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Abstract

We study the reach control problem for affine systems on simplices, and the focus is on cases when it is known that the problem
is not solvable by continuous state feedback. In previous work we used the reach control indices to construct a (discontinuous)
piecewise affine control that solves the problem. Here we investigate the extent to which time-varying feedbacks can be used.
A simple time-varying affine feedback is proposed and shown to solve the problem.

1 Introduction

This paper studies the reach control problem (RCP) on
simplices. The problem is to make the closed-loop tra-
jectories of an affine system leave a simplex through a
prespecified facet in finite time. The problem was intro-
duced in [7] and was further developed in [8], [9], [11],
[3], [4], [5], [6]. See [1] for a complementary approach.
Recently it was shown that under a certain choice of
triangulation, affine feedback and continuous state feed-
back are equivalent from the point of view of solvability
of RCP on simplices [3]. In [4,6] reach control indices
were proposed to expose how affine or continuous state
feedbacks may fail - such feedbacks induce closed-loop
equilibria in sub-simplices that are inherently starved of
sufficient inputs. Fortunately, the reach control indices
also give insight on how to overcome the problem of in-
sufficient inputs. In [5,6] we presented a subdivision pro-
cedure that triangulates the simplex into sub-simplices
with sub-reach control problems that are solvable by
affine feedback. The final outcome was that if the reach
control problem is solvable by open-loop controls, then it
is solvable by (discontinuous) piecewise affine feedback.

The objective of this paper is to explore whether other
types of controls can be used to solve the problem, in the
case when it is not solvable by continuous state feedback.
We are especially interested in controls that are not dis-
continuous in order to circumvent issues of chattering
due to measurement errors, and a natural choice is time-
varying feedback. Here we present a method inspired by
the information that is provided by the reach control
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indices. In particular, the indices indicate in which sub-
simplices equilibria appear when affine feedback is used.
This information is used to construct a compensator that
dynamically shifts the set of equilibria so that trajecto-
ries can effectively “roll around” equilibria in order to
exit the simplex.

Notation. The notation h - y denotes the dot product
of two vectors h,y € R™. The notation co{vy,vs,...}
denotes the convex hull of a set of points v; € R™. The
notation sp{yi, ¥z, ...} denotes the span of vectors y; €
R™. For a vector z € R™, the notation z > 0 (z »= 0)
means z; > 0 (z; > 0) for 1 < 4 < n. The notation
x <0 (z <0) means —z > 0 (—z > 0). The notation 0
denotes the subset of R™ containing only the zero vector.

2 Reach Control Problem

Consider an n-dimensional simplex S with vertex set
V :={wvg,v1,...,v,} and facets Fo, ..., F, (the facet is
indexed by the vertex it does not contain). Let h; be the
unit normal vector to the facet F; pointing outside of the
simplex. Facet Fy is called the exit facet of S. Define the
indexset I := {1,...,n}. Define the closed, convex cones
Cii={yeR"|hj-y<0,jel\{i}},i=0,...,n
We write cone(S) := Cy since Cy is the tangent cone to
S at vg. We consider the affine control system

&t =Axr+ Bu+a, r €S, (1)
where A € R"*" q € R", B € R®*™ and rank(B) = m.
Let ¢, (¢, zo) denote the trajectory of (1) starting at x
under some control law wu.

Problem 1 (Reach Control Problem (RCP))

Consider system (1) defined on S. Find a feedback con-
trol u(x) such that for every xog € S there exist T > 0
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and y > 0 such that: (i) ¢u(t,x0) € S for allt € [0,T];
(ii) ¢u(T,z0) € Fo; and (iii) ¢y (t,x0) ¢ S for all
te (T, T+7).

In the sequel we use the shorthand notation & S, Fo to
denote that (i)-(iii) of Problem 1 hold under some control
law. The following conditions guarantee that closed-loop
trajectories cannot leave S through a non-exit facet [8].
We say the invariance conditions are solvable if for each
v; € V there exists u; € R™ such that Av; +Bu;+a € C;.
Equivalently,

hj-(Avi+Bu;+a) <0, i € {0,...,n}, j € I\{i}. (2)

Let B = Im(B), the image of B. Define O := { x €
R™ : Ax 4+ a € B} and G := SN O. Notice that closed-
loop equilibria can only appear in G. The primary con-
clusion of [3] was that if the state space is triangulated
so that G is either the empty set or a face of S, then RCP
is solvable by affine feedback if and only if it is solvable
by continuous state feedback. The goal of this paper is
to solve RCP in cases where continuous state feedback
cannot be used.

3 Reach Control Indices

The results of [3] tell us that RCP is not solvable by con-
tinuous state feedback under the following assumptions.

Assumption 2 Simplex S and system (1) satisfy the
following conditions:

(D1) G =cof{vi,...,vet1}, 0 < K < n.

(D2) BN cone(S)=0.

(D3) BNC; #0,1i € Ig, where Ig :={1,...,k+ 1}.

(D4) The maximum number of linearly independent vec-
tors in any set {by,...,bet1 | bi € BN C;} (with
only one vector for each BN C;,i € Ig) is m with
1<m<k.

Since m < k, there exists p > 1 such that m+p = k+ 1.
Evidently there are not enough independent vectors in
B to resolve all invariance conditions for vertices in G.
The reach control indices provide a means to bookkeep
those vertices v; € G that share degrees of freedom in
B, and they capture the strong restrictions placed on B
imposed by (2).

Theorem 3 ([4,6]) Suppose Assumption 2 holds. Then
there exist integers v1,...,7p > 2 and decomposition of
B such that w.l.o.g. (by reordering indices) for all k =
1,...,pandi=myg,...,mp+1rp — 1,

BNC; C By :=58p{bmy,---»bmp+ro—1}s (3)
where b; € BNC;, my
re1+1, k=2,...

=1, and myp = r1 + -+ +
,p. Moreover, for each k =1,...,p,

{bmpy - sbmytr,—2} are linearly independent and

bkaer,l = kabmk + -4 ka+rk72bmk+7“k*27 (4)

with ¢; < 0,1 =mg,...,mg +rr — 2.

We observe that due to (4) the lists (3) have the property
that any vector in a list on the right is dependent on
all the other vectors in its list. Also, if any vector is
removed from a list, the remaining vectors are linearly
independent. In particular, the kth list contains r, — 1
linearly independent vectors in B, so dim(Bg) = rp —
1. The integers {ri,...,r,} are called the reach control
indices of system (1) with respect to simplex S. Based
on Theorem 3, we require an additional assumption that
was proved to be necessary for solvability of a slightly
stronger version of RCP [6].

Assumption 4 Simplex S and system (1) satisfy As-
sumption 2 and the following condition.
(D5) By ¢ Ho:={yeR | ho-y=0}, k=1,...,p.

Finally, we summarize the algebraic consequences of the
reach control indices. Proofs are provided in the Ap-
pendix. Let Hp g 1= [hp---hg] and Y, 4 1= [bp--- by,
where the b;’s come from (3). Let M, := HI Y, .. We
say a matrix M is a Z’-matrix if the off-diagonal ele-
ments are non-positive; i.e. m;; <0 for all ¢ # j. A Z-
matrix M is a nonsingular .Z-matrix if every real eigen-
value of M is positive [2]. Since b; € BNC;, i € Ig, each
M, 4 is a Z-matrix. Define r := r; 4+ --- + r, and for
k=1,...,p define Ig, := {myg,...,mp + 7 — 1} and
Gr = co{Umy, -+ s Umptrp—1}-
Lemma 5 ([4,6]) Suppose Assumption 4 holds. Then
foreachk=1,...,p, hj-b;=0 forielg , jel\lg,.

Lemma 6 Suppose Assumption 4 holds. Then for each
k=1,...,p,

(i) Each principal submatriz of My, m+r,—1 1S @ non-
singular A -matriz.
(i) Matric My, my+re—1 € R™%"0 is irreducible.

(#5) Matric My, my+re—1 95 @ Singular A -matriz.

Lemma 7 ([4,6]) Suppose Assumption 4 holds. For
each k = 1,...,p, there does not exist 8 € B such that
{bmyy- - s Omytri—2, B} are linearly independent and

by B <0, jel\Ig, . (5)

4 A Flow-like Condition

We begin our exploration of time-varying feedback to
solve RCP in cases when it is not solvable by continu-
ous state feedback. The development is divided into two



parts. First we establish that a flow-like condition holds
on S which has desirable properties relative to the sub-
simplices G, k = 1,...,p. By a flow-like condition we
mean a condition of the form: £* - (Ax + Bu(x)+a) > 0,
x € S, where 0 # £* € R™. Second, we propose a time-
varying compensator whose role in essence is to dynam-
ically shift the set of equilibria generated by affine feed-
back in a direction opposite to the direction indicated
by the flow-like condition. In this section the flow-like
condition is developed.

Define B = [ b1 bmygr—27 b, =+ bmyyr,—2] €
R™*("=P) and let B = Im(B). Note that the columns of

B are ordered according to Theorem 3 and that vectors
brm+r,—1, kK = 1,...,p, do not appear in the columns
of B. Also, velocity vectors associated with v;, i = r +
1,...,k+ 1 are not yet defined, so they do not appear.
By Theorem 3, dim(By) = rx — 1 and By, ..., B, form
a family of independent subspaces, so rank(ﬁ) =r—np.
The next result gives a specially selected vector used
to strongly separate at least two vertices in each Gy,
k=1,...,p

Lemma 8 Suppose Assumptionj holds. For each k €
{1,...,p} there exists By € Ker(BT) such that

(Z) B = dmkhmk +-
(ZZ) ﬂk . (Ui — ’Uo) = 0,
(i) B - (vi —v;) =0,

ot dmk—i-rk—lhmk—i-rk—h di <0.
xS I\ng.
i,j € Ig \ng'

PROOF. Let £ € {1,...,p}. By Lemma 6(ii) and
(ii1), My my+ri—1 is a singular, irreducible .#-matrix;
therefore, so is ML . .. ;. By Theorem 6.4.16(2) of

[2], there exists d < 0 such that M mitrp—14 = 0.
Define B; := Hp, mp+re—1d. This gives the form

(i). Next we show Br € Ker(BT). First, we have
qur;k my+re— 1d - Ymk mp+re— lek;mk+Tk 1d =
YTkaTk 16k = 0. That is, Bk - b = 0, i =
Mg, ...,mg + ry — 1. Also from Lemma 5, Bk -b; =0,
i = 1, ceeyMig—1 + -1 — L, mgy1,...,7. We conclude
B € Ker(BT). The statements (ii) and (iii) follow from
Lemma 4.4 of [3].

Lemma 9 Suppose Assumption 4 holds. Then Ker(f?T) =

Sp{ﬁlu' .o 7Bp7h7‘+17' 7hn}

PROOF. By construction S € sp{hm,., - - -
so by Lemma 4.4 of [3], {B1,...,08p, hrs1,--. 0}

are linearly independent. From Lemma 5, B L
sp{hrs1,... hn}. Thus, hyy1,....hn € Ker(B7).
Also from Lemma 8, fi,...,0, € Ker(f?T). Now
rank(BT) = r — p, so dim(Ker(BT)) = n — r + p. Thus,
{B1,.--,Bp, hrs1,..., hn} is a basis of Ker(ET).

7hmk+’l‘k—l}7

The next result shows that for each k =1, ..., p, vector
B can be used to strongly separate at least two vertices
in gk

Consider
, D}, there

Lemma 10 Suppose Assumption 4 holds.
Bi,...,Bp from Lemma 8. For each k € {1,. ..
exist ik, ji € Ig, such that By - (vi, —vj,) #0

PROOF. Let & € {1,...,p} and suppose by way
of contradiction that for every B € Ker(BT) and

i,j € Ig,, B (v;i —v;) = 0. This implies (vm,+1 —
Umy)s - s Ump4ri—1 — Um,) € B. Suppose w.l.o.g.
that vpm,41 — Um, = b + b7, where b € By and
0 # 0" € sp{bmys-- by i reoy =1 bmgyrs - 0r )
Then by Lemma 4.4 of [3] and by Lemma 5, 0 =
hj - (Umg1 = Omy) = hy -V + hy - 07 = hy - b,

j € I\ Ig,. By construction {by,,,...,bm,+r,—2,0"}
are linearly independent. This contradicts Lemma 7.

Thus, b” 0. This argument can be repeated
for each vpmy4i — Uy, ¢ = 1,...,1 — 1 to get
(Umk-‘rl - Umk)v SR (Umk"l""k_l - Umk) € By By

Lemma 4.4 of [3], { (Vi +1—Vmy,)s - - - » (Umgtrn—1—Umy )}
is a basis for By, so By C Hp. This contradicts As-
sumption (D5). We deduce that there exist i, ji € Ig,
and 8 € Ker(BT) such that 3 - (vi, — vj,) # 0.
By Lemma 9, 8 € Ker(BT) can be expressed as
B = a1f + - + Oépﬂp + arprhrgr + o+ anhy,
a; € R. By Lemma 8(iii) and Lemma 4.4 of [3]
0+# B (vi, —vj,) = B - (vi, —vj,) implying that
Bre - (vik - vjk) # 0.

In light of Lemma 10, we assume without loss of gen-
erality (by reordering the indices within each group
Ig,) that for k = 1,...,p, Uy, € argmaxicrg, Bk * Vi
and Vmy4ri—1 € arg min;e g, Br - vi. We also define
the sets &9 := co{vml,vm2, e ,vmp} and £ =
co{vmﬁrl,l,vmﬁm,l, .. ,vmp”p,l}. In the next re-
sult we pick a single hyperplane that strongly separates
the two sets £° and £°°.

Lemma 11 Suppose Assumption 4 holds. Consider
Bi,.-.,Bp € Ker(BT) from Lemma 8. Define

=B+ + By, & ER, (6)
and H = {z € R" | &' - (z — vo) = 1}. There exist

... ,5; > 0 such that H strongly separates E° and £.

PROOF. Let 2 € £ and y € £°. Then there exist
@;>0,>" a;=1,and~; >0, Y% | v = 1such that
T =YUmy + o+ YpUm, a0d Y = QU4 -1 + 00 F
QpUm,4r,—1. Fork =1,... pdefine ITy := By (v, —v0)
and 7y := Bk - (Umy+r,—1 — Vo). By Lemma 8(i) we may



write B = dmkhmk +-- '+dmk+Tk—lhmk+Tk—l with d; <
0. By Lemma 4.4 in [3] we have that S - (v; — v9) =
dihi - (v; —wvg) > 0,14 € Ig,. In particular, 7, > 0. By
Lemma 10 we know that II; # mp; thus, 0 < 7 < Ik,
k=1,...,p. Select § € (g, =) #Ofor k=1,...,p.
Then using Lemma 8(ii) &' - (x — vp) = 11&1 81 - (vm, —
o)+ Y€ By (Vm, —v0) = & T+ -+ & T, >
ming {1} > 1. Similarly, ' (y—vo) = an&im+-- -+
apépmy < maxp{&mp} < 1. Thus, H strongly separates

&0 and £=.

The next result, based on a standard argument of con-
vex analysis, shows that the open-loop system naturally
drifts in some fixed direction for points away from G.

Lemma 12 Suppose Assumption 4 holds. Let P :=
co{vo, Vss2,s-..,Un}. There exists €2 € Ker(BT) such
that

& (Ar+a) >0, x€eP. (7)

The following is the main result on a flow-like condition
on S.

Theorem 13 Suppose Assumption 4 holds. Let u(x,t)
be a time-varying affine feedback such that for allt > 0

Av; + Bu(vi,t)+a€C;, i=0,r+1,...,n (8a)
Av; + Bu(vi,t) +a€B, i=1,...,r. (8b)
Then there exists 0 # &£* € Ker(ET) such that fort >0
& - (Az + Bu(z,t) +a) >0, zeS8S, (9

and such that H* strongly separates 0 and £ where
H ={xeR"| & (x —vy) = 1}. (10)

PROOF. Lett > 0, and consider ¢! from by Lemma 11
and &2 from Lemma 12. Define

€= (1= N +2¢%,
Since Bk = Hpm, my+r,—1d with d < 0 and by (8a) we

have foreach k = 1,...,p, Bk - (Av; + Bu(v;,t) +a) > 0,
1 =0,7+1,...,n. Therefore from (6)

A€ (0,1). (11)

&' (Av; +Bu(vi, t)+a) >0, i=0,r+1,...,n. (12)
Using (7), that £€2 € Ker(BT), and that r < k + 1, for
i=0,k+2,...,n,& (Av; + Bu(v;, t) +a) = (1 -\t
(Av; + Bu(v;, t) + a) + A2 - (Av; + Bu(v;, t) +a) > 0.
Similarly, for i =r+1,..., 6+ 1, & - (Av; + Bu(v;, t) +
a) = (1 = N¢ - (Av; + Bu(vi,t) + a) > 0, where we
use (12), €2 € Ker(BT), and Av; +a € B, i = r +

1,...,k+1. Finally, since ¢! € Ker(ET), €2 € Ker(B7),
and Ker(BT) c Ker(BT), then ¢* € Ker(B7). Thus,
by (8b), &* - (Av; + Bu(v;,t) +a)=0,i=1,...,r. By
convexity of Az + Bu(z,t)+ain z, £* - (Av; + Bu(x,t)+
a) >0forallt >0,z €S8, and A € (0,1), which proves

9.

Let z € £° and y € £, and let v; and o; be as in the
proof of Lemma 11. Then &* - (z —vg) = (1 = A&t - (z —
v0) +AE? - (z—vp), €% (y—wo) = (1=A)E"- (y—wo) +AE>-
(y—w0), and from the proof of Lemma 11, £!-(z—vg) > 1
and ¢! - (y — vg) < 1. Since functions &' - (z — vg) and
€2 (x—wp) are continuous, they achieve a minimum and
maximum on each compact set £ and £%°. This means
we can select A € (0, 1) close enough to 0 such that

Ely—w) <1< & (x—v), z€&yec&>. (13)

With this choice of A, H* strongly separates £ and £°.

5 Time-varying Compensator

The time-varying compensator will be constructed so as
to exploit the flow-like condition (9) and the separation
property of H* in (10). First, we define two affine feed-
backs u°(x) and u®(z) that place equilibria at £ and
£, respectively. Then we define a compensator u(z, «)
with additional state € R. This compensator simply
interpolates between u°(z) and u™(z) as « varies from
0 to 1. By construction when a = 0, all closed-loop equi-
libria are in £°. When o = 1, they are in £>. Thus,
as « varies from 0 to 1, the set of closed-loop equilibria
crosses from one side of H* to the other in a direction
with decreasing £* component. Informally, we can say
that trajectories flow downstream according to (9) while
equilibria flow upstream, so that no trajectory can be
“stuck” at an equilibrium. Ultimately, this enables all
trajectories to exit S, as shown in Theorem 16.

Suppose the invariance conditions for & are solvable;
thus, there exist inputs uf,...,ud € R™ such that (2)
hold. Let ¢Y := Av; + Bul + a, for i = 0,...,n. We

choose uf, ..., ul ; € R™ such that
v =0, i€ {mi,ma,...,my} (14a)
v =b;, i€ lg\{mi,ma,...,mp}, (14b)

where b; € Bn Ci, i =1,...,r, are provided by Theo-
rem 3;and b; € BNC;, i =r+1,...,k+1, are selected so
that m independent directions in B are associated with
G, as per (D4). Finally, construct the associated affine
feedback u®(z) = K+ ¢, and let ¢°(¢, 29) denote tra-
jectories of the closed-loop system. Note that the closed-
loop system has equilibria at vy, ..., vm,-

Next we define a symmetrical controller ©*(x) which



is identical to u°(z) except that it places equilibria at
Umptro—1, K = 1,...,p. Let y2° := Av; + Bu$® + a, for
i=0,...,n. First set uX® =), i=0,r+1,...,n. Then
we choose uf°, ..., u2° € R™ such that

»

Yo =0, (15a)
ie{mi+rm—1me+ro—1,...,mp+r,—1}
U =bisie {1 rh (15b)

{mi+r—1,mo+ry—1,...,my+r,—1},

where again b; € Bn Ci, v =1,...,r, are provided by
Theorem 3. Finally, construct the associated affine feed-
back u>®(z) = K®x 4 ¢, and let ¢>° (¢, o) denote tra-
jectories of the closed-loop system. Note that this closed-
loop system has equilibria at vy, 4r,—1, K = 1,...,p.
The next result argues that, away from equilibria, tra-
jectories do exit S.

Lemma 14 There exist £°,6% € R"™ such that

€. (Aa:+BuO(:17)—|—a)>O,
&° - (Az + Bu™(z) +a) >0,

reS\E&%, (16)
reES\E®. (17)

PROOF. We consider only (16), since the proof for (17)
is analogous. First, we claim Az + Bu®(x) + a # 0 for
allz € S\ £°. Suppose not. Then there exists 7 € S\ £°
such that AT + Bu®(Z) +a = 0. Since necessarily T € G,
there exist A1,..., A\er1 > 0 with >° A; = 1 and not all
i, i € Ig\ {ma,...,mp} equal to zero such that T =
Z;:rll A\iv;. By convexity of y°(z) := Az + Bu®(z) + a
and the fact that y°(v;) = 0 for i = mq, ..., m,, we have

0 =1°@) = S NP W) = Sicronfmrnmyy Nibis
with not all A;’s equal to zero. The set {b; | i € Ig \
{m1,...,mp}} consists of Kk + 1 — p = Mm vectors in B.
The first 7 — p vectors are selected from the r vectors
in (3), except that one vector has been removed from
each group {bm,, -, bmtrn—11t k = 1,...,p. The re-
maining r — p vectors are linearly independent accord-
ing to Theorem 3. The last m — (r — p) vectors in the
set {b; | i € Ig \ {m1,...,mp}} are selected to fulfill
(D4). In sum, {b; | i € Ig \ {m1,...,m,}} are linearly
independent. Thus, we reach a contradiction. Now let
P:=0and S :=cof{v; |i € {0,...,n}\{m1,...,mp}}.
Since y°(z) is affine, P’ := {y°(x) | z € &'} is com-
pact and convex. By the argument above P N P’' = {),
so by Corollary 11.4.2 of [10], there exists &0 € R"
such that £° - (Az + Bu®(z) +a) > 0, x € S'. Let
x € 8\ &% That is, there exist Ag,...,\, > 0 with
>Ai=1landnotall \;, i € {0,...,n}\ {m1,...,mp}
equal to zero such that x = E?:o Aiv;. By convexity of
y%(x) we have €2 - y%(z) = Y7o Mi€® - y°(v;). Since not
all A, i € {0,...,n} \ {m1,...,mp} are equal to zero,
€%-4%v;) > 0 forv; € &', and €°-4%(v;) = 0 for v; € E°,
we get £V - y0(x) > 0, as desired.

Now we extend the state x by an additional state a € R
with dynamics & = —ca+cwith «(0) = 0and ¢ > 0 a to-
be-determined constant. Construct the extended state
vector z, := (z,«) and define a multiaffine feedback

u(z,a) == (1 — a)u’(z) + au™(z). (18)

Clearly the role of u(x, ) is to interpolate from u°(x)
to u®(z) as a varies from 0 to 1. Define the closed-loop
system y(z,a) := Az + Bu(z, ) + a.

Remark 15 The function a(t) = 1 —e~“" has been cho-
sen for its simplicity. Any monotone function increasing
from 0 to 1 with sufficiently small derivative may also be
used.

Theorem 16 Suppose Assumption 4 holds and suppose
the invariance conditions (2) for S are solvable. There

exists ¢ > 0 sufficiently small such that S 5, Fo using
u(z, o) defined in (18).

PROOF. To construct u(z, ) in (18), we define u°(x)
and u™(z). For i € Ig, assign u°(v;) according to (14a)-
(14b). For ¢ € {1,...,r} assign u™(v;) according to
(15a)-(15b). For i € {r +1,...,xk + 1} assign u>®(v;) =
u(v;). Fori € {0,k +2,...,n}, assign u®(v;) = u™(v;)
so that Av; + Bu®(v;) +a € C;. Let u®(x) and u™(z) be
the associated affine feedbacks. By construction u(x)
and u*(z) satisfy (8a)-(8b) of Theorem 13. Now con-
sider H* given by (10). Define the compact, convex sets
P i={zeS|& (x—wv) <1} and Pt := {z €
S|¢& - (x—v9) > 1}. From (13), E° c P+, £* Cc P,
P~ C S\ &% and P C S\ . First we discuss
the behavior of trajectories using u°(x) and u*°(x). By
Lemma 14, a flow condition holds on P~ using u°(x).
Since P~ is compact, by a standard argument all trajec-
tories ¢ (¢, zp) exit P~ in finite time. Since the invari-
ance conditions hold using u°(x), trajectories only exit
P~ via Fy or H*. Similarly, by Lemma 14, a flow con-
dition holds on P+ using u*>(z). Since P is compact,
all trajectories ¢™(t,z¢) exit PT in finite time. Since
the invariance conditions hold using u*°(z), trajectories
only exit Pt via Fy or H*. Because u™ () satisfies (9),
trajectories ¢ (t, z) cannot exit through H*. Hence all
trajectories ¢ (t, xo) starting in P+ exit S in finite time.

Now we consider the controller u(z, @) with associated
trajectories ¢(t, o). Abusing notation, it can be rewrit-
ten as a time-varying affine feedback

u(z,t) = e “ul(z) + (1 — e u>(x).
It is easily verified using convexity that u(z,t) satisfies
(8a), and by construction it satisfies (8b); therefore (9)
holds. For ¢ > 0 sufficiently small, u(z,t) is sufficiently

close to u’(x) for a sufficiently long time interval [0, 1]
so that (16) holds on P~ and all trajectories ¢(t,x¢)



initialized in P~ either exit S or enter P* in a finite
time 7 < 71. Trajectories initialized in P either exit S
or they remain in PT (since they cannot cross over to
P~ by (9)). There exists 72 > 7 when all trajectories
remaining in § are in Pt and u(x, t) is sufficiently close
to u®(z) such that the flow condition (17) takes effect
on PT. Thus, all trajectories must exit P*, and they do
so through Fy and not H*, again, because of (9). Thus,

S-S R using feedback u(z,t) (equivalently u(z, «)).
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Princeton

A Appendix

PROOF. [Proof of Lemma 6] (i) We consider only
k =1 and the submatrix Mj ,,—1. The other cases are
analogous. First, we know M, ., 1 is a Z’-matrix be-
cause h;-b; <0, j # 1, so the off-diagonal entries are non-
positive. Second, we show M ,,_1 = Hle_lYl,n_l is
nonsingular. Suppose there exists ¢ € R™~! such that
H1T7r171Y1,r1710 =0. Let y := Yy ,—1c. Then h; -y =

0,j =1,...,r1 — 1. Also by Lemma 5, h; -y = 0,
j = r1+1,...,n Thus, either y € BN cone(S) or
—y € BN cone(S). By Assumption (D2), y = 0. How-
ever, y = c1by + -+ + ¢py—1bry—1 and {b1,..., by 1}
are linearly independent, so ¢ = 0. We conclude that
M; »,—1 is nonsingular. Now we show M ,, 1 satisfies
case (Q50) of Theorem 6.2.3 of [2]. Suppose there exists
c € R~ with ¢ # 0 and ¢ = 0 such that M; ., _1¢ < 0.
Define the vector § = Y; ,,_1c € B. Note that § # 0
because {b1,...,b,, _1} are linearly independent. Then
Mlyrlflc = Hizjrl—IYlyTl*lc = Hizjrl—lg j 0 implies
hj-y <0forj=1,...,m — 1. Also, since ¢; > 0 and
b, € BNC;, hj -y = Z:;Ilcl(hj bl) <0,7=7r1,...,M.
This implies 0 # § € BNcone(S), a contradiction. There-
fore, M ,,—1 has the property that the only solution of
the inequalities ¢ = 0 and Mj,,—1c < 0isc = 0. In
sum, M ,,—1 is a nonsingular Z’-matrix satisfying The-
orem 6.2.3, case (Qs0) of [2], so M7 ,,_1 is a nonsingular
M -matrix.

(ii) Suppose not. Then by the definition of reducibil-
ity there exists a permutation matrix P such that

M

* M2

and My € RUx=P)X("6=r) for some 1 < p < 7 — 1.
Without loss of generality suppose we have re-

ordered the indices {mg,...,my + 1 — 1} in accor-
dance with the permutation matrix P. This means

PMyy mptrp—1 PT = where M; € Rr*P

Hﬁmmkﬁ-p—lymﬁ-mmkﬁ-m—l = 0, or hj b = 0,
t=mr+p,....mg+re—17=mpg,....,mp+p— 1.
Combining with Lemma 5 we get h; - b; = 0, ¢ =

me+p,...,me+re—1,5 € IN{mg+p,...,mp+rp,—1}.
Consider Mp,, 4p,m;+r,—1- Since every principal sub-
matrix of a nonsingular .Z-matrix is a nonsingular .#-
matrix, by Lemma 6(i) it is a nonsingular .#-matrix. By
Theorem 6.2.3 case (I2g) of [2], there exists ¢ € R™ 7,
¢ # 0, such that ¢ = 0 and My, 4p my+r—1¢ < 0.
Let y = Yp,4pmp+rn—1¢. Note that y # 0 since
{bmy+ps -+ Dmytry—1} are linearly independent for any
p > 1 by Theorem 3. Then we have M, 45 my+r,—1¢ =
Hrqw;kqtp,mkqtrkflymk-‘rp,mk-i-m—1C = Hrqw;ker,karrkfly =
0. Thatis, h; -y <0, j =mi+p,...,mi+r, —1. Also
from above, hj-y=0,j7 € I\{mp+p,...,mp+7r;—1}.
We conclude 0 # y € BN cone(S), a contradiction.

(iii) By Lemma 4.4 of [3], rank(Hpm, mytre—1) = k-
Also we know rank(Yy,, my+ri—1) = 7% — 1. Therefore,
rank(Mp, mutri—1) < 7% — 1, so it is clearly singular.
Now we prove that Mp,, m,+r,—1 1S an .#-matrix. By
Lemma 6(i), each principal submatrix of My, m+r,—1
is anonsingular .#-matrix. By Theorem 6.2.3 case (D)
of [2], every real eigenvalue of a nonsingular ./Z-matrix
is positive. Therefore, every real eigenvalue of each prin-
cipal submatrix of My, m,+r,—1 is positive. By Theo-
rem 6.4.6 case (Az) of [2], My, my+re—1 1S an .Z-matrix.



