit through H*. Hence all
trajectories ¢ (t,zo) starting in P* exit S in finite time.

Now we consider the controller u(z, a) with associated trajectories ¢(t,xo). Abusing nota-
tion, it can be rewritten as a time-varying affine feedback

u(r,t) = e % (z) + (1 — e )u>(2).
By Lemma 19, u(x,t) satisfies (21a) and by construction it satisfies (21b); therefore (22)
holds. For ¢ > 0 sufficiently small, u(z,t) is sufficiently close to u°(z) for a sufficiently long
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FIGURE 3. Schematic of material transfer system.

time interval [0, 71] so that (28) holds on P~ and all trajectories ¢(t, z¢) initialized in P~
either exit S or enter PT in a finite time 7 < 71. Trajectories initialized in P* either exit
S or they remain in P* (since they cannot cross over to P~ by (22)).

There exists 75 > 71 when all trajectories remaining in S are in P* and u(z, t) is sufficiently
close to u™(z) such that the flow condition (29) takes effect on P*. Thus, all trajectories
must exit Pt and they do so through Fy and not H*, again, because of (22). Thus,

s -5, Fo using feedback u(z,t) (equivalently u(x,«)). O

7. EXAMPLE

We apply the time-varying compensation technique to a simplified model of a material
transfer system. Consider the conveyor system shown in Figure 3. Its objective is to
move goods in a production facility between two locations autonomously, in this case two
conveyors, and it is constrained to move on a linear track. The dynamics of the cart are
given by

y'c:Ax+a+Bu:[8 é}x—k[g}—k[?}u (32)

7.1. Specifications. We impose the following specifications. First, we have a safety spec-
ification limiting the speed of the cart: |x3| < 3m/s. Second, we want to limit the motion
of the cart such that it does not contact the conveyor: |z;1| < 3m. These specifications
constrain the state space to a square region. Also, the cart cannot have a non-zero speed
when adjacent to the conveyors, otherwise the cart would cause damage to the system.
Thus, we add the specification: |z1 + x2| < 3. The last specification is a liveness require-
ment that the cart move from the left to right conveyor and back again. In other words,
the cart should have non-zero speed around x = 0 and therefore we exclude this region
with: ||z||; > 1. We summarize our constraints as follows: (1) Safety: |zi| < 3, |x2| < 3,
|x1 + 22| < 3, and (2) Liveness: |x1| + |x2] > 1. These specifications generate a polytope
P (in the sense of algebraic topology) with the following vertices: v; = (0,3), v2 = (0, 1),
V3 = (170)7 Vg = (370)7 U5 = (37 _3)7 Ve = (07_1)7 U7 = (07 _3)7 vg = (_170)7 V9 = (_370)
and vig = (—3,3). P and its vertices are shown in Figure 7.1.

We triangulate P using only the vertices of P to obtain ten simplices S; = co{va, v1,vs},
Sy = co{vi,vs,v3}, S3 = cofvy,v5,v3}, S4 = co{vs,vs,v6}, S5 = co{vs,vr,v6}, S =
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T2 Z2
V10 1
Sio
S
P ) Se\7? N\ S2
U3 Vg
L N /U/ & 1
6 St S3
6 84
S
7 Us >

(a) (b)

co{vg, v7,v8}, S = co{vr,vg,vs}, Ss = co{vg,vi0,vs}, Sg = co{vs,vi0,v2}, and Sip =
co{v10,v1,v2}. The triangulation of P is shown in Figure 7.1.

We design a control law that solves RCP for each simplex; thus, each controller is only valid
in a certain portion of the state space. To handle the switching between the controllers, we
employ a discrete supervisory controller modeled as a discrete event system [12]. The states
of the DES coincide with membership of the continuous time state in a particular simplex
S;, i =1,...,10. The transitions between the states of the DES correspond to events, which
occur when the continuous state crosses exit facets. The exit facet for each simplex is given
by ]-"8 =85 N811,1=1,...,9, and for simplex Sjo the exit facet is ]-"&0 = 810N Sy

7.2. Affine Feedback Design. By examining (32) we find that O = {z | 23 = 0} and we
define G' :== 8§, N O, i =1,...,10. It can be verified that the invariance conditions (3) are
solvable for each S;. By inspection, G°> = 0 and G'° = (). Therefore, by Theorem 6.1 of

5 S 15 cl0 S rio i ,
3], 8° — Fy S =— Fy" by affine feedback. Also, G* # () and B N cone(S;) # 0 for

i €1{1,3,4,6,8,9}. Therefore, by Theorem 6.2 of [3], S* N Fi fori € {1,3,4,6,8,9}. The
affine feedbacks for these simplices (see [8] for a procedure) are as follows:

n@ = [§ -3)e+g
ug(z) = [0 =2 ]z—1
w@ = [3 -3]e—g
us(z) = [ -1 —%]x—;
w() = [-§ ~§le—g
ug(z) = [0 -2 ]z+1
w(@) = [3 -3]e+]
ulo(l’) = [—1 —%]ZE—I—;.
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7.3. Time-varying Feedback Design. It remains to design control laws for Sy and S7.
For these simplices, G* # 0, B N cone(S;) = 0, and one can check that Assumption 8 is
satisfied. By the results of [3], RCP is not solvable by continuous state feedback on Sy and
S7. However, by Theorem 20, it is solvable by the proposed time-varying feedback. From
the list of affine control laws above we observe there is a symmetry between the control pairs
(u1(z), ug(x)), (us(x),ug(x)), (wa(z),ug(x)), and (us(z),uio(z)); namely that g; = —g; and
K; = Kj for these pairs. Thus, we only consider the control design for Sy, since that for Sy
will be symmetrical.

We have S = co{wg,v1,ve} where vg = (0,3), v1 = (3,0), and vo = (1,0). The normal
vectors for Sy are hg = (0,—1), hy = (=3,—1), and hy = (1,1). Since O = {z | x5 = 0},
G? = co{vy,v2}. We observe that x = 1, m = 1, and B = B. To design u(x, ) must find
u®(x) and u>(x), and these depend on the flow-like condition provided by Theorem 17.
This presents a dilemma that Theorem 17 assumes the apriori existence of a time-varying
controller satisfying (21a)-(21b). A convenient workaround is to carry out the design in two
steps. First apply a preliminary feedback transformation to (32) so that (21a) is met. In
this example, we want the invariance conditions at vg to be satisfied. We select
u=Kix+ g1 +Gw = [ 0 -2 ]x—i—w,
and obtain the transformed system
. - A 0 1 0 0
x—Aaz+a+Bw—[0 _z]x—l—[o]—i—[l]w.
At v; we select w; = —1 which generates by = (0,—1) and at vy we select wy = 1 which
generates by = (0,1). Figure 4 presents So and these geometric properties graphically.

B

Vo

ha

by

FIGURE 4. Simplex Ss.

Now that all the velocity vectors at vertices are selected, we can find the flow-like condition

on S;. We have that KerBT = sp { [(ﬂ } According to Lemma 14, we seek (§; € KerBT
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such that 31 - (v1 — v2) # 0. As per Lemma 12, we find f; = —%hl — %hg = (1,0). We
also verify (21a); namely 3; - (Avg + @ > 0, so it is not necessary to find €2 according to
Lemma 16. Therefore we can directly choose £* = ;. Clearly £* - (Axz + a) > 0 for all

x € 8, so £ provides the flow-like condition. We can now order the vertices in Ss. We have
m =& v=1land Il =&" - vy =3.

We design uo(x) such that flvl + Bu(l] +a=0 and [11)2 + Bug + a = bo. This gives

3
W) =Kz +¢"=[ -4 -1 ]x+§. (33)

We design u™(z) such that Avy + Buf® +a = b; and Avy + Bu3® +a = 0. This gives
u®(z) =K®z+g°=[ -1 -%]z+-. (34)

We now extend the state with a new state oo and we obtain

u(z,a) = (1 — ag)uo(az) + agu™ ()

where ag(t) = 1 — e~ and ¢ > 0 is a parameter to be selected. Since we have used a

feedback transformation, we must determine our actual input u to be

ug(w, ) = K1 + g1 + Gru(z, o)
3
:(1—a2)<[—% —g]x+§>+a2<[_§ —%]x+§>.

Using the symmetry of us(x, a2) and ur(x, o) we find that

wz.on)=(-an) ([ -4 ~3la-3)+ar ([~} % ]o-3).

where a7 is the added state for Sy.

7.4. Simulation. The closed loop system was simulated using Matlab. Figures 5-7 present
three simulations for ¢ = 100, ¢ = 1, and ¢ = 0.01 using time-varying feedback. The plots
contain an overlay of the boundaries of the simplices in black. In blue is a plot of the
closed-loop vector field using Matlab’s streamslice. For Sy and S7 where time-varying
affine feedback is used, the streamslice was generated with @ = 0. The red and green
represent the trajectories from ten initial conditions corresponding to the vertices of P.
Each trajectory has a red and green portion where the red portion represents the trajectory
traversing the initial fifteen simplices it encounters and the green portion represents the final
fifteen simplices. The green portion illustrates the location of the closed-loop limit cycle
generated in this affine system using time-varying affine feedbacks. The only noticeable
difference between the simulations in Figures 5 and 6 is the slightly larger width of the limit
cycle for the case when ¢ = 1. However, there is a significant difference in the simulation in
Figure 7 where the limit cycle no longer has a pleasing convex shape. It can be seen that
the trajectory roughly follows the streamslice when o = 0. This is due to the relatively
slow speed of movement of the (virtual) equilibria in Sy and S7. The closed-loop vector
field changes very slowly as compared to the system state which causes the system state to
approach the slow moving equilibria near vy, 1,,—1 for i =1,2.
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FIGURE 5. Simulation of material transfer system with ¢ = 100 for time-
varying affine feedbacks.
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FIGURE 6. Simulation of material transfer system with ¢ = 1 for time-
varying affine feedbacks.
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FIGURE 7. Simulation of material transfer system with ¢ = 0.01 for time-
varying affine feedbacks.

8. CONCLUSION

The paper studies the reach control problem on simplices, and we investigate cases when
the problem is not solvable by continuous state feedback. It is shown that the class of time-
varying affine feedbacks is sufficient to solve the problem in all cases of interest. As seen from
the form of (30), our controller is among the simplest in the class of time-varying feedbacks.
An area of future research is to devise more elaborate time-varying affine feedbacks that
additionally address speed of response requirements for reach control.
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APPENDIX A.

Lemma 21. Let S be a simplex. Then the following hold:

(i) If x € co{vr,..., v}, thenx € Fj, for k+1<j <n.

(ii) hj- (v —v9) =0 foralll1 <i,j <n and j #i.
(ili) hj- (v —vg) =0 for all 0 < i,k <n and j # i, k.
(iv) hi - (v —wvp) <0, for all 1 <i<mn.
(v) hj-(vi—2) >0 forallz € S\ Fj and 1 <i,j <n andi#j.
(vi) ho - (vi —vg) >0 for all1 <i<mn.
(vii) The vectors {vy — vg,...,v, — v} are a basis for R™.
(viii) The vectors {hi,...,hy} are a basis for R™.
(ix) There exist v1 > 0,...,7, > 0 such that hg = —y1h1 — -+ — Yphp.

Proof of Lemma 9. We prove (10) only for k& = 1; the other cases follow by reordering
indices. Let by, be as in (7). Since b,, € BNC,,,

hj 'br1 = hj . (Clbl + - +Cr1—1br1—1) <0, j e I\{l,...,rl}.
Since b; € BNC; and ¢; < 0, every term in the sum is non-negative. It follows

hj-bi:O, 1=1,...,7r1, j=r+1....,n.

The equation following (10) is simply a restatement of (10). Finally, applying Lemma 21(iii),
we can decompose the state space as

1
R™ = sp{Um,, — V0, - -, Umy4rp—1 — V0)} © SP{Pmys -, gy o= 1 Pomg 5 -+ - s B}
R"k R—"k
Combined with (10), we obtain (11). O

Proof of Lemma 10. First, we prove (i) only for £k = 1 and the submatrix M;,,—;. The
other cases follow by reordering indices. First, we know M, —1 is a Z’-matrix because
hj-b; <0, j # i, so the off-diagonal entries are non-positive. Second, we show M ,, 1 =
Hlj:n_lYl,m_l is nonsingular. Suppose there exists ¢ € R™ ! such that Hfrl_lYMl_lc =0.
Lety :=Y1,—1c. Thenhj-y=0,j=1,...,7—1. Alsoby (10), h;-y =0, j =r1+1,...,n.
Thus, either y € BN cone(S) or —y € BN cone(S). By Assumption (D2), y = 0. However,
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y = c1by + -+ + ¢py—1by,—1 and {b1,...,b, 1} are linearly independent, so ¢ = 0. We
conclude that M ,,—1 is nonsingular.

Now we show M ,, 1 satisfies case (Q50) of Theorem 6.2.3 of [2]. Suppose there exists
c € R~ with ¢ # 0 and ¢ > 0 such that M r,—1c =2 0. Define the vector § = Y7 ,,_1c €
B. Note that § # 0 because {by,...,b, 1} are linearly independent. Then M, _ic =
Hl,I:rl—lYLT’l—lc = Hfrl_lg = 0 implies h; -y < 0 for j =1,...,71 — 1. Also, since ¢; > 0
and b; € BNC;, h;-y = z:;;l ¢i(hj-b;) <0,5=r1,...,n. Thisimplies 0 # y € BNcone(S), a
contradiction. Therefore, M ,, _1 has the property that the only solution of the inequalities
c>=0and My, —1c X 0is ¢ =0. In sum, M, _; is a nonsingular Z-matrix satisfying
Theorem 6.2.3, case (Qs0) of [2], so M, —; is a nonsingular .Z-matrix.

Second, we prove (ii). Suppose not. Then by the definition of reducibility there exists a
permutation matrix P such that

PMmlmmk'H’k_lPT - [Ml 0 ]

* M2

where M; € RP*? and My € RU%=P)*(%=P) for some 1 < p < rp — 1. Without loss of
generality suppose we have reordered the indices {my, ..., mg + 7, — 1} in accordance with
the permutation matrix P. Then

T
M _ Mmmmk'l'f)—l Hmk,mk+p—lymk+[)7mk+7"k—1
mip ,Mi+7TE— 1—

* Mopytp,mptry—1

and HL

mk,mk-‘rp—lYmk'f‘Pymk"F?"k_l = 0. The latter gives

hj-b; =0, t=mp+p,...,mp+rg—1, j=mg,....,mp+p—1. (35)
Combining (35) with (10) we get
hj-b; =0, i=mg+p,...,mp+rg—1, jeI\{mg+p,....mp+r,—1}. (36)

Consider My, 4pmj+rp—1- By Lemma 10(i) it is a nonsingular .#Z-matrix. By Theorem 6.2.3
case (Iog) of [2], there exists ¢ € R"™77, ¢ # 0, such that ¢ < 0 and M, 4. mj+r,—1¢ < 0. Let

Y = Yo, 4pmp+ro—1C- Note that y # 0 since {by,, 4p, . -, bmy+r,—1} are linearly independent
for any p > 1 by Theorem 7. Then we have M, ) my+r,—1¢ = H£k+p,mk+rk—1Ymk+P7mk+Tk—1C =
HE i1y < 0. That is,

hj-y <0, j=mg+p,... omp+rp—1.
Also from (36)
hj-y=0, jeI\{mr+p,...,mp+r—1}.
We conclude 0 # y € BN cone(S), a contradiction of Assumption 8.

Finally, we prove (iii). By Lemma 21(viii), rank(Hpm, my+r,—1) = 7% Also we know
rank(Yy,, mytr.—1) = 7k — 1. Therefore, rank(Mp,, m,+r—1) < 7 — 1, so it is clearly sin-
gular. Now we prove that M, m,4r.—1 is an .#-matrix. By Lemma 10(i), each principal
submatrix of My, m,+r,—1 (formed by removing the ith row and column from M, my,+r,—1)
is a nonsingular .#-matrix. By Theorem 6.2.3 case (Djg) of [2], every real eigenvalue of a
nonsingular .Z-matrix is positive. Therefore, every real eigenvalue of each principal sub-
matrix of My, m,+r.—1 is positive. By Theorem 6.4.6 case (A2) of [2], My, my+r,—1 1S an
M -matrix. O
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Proof of Lemma 11. We prove the result only for & = 1; the other cases follow by reordering
indices. By Lemma 9(i), Mj,,—1 is a nonsingular .#-matrix. By Theorem 6.2.3 case
(Izg) of [2], there exists ¢ = (c},...,¢c,, ;) such that ¢ < 0 and My, 1’ < 0. Define
b, := Y1, —1¢/. The vector H%':nb;l € R™ has the sign pattern:

(— ..., —%,0,...,0) (37)

where the % appears in the (r;)th component and the zero components are due to (10). In
particular b, € BNC,, and the first 7; — 1 invariance conditions are strictly negative. Now
suppose we find a non-zero vector 5 € B such that (12) holds and {by,...,b,, 1,0} are
linearly independent. Then for o > 0 we can form

bl =0, +af.
Using (37) and (12), a can be selected sufficiently small so that h; - b < 0 for all j =
L,...,r1 —1,r +1,...,n. That is, b € BNC,,. Moreover, with 3 # 0,
{b17 .. 7b7“1—17 ;!1}
is a linearly independent set. This contradicts (5a), where b,, depends only on {by,...,b, _1}.
]
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