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Reach Control on Simplices by Piecewise
Affine Feedback

Mireille E. Broucke and Marcus Ganness

Abstract

We study the reach control problem for affine systems on simplices, and the focus is on cases when
it is known that the problem is not solvable by continuous state feedback. We examine from a geometric
viewpoint the structural properties of the system which make continuous state feedbacks fail. This structure
is encoded by so-calledreach control indices, which are defined and developed in the paper. Based on these
indices, we propose a subdivision algorithm and associatedpiecewise affine feedback. The method is shown
to solve the reach control problem in all remaining cases, assuming it is solvable by open-loop controls.

I. I NTRODUCTION

This paper studies thereach control problemon simplices. The problem is for an affine system defined on
a simplex to reach a prespecified facet of the simplex in finitetime. The overall concept of the problem
and its setting were introduced in [6] and further developedin [7], [8], [14], [4]. The significance of the
problem stems from its capturing the essential features of reachability problems for control systems: the
presence of state constraints and the notion of trajectories reaching a goal in a guided and finite-time
manner. The problem fits within a larger family of reachability problems; namely, to reach a target setXf

with state constraint in a setX , denoted asX
X
−→ Xf . Two sample reachability problems are as follows.

First, consider the reachability problem: starting at any initial state in a bounded setQ, reach a target setQt

while avoiding an unsafe regionQu. The problem can be formulated asX
X
−→ Qt, whereX = Q−Qu. A

typical example of this problem is motion planning of multiple vehicles. Second, consider the problem of
temporal logic control. For example, let three areas of interest in the state space be denoted byQ0, Q1, Q2

such thatQ1, Q2 ⊂ Q0. The temporal logic specification�Q0 ∧♦(Q1 ∧ (Q1UQ2)), interpreted in natural
language, says “Stay always inQ0 and reachQ1, then stay inQ1 until eventually reachingQ2.” This

problem can be broken down into two reachability problems(Q0 −Q2)
(Q0−Q2)
−→ Q1 andQ1

Q1
−→ Q2. In

the present context, we assume that the state constraints give rise to a state space that is triangulable [9];
then the reachability specification is converted to a sequence of reachability problems on simplices of the
triangulation. The reader is referred to [1], [4], [6], [7],[8], [14], [10] for further motivations, including
how the studied problem arises in fundamental problems concerning hybrid systems.

In [4] it was shown that affine feedback and continuous state feedback are equivalent from the point of view
of solvability of the reach control problem (RCP). The approach is based, fundamentally, on fixed point
theory. The latter allows to deduce that continuous state feedbacks always generate closed-loop equilibria
inside the simplex when affine feedbacks do. The current paper departs from these findings, and using a
geometric approach, we explore the system structure that gives rise to equilibria. This structure is encoded
in so-calledreach control indices. The first goal of this paper is to elucidate these indices, and to show
how they isolate closed-loop equilibria. The second goal isto use the indices to obtain a subdivision of
the simplex and an associated piecewise affine feedback to solve RCP in those cases when the problem is
not solvable by continuous state feedback. It is shown that RCP is solvable by piecewise affine feedback
if it is solvable by open-loop controls.
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The paper is organized as follows. In Section II we review theexisting results on the reach control problem.
In Section III we give necessary conditions for solvabilityby open-loop controls. These then shape the
assumptions that are made to define the reach control indices, which are developed in Section IV. Next, in
Section V, a subdivision method and associated piecewise affine feedback are proposed to solve RCP when
continuous state feedback does not. The main result is presented in Section V showing the relationship
between solvability via open-loop controls and solvability via piecewise affine feeback. Examples are
presented in Section VI.

Notation. Let K ⊂ R
n be a set. The complement ofK is Kc := R

n \ K, the closure isK, and the
interior is K◦. For a vectorx ∈ R

n, the notationx ≻ 0 (x � 0) meansxi > 0 (xi ≥ 0) for 1 ≤ i ≤ n.
The notationx ≺ 0 (x � 0) means−x ≻ 0 (−x � 0). For a matrixA ∈ R

n×n, the notationA ≻ 0
(A � 0) meansaij > 0 (aij ≥ 0) for 1 ≤ i, j ≤ n. Notation0 denotes the subset ofRn containing
only the zero vector. The notationB denotes the open unit ball, andB denotes its closure. The notation
co{v1, v2, . . .} denotes the convex hull of a set of pointsvi ∈ R

n. The notation sp{y1, y2, . . .} denotes the
span of vectorsyi ∈ R

n. SymbolU denotes a control type: we consider open-loop controls, continuous
state feedback, affine feedback, and (discontinuous) piecewise affine feedback. Finally,TS(x) denotes the
Bouligand tangent cone to setS at a pointx [5].

II. BACKGROUND

We give a brief survey of relevant results on RCP. The reader may consult [7] for further explanations
on the invariance conditions (2)-(3) and affine feedbacks, while [4] provides illustrations of the geometric
constructs used.

Consider ann-dimensional simplex1 with vertex setV := {v0, v1, . . . , vn} and facetsF0, . . . ,Fn (the
facet is indexed by the vertex it does not contain). Lethi, i = 0, . . . , n be the unit normal vector to each
facet Fi pointing outside of the simplex. FacetF0 is called theexit facetof S. Define the index sets
I := {1, . . . , n} andIi := I \ {i} (noteI0 = I). For i ∈ I ∪ {0}, define the closed, convex cone

Ci :=
{
y ∈ R

n : hj · y ≤ 0, j ∈ Ii
}
.

We’ll write cone(S) := C0 sinceC0 is the tangent cone toS at v0. We consider the affine control system
on S:

ẋ = Ax+Bu+ a , x ∈ S, (1)

whereA ∈ R
n×n, a ∈ R

n, B ∈ R
n×m, and rank(B) = m. Let φu(t, x0) denote the trajectory of (1)

starting atx0 under some control lawu.

Problem 1 (Reach Control Problem (RCP)). Consider system (1) defined onS. Find a feedback control
u(x) such that:

(i) For every x0 ∈ S there existT ≥ 0 and γ > 0 such thatφu(t, x0) ∈ S for all t ∈ [0, T ],
φu(T, x0) ∈ F0, andφu(t, x0) /∈ S for all t ∈ (T, T + γ).

(ii) There existsε > 0 such that for allx ∈ S, ‖Ax+ a+Bu(x)‖ > ε.
(iii) Feedbacku(x) satisfies the invariance conditions(3) on F0.

Remark 1. Condition (ii) is a robustness condition that rules out the possibility of equilibria onF0 even if
trajectories starting inS reachF0 in finite time. Condition (iii) only takes effect at pointsx ∈ F0 that also
belong to one or more restricted facetsFi, i ∈ I. It is placed for practical reasons to avoid trajectories
“spraying out” outside of the setcone(S), and it can be removed if so desired. It can be easily shown
that conditions (ii) and (iii) hold automatically if condition (i) is met using affine or continuous state
feedback [7]. Thus, results on affine feedbacks [8], [14] andcontinuous state feedbacks [4] remain valid.
However, a distinction arises when studying solvability ofRCP by open-loop and discontinuous controls,
when conditions (ii) and (iii) cannot be deduced from (i).

1An n-dimensional simplex is the convex hull ofn+ 1 affinely independent points.
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Definition 2. A point x0 ∈ S can reachF0 with constraint inS and using control typeU, denoted by
x0

S
−→ F0, if there exists a controlu of typeU such that properties (i)-(iii) of Problem 1 hold. We write

S
S

−→ F0 by control typeU if for everyx0 ∈ S, x0
S

−→ F0 with control of typeU.

Definition 3. We say the invariance conditions are solvable at vertexvi if there existsui ∈ R
m such that

hj · (Avi + a+Bui) ≤ 0 , j ∈ Ii . (2)

We say the invariance conditions are solvable if they are solvable at all vertices ofS.

The inequalities (2) are called theinvariance conditions. They guarantee trajectories cannot exit from the
facetsFi, i ∈ I, and are used to construct affine feedbacks [7]. For general state feedbacks, stronger
conditions (also called invariance conditions) are needed.

Definition 4. We say a state feedbacku(x) satisfies the invariance conditions if for allj ∈ I andx ∈ Fj,

hj · (Ax+Bu(x) + a) ≤ 0 . (3)

For Problem 1 the following necessary and sufficient conditions have been established for the case of affine
feedback.

Theorem 5. [8], [14] Given the system(1) and an affine feedbacku(x) = Kx + g, whereK ∈ R
m×n,

g ∈ R
m, andu0 = u(v0), . . . , un = u(vn), the closed-loop system satisfiesS

S
−→ F0 if and only if

(a) The invariance conditions(2) are satisfied.
(b) There is no closed-loop equilibrium inS.

Let B = Im(B), the image ofB. DefineO := { x ∈ R
n : Ax + a ∈ B} andG := S ∩ O. Associated

with G is its vertex index setIG := {i | vi ∈ V ∩ G}. In the remainder of the paper we make an important
assumption concerning the placement ofO with respect toS. The reader is referred to [4] for the motivation
for and a method of triangulation of the state space that achieves this assumption. See also [9].

Assumption 6. SimplexS and system(1) satisfy the following condition: ifG 6= ∅, then G is a κ-
dimensional face ofS, where0 ≤ κ ≤ n.

In [4] several simple cases in which affine feedbacks exist were identified.

Theorem 7 ([4]). SupposeG = ∅. If the invariance conditions(2) are solvable, thenS
S

−→ F0 by affine
feedback.

Theorem 8 ([4]). Suppose Assumption 6 holds andG 6= ∅. If the invariance conditions(2) are solvable
andB ∩ cone(S) 6= 0, thenS

S
−→ F0 by affine feedback.

The primary conclusion of [4] is that RCP is solvable by affinefeedback if and only if it is solvable by
continuous state feedback. The goal of this paper is to solveRCP in cases where continuous state feedback
cannot be used. Based on [4], the cases to be studied are captured by the following assumptions.

Assumption 9. SimplexS and system(1) satisfy the following conditions.

(A1) G = co{v1, . . . , vκ+1}, with 0 ≤ κ < n.
(A2) B ∩ cone(S) = 0.
(A3) The maximum number of linearly independent vectors in any set {b1, . . . , bκ+1 | bi ∈ B ∩ Ci} (with

only one vector for eachB ∩ Ci, i ∈ IG) is m̂ with 0 ≤ m̂ ≤ κ+ 1.

Assumption (A1) rules out the application of Theorem 7, and it enforces thatv0 6∈ O. The latter requirement
is because whenv0 ∈ O and (A2) holds, then RCP is not solvable. Assumption (A2) rules out the
application of Theorem 8. Finally, (A3) introduces a new condition in terms of the variablêm, which
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necessarily satisfieŝm ≤ κ + 1. Whenm̂ = κ + 1, an affine feedback solves RCP, as stated below. The
remaining cases when̂m ≤ κ are the topic of this paper.

Theorem 10([4]). Suppose Assumption 9 holds. If the invariance conditions(2) are solvable and̂m = κ+1,
thenS

S
−→ F0 by affine feedback.

Finally, in the sequel we make use of the following family of matrices. Let1 ≤ p ≤ q ≤ κ+1, bi ∈ B∩Ci,
and defineHp,q := [hp · · ·hq], Yp,q := [bp · · · bq], andMp,q := HT

p,qYp,q. We say a matrixM is aZ -matrix
if the off-diagonal elements are non-positive; i.e.mij ≤ 0 for all i 6= j [2]. Sincebi ∈ B∩Ci, i ∈ IG , each
Mp,q is a Z -matrix. Also under the condition thatB ∩ cone(S) = 0, certain matrices of the formMp,q

will be shown in Lemma 18 to be nonsingularM -matrices. A complete characterization of nonsingular
M -matrices is found in [2], Ch. 6.

III. N ECESSARYCONDITIONS

In this section we investigate necessary conditions for solvability of RCP using open-loop controls. We say
that a functionµ : [0,∞) → R

m is an open-loop controlif it is bounded on any compact interval and it
is measurable. By Caratheodory’s theorem solutions of (1) using open-loop controls exist and are unique.
First, we show that condition (i) of RCP alone is sufficient toconclude that the invariance conditions are
solvable.

Theorem 11. Suppose there exist open-loop controls such that condition(i) of RCP holds. Then the
invariance conditions(2) are solvable.

Proof: DefineY(x) :=
{
Ax+Bw+a | w ∈ R

m
}

. Letx0 ∈ S\F0. By assumption there existsµ(t) and
a timeT > 0 such thatφµ(t, x0) ∈ S for all t ∈ [0, T ]. Sinceµ(t) is an open-loop control, there existsc > 0
such that‖µ(t)‖ ≤ c, for all t ∈ [0, T ]. Consider the setYc(x) :=

{
Ax +Bw + a | w ∈ R

m, ‖w‖ ≤ c
}

.
It is easy to show that bothx 7→ Yc(x) andx 7→ Y(x) are upper semicontinuous. Now take a sequence
{ti | ti ∈ (0, T ]} with ti → 0. Since{y ∈ Yc(x) | x ∈ R

n} is bounded onS, there existsM > 0 such that
‖φµ(ti, x0)−x0‖ ≤ Mti. Therefore{φµ(ti,x0)−x0

ti
} is a bounded sequence, and there exists a convergence

subsequence (with indices relabeled) such thatlimi→∞
φµ(ti,x0)−x0

ti
=: v. Sinceφµ(ti, x0) ∈ S, by the

definition of the Bouligand tangent cone,v ∈ TS(x0). Now we showv ∈ Y(x0).

We have
φµ(ti, x0)− x0

ti
=

1

ti

∫ ti

0

[
Aφµ(τ, x0) +Bµ(τ) + a

]
dτ . (4)

Let y0 := Ax0 + Bµ(0) + a ∈ Y(x0) and y(τ) := Aφµ(τ, x0) + Bµ(τ) + a ∈ Y(φµ(τ, x0)). By the
upper semicontinuity ofx 7→ Y(x), given ǫ > 0, there existsδ > 0 such that if‖x0 − φµ(τ, x0)‖ < δ,
then ‖y0 − y(τ)‖ < ǫ. This implies, for i sufficiently large and for allτ ∈ [0, ti], ‖y0 − y(τ)‖ < ǫ.
This can be rewritten as: fori sufficiently large and∀τ ∈ [0, ti], y(τ) = y0 + p(τ) for some function
p(τ) satisfying‖p(τ)‖ < ǫ. Thus, for i sufficiently large 1

ti

∫ ti

0 y(τ)dτ = y0 + 1
ti

∫ ti

0 p(τ)dτ . However∥∥∥ 1
ti

∫ ti

0
p(τ)dτ

∥∥∥ ≤ 1
ti

∫ ti

0
‖p(τ)‖dτ < ǫ. We conclude, fori sufficiently large,1

ti

∫ ti

0

[
Aφµ(τ, x0)+Bµ(τ)+

a
]
dτ ∈ Y(x0) + ǫB. Using (4), fori sufficiently large we haveφµ(ti,x0)−x0

ti
∈ Y(x0) + ǫB. SinceY(x0)

is a closed subset ofRn, v ∈ Y(x0) + ǫB, and sinceǫ is arbitrary, v ∈ Y(x0). We conclude that
Y(x0) ∩ TS(x0) 6= ∅ , x0 ∈ S \ F0. SinceTS(v0) = cone(S), andTS(x) = Ci for x ∈ (v0, vi), it
follows that the invariance conditions are solvable atv0 and along simplex edges(v0, vi), i ∈ I.

Now considervi, i ∈ I. If vi ∈ O, then the invariance conditions are solvable by selectingui ∈ R
m such

thatAvi + Bui + a = 0. Instead supposevi 6∈ O. Suppose by way of contradiction thatY(vi) ∩ Ci = ∅.
ThenY(vi) andCi are non-empty disjoint polyhedral convex sets inR

n. By Corollary 19.3.3 of [13], they
are strongly separated. That is, there existsǫ > 0 such thatinfy∈Y(vi),z∈Ci

‖y − z‖ > ǫ. By the upper
semicontinuity ofx 7→ Y(x), there existsδ > 0 such that if‖x− vi‖ < δ, thenY(x) ⊂ Y(vi) +

ǫ
2B. In

particular, takingx ∈ (v0, vi), we getY(x) ∩ Ci = ∅, a contradiction.
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We know thatAvi+a ∈ B for verticesvi ∈ G. Thus, Theorem 11 says that if RCP is solvable by open-loop
controls, thenB ∩ Ci 6= ∅, i ∈ IG . The next result says that, moreover, the zero vector cannotbe the only
element ofB ∩ Ci, i ∈ IG .

Theorem 12. If S
S

−→ F0 by open-loop controls, thenB ∩ Ci 6= 0, i ∈ IG .

Proof: Consider vertexvi ∈ O. Suppose by way of contradiction thatB∩Ci = 0. SinceAvi+a ∈ B,
there existsui ∈ R

m such thatAvi + Bui + a = 0. By condition (ii) of RCP and by Theorem 11, there
existsε > 0 such that for allx ∈ S \ F0, there existsµx ∈ R

m such thatAx + Bµx + a ∈ TS(x) and
‖Ax+Bµx+a‖ > ε. By continuity there existsδ > 0 such that if‖x−vi‖ < δ, then‖Ax+Bui+1‖ < ε/2.
Thus, it must be that‖B(µx − ui)‖ > ε/2 for all x ∈ S \ F0 satisfying‖x− vi‖ < δ. SinceB ∩ Ci = 0

andCi is a closed cone, there existsα > 0 such that ifb ∈ B satisfies‖b‖ > ε/2, thenb + αB 6∈ Ci. In
particular, we can choosex ∈ (v0, vi) sufficiently close tovi such that‖Ax+ a+ Bui‖ < min{α, ǫ/2}.
ThenAx+Bux + a = (Ax + a+Bui) +B(ux − ui) 6∈ Ci = TS(x), a contradiction.

IV. REACH CONTROL INDICES

The reach control indices are defined in the situation when itis known that RCP is not solvable by
continuous state feedback but it is still solvable by open-loop control. Assumption 9 specifies there is a
maximal set of linearly independent vectors inB available to vertices inG in terms of the variablêm. We
say that any set of̂m linearly independent vectors with at most one vector from each coneB ∩Ci, i ∈ IG ,
is a maximal set with respect toG. Without loss of generality (by reordering indices) let such a maximal
set be{b1, . . . , bm̂} and define

B̂ := sp{b1, . . . , bm̂ | bi ∈ B ∩ Ci} . (5)

By the maximality of B̂, B ∩ Cj ⊂ B̂ ∩ Cj for all j = m̂ + 1, . . . , κ + 1. Thus B ∩ Cj = B̂ ∩ Cj,
j = m̂+ 1, . . . , κ+ 1.

Assumption 13. SimplexS and system(1) satisfy the following conditions.

(R1) G = co{v1, . . . , vκ+1}, where0 ≤ κ < n.
(R2) B ∩ cone(S) = 0.
(R3) B̂ = sp{b1, . . . , bm̂ | bi ∈ B ∩ Ci}, wherem̂ < κ+ 1.
(R4) B ∩ Ci 6= 0 , i ∈ IG .

Let p := κ+1−m̂. ConsiderB∩Cm̂+1. By Assumption (R4),B∩Cm̂+1 6= 0, so there exists2 ≤ r1 ≤ m̂+1
such that w.l.o.g. (reordering indices1, . . . , m̂)

B ∩ Cm̂+1 ⊂ sp{b1, . . . , br1−1} (6)

and sp{b1, . . . , br1−1} is the smallest such subspace generated by the basis{b1, . . . , bm̂}. We define
Vm̂+1 := sp{b1, . . . , br1−1} to be thecontainer subspacefor the coneB ∩ Cm̂+1. It is easily shown
that, relative to the basis{b1, . . . , bm̂}, Vm̂+1 is unique. The container subspace has the interpretation
that every basis vector in a container subspace contributesto generating at least one vector in the cone
B ∩ Cm̂+1. The following establishes that one can always find a vector in B ∩ Cm̂+1 that depends on all
the basis vectors of its container subspace.

Lemma 14. Suppose Assumption 13 and(6) hold. There existsbm̂+1 ∈ B ∩ Cm̂+1 such that

bm̂+1 = c1b1 + · · ·+ cr1−1br1−1 , ci 6= 0, i = 1, . . . , r1 − 1 . (7)

Lemma 15. Suppose Assumption 13 and(6) hold. ThenB ∩ Ci = B̂ ∩ Ci, i = 1, . . . , r1 − 1, m̂+ 1.

Proof: First, it is clear thatB̂ ∩ Ci ⊂ B ∩ Ci. Now we show the converse. Consider w.l.o.g.i = 1.
Suppose there exists̃b1 ∈ B ∩ C1 and b̃1 6∈ B̂ ∩ C1. Let bm̂+1 be as in (7). Then{b̃1, b2, . . . , bm̂, bm̂+1} is
a linearly independent set containing one more vector thanB̂, a contradiction.
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It is useful at this stage to swap the indicesm̂ + 1 and r1 in order that cones that share directions inB̂
can be listed consecutively. Then (6) and (7) become respectively

B ∩ Cr1 ⊂ sp{b1, . . . , br1−1} (8)

(∃br1 ∈ B ∩ Cr1) br1 = c1b1 + · · ·+ cr1−1br1−1 , ci 6= 0 . (9)

We can now write

B̂ = sp{b1, . . . , br1−1, br1 , br1+1, . . . , bm̂+1} = sp{b2, . . . , bm̂+1} . (10)

The overbar onbr1 indicates it depends on all the previousr1 − 1 vectors in the list. For this reason,
{b2, . . . , bm̂+1} are linearly independent.

Lemma 16. Suppose Assumption 13 and(8)-(9) hold. Then the coefficients in(9) satisfy ci < 0, i =
1, . . . , r1 − 1.

Proof: Suppose w.l.o.g. (by reordering indices{1, . . . , r1 − 1}), there exists1 ≤ ρ ≤ r1 − 1 such that
ci > 0 for i = 1, . . . , ρ and ci < 0 for i = ρ+ 1, . . . , r1 − 1. Consider the vectorβ := br1 − cρ+1bρ+1 −
· · · − cr1−1br1−1 = c1b1 + · · · + cρbρ. Notice thatβ 6= 0 since {b1, . . . , bρ} are linearly independent.
Since bi ∈ B ∩ Ci, i ∈ {1, . . . , r1}, we havehj · β = hj ·

(
br1 − cρ+1bρ+1 − · · · − cr1−1br1−1

)
≤ 0,

i = 1, . . . , ρ, r1+1, . . . , n. Also hj ·β = hj ·
(
c1b1+ · · ·+ cρbρ

)
≤ 0, i = ρ+1, . . . , n. In sum,hj ·β ≤ 0,

i ∈ I; that is,β ∈ B ∩ cone(S). By Assumption (R2),β = 0, a contradiction.

The dependency of cones on a limited number of vectors inB̂ places restrictions on the orientation of
those vectors with respect toS.

Lemma 17. Suppose Assumption 13 and(8)-(9) hold. Then

hj · bi = 0 , i = 1, . . . , r1 , j ∈ I \ {1, . . . , r1} . (11)

Proof: Let br1 be as in (9). Sincebr1 ∈ B ∩ Cr1 , hj · br1 = hj ·
(
c1b1 + · · · + cr1−1br1−1

)
≤ 0,

j ∈ I \ {1, . . . , r1}. Sincebi ∈ B ∩ Ci and, by Lemma 16,ci < 0, every term in the sum is non-negative.
The result immediately follows.

Lemma 18. Suppose Assumption 13 and(8)-(9) hold. ThenM1,r1−1 ∈ R
(r1−1)×(r1−1) is a nonsingular

M -matrix.

Proof: First, we knowM1,r1−1 is aZ -matrix becausehj ·bi ≤ 0, j 6= i, so the off-diagonal entries are
non-positive. Second, we showM1,r1−1 = HT

1,r1−1Y1,r1−1 is nonsingular. Suppose there existsc ∈ R
r1−1

such thatHT
1,r1−1Y1,r1−1c = 0. Let y := Y1,r1−1c. By assumptionhj · y = 0, j = 1, . . . , r1 − 1. Also

by Lemma 17,hj · y = 0, j = r1 + 1, . . . , n. Thus, eithery ∈ B ∩ cone(S) or −y ∈ B ∩ cone(S).
By Assumption (R2),y = 0. However,y = c1b1 + · · · + cr1−1br1−1 and {b1, . . . , br1−1} are linearly
independent, soc = 0. We conclude thatM1,r1−1 is nonsingular.

Finally, we showM1,r1−1 satisfies case (Q50) of Theorem 6.2.3 of [2]. Suppose there existsc ∈ R
r1−1

with c 6= 0 and c � 0 such thatM1,r1−1c � 0. Define the vector̄y = Y1,r1−1c ∈ B. Note thatȳ 6= 0
because{b1, . . . , br1−1} are linearly independent. ThenM1,r1−1c = HT

1,r1−1Y1,r1−1c = HT
1,r1−1ȳ � 0

implieshj · ȳ ≤ 0 for j = 1, . . . , r1−1. Also, sinceci ≥ 0 andbi ∈ B∩Ci, hj · ȳ =
∑r1−1

i=1 ci(hj · bi) ≤ 0,
j = r1, . . . , n. This implies0 6= ȳ ∈ B∩cone(S), a contradiction. Therefore,M1,r1−1 has the property that
the only solution of the inequalitiesc � 0 andM1,r1−1c � 0 is c = 0. In sum,M1,r1−1 is a nonsingular
Z -matrix satisfying Theorem 6.2.3 case (Q50) of [2], so M1,r1−1 is a nonsingularM -matrix.

Remark 19. An important feature of the formula(9) with ci < 0 is that, using it, anybi, i ∈ {1, . . . , r1},
can be expressed as a negative linear combination of the other vectors{b1, . . . , bi−1, bi+1, . . . , br1}. This
means Lemma 18 can be deduced for other combinations ofr1 − 1 indices, not just{1, . . . , r1 − 1}.
In particular, if we begin with the singular matrixM1,r1 ∈ R

r1×ri , and if theith row and column are
removed, the resulting submatrix is a nonsingularM -matrix.
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Next considerB ∩ Cm̂+2. There exists a smallest subspace generated by the basis{b2, . . . , bm̂+1} that
containsB ∩ Cm̂+2. By independently reordering each index set{2, . . . , r1} and{r1 + 1, . . . , m̂+ 1} we
haveB ∩ Cm̂+2 ⊂ sp{bρ2

, . . . , bρ2+r2−2}, for some2 ≤ ρ2 ≤ r1 + 1 andr1 ≤ ρ2 + r2 − 2 ≤ m̂+ 1. Now
we swap the indicesρ2+ r2−1 andm̂+2, so thatB∩Cρ2+r2−1 ⊂ sp{bρ2

, . . . , bρ2+r2−2}. The next result
shows that because of the restrictions placed onB by Lemma 17, the container subspaces of dependent
cones split into independent subspaces, thus yielding a decomposition ofB with respect toG.

Lemma 20. Suppose Assumption 13,(8), and (9) hold. Thenρ2 = r1 + 1.

Proof: Suppose by way of contradiction thatρ2 < r1 + 1. Applying Lemma 17 we obtain

hj · bi = 0, i = 1, . . . , r1 , j = r1 + 1, . . . , n (12a)

hj · bi = 0, i = ρ2, . . . , ρ2 + r2 − 1 , j = 1, . . . , ρ2 − 1, ρ2 + r2, . . . , n . (12b)

ConsiderMρ2,r1 = HT
ρ2,r1

Yρ2,r1 , whereYρ2,r1 = [bρ2
· · · br1 ]. By Lemma 18 and Remark 19,M2,r1 is

a nonsingularM -matrix. By Theorem 6.2.3 and the remarks thereafter [2],Mρ2,r1 is also a nonsingular
M -matrix. By Theorem 6.2.3 (caseI28) of [2] there existsc′ = (c′ρ2

, . . . , c′r1) such thatc′ � 0 and
Mρ2,r1c

′ ≺ 0. Define β := Yρ2,r1c
′ 6= 0. The statementHT

ρ2,r1
β = Mρ2,r1c

′ ≺ 0 gives hj · β < 0,
j = ρ2, . . . , r1. Recall that by constructionρ2 + r2 − 1 ≥ r1 + 1. Therefore, by (12a)-(12b)hj · β =
hj ·

(
c′ρ2

bρ2
+ · · ·+ c′r1br1

)
= 0, j = 1, . . . , ρ2 − 1, r1 + 1, . . . , n. This impliesβ ∈ B ∩ cone(S). By

Assumption (R2) we obtainβ = 0, a contradiction.

By iterating on Lemmas 17, 20, and our index swap, we can show that the decomposition obtained so
far extends to all conesB ∩ Ci associated withG. First, we note that the procedure generates a specially
ordered list of velocity vectors associated with vertices in G. This list has the form

{b1, . . . , br1−1, br1 , br1+1, . . . , br1+r2−1, br1+r2 , . . . , br1+···+rp−1+1, . . . , br−1, br, br+1, . . . , bκ+1} , (13)

wherebi ∈ B ∩ Ci andr := r1 + · · ·+ rp. The vectors that do not have an overbar are provided by (R3)
(modulo the change of indices). The vectors that have overbars are provided by Lemma 14. Because of
the index swapping and Lemma 20 eachbr1+···+rk depends on all of the previousrk − 1 vectors in the
list. If the p vectors with overbars are removed, one obtains a maximal setwith respect toG that spanŝB.
It is essentially the list in (R3) but has been reordered. Finally, the container subspace construction and
Lemma 15 give

B̂ ∩ Cr1+···+rk = B ∩ Cr1+···+rk ⊂ Bk := sp{br1+···+rk−1+1, . . . , br1+···+rk} , k = 1, . . . , p . (14)

One can now extract a geometric consequence of our decomposition that has relevance to the usable
directions inB at points inG that are not vertices. For example, at any point inx ∈ co{v1, . . . , vr1}, the
only usable directions inB to satisfy the invariance conditions (3) are those already in B1. We state the
result only fork = 1.

Lemma 21([4]). Suppose Assumption 13 and(14)hold. There does not existβ ∈ B such that{b1, . . . , br1−1, β}
are linearly independent andhj · β ≤ 0 for j = r1 + 1, . . . , n.

Theorem 22. Suppose Assumption 13 holds. Then there exist integersr1, . . . , rp ≥ 2 and a decomposition
of B into p subsets such that

B ∩ Ci ⊂ sp{b1, . . . , br1} , i = 1, . . . , r1 , (15)

B ∩ Ci ⊂ sp{br1+1, . . . , br1+r2} , i = r1 + 1, . . . , r1 + r2 (16)
...

...

B ∩ Ci ⊂ sp{br1+···+rp−1+1, . . . , br} , i = r1 + · · ·+ rp−1 + 1, . . . , r . (17)

Proof: W.l.o.g. we consider only (15). We must showB∩Ci ⊂ sp{b1, . . . , br1}, for i = 1, . . . , r1. (By
(14) we already haveB ∩ Cr1 ⊂ sp{b1, . . . , br1−1}). Consider anyi ∈ {1, . . . , r1} and anyβi ∈ B ∩ Ci =
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B̂∩Ci such thatβi = c1b1+ · · ·+cr1br1+β, whereci ∈ R andβ ∈ B. We assume w.l.o.g.β is independent
of {b1, . . . , br1}, otherwise theci’s can be redefined. From the invariance conditions associated with vi
and by Lemma 17, we havehj · βi = hj · (c1b1 + · · ·+ cr1br1 + β) = hj · β ≤ 0, j = r1 + 1, . . . , n. By
Lemma 21,β = 0. Hence, for anyi ∈ {1, . . . , r1} and anyβi ∈ B ∩ Ci, βi ∈ sp{b1, . . . , br1}, as desired.

The kth list in (15)-(17) hasrk − 1 linearly independent vectors ofB. We can say thatB has been
decomposed intop independentcycles of dependency. Also, because each of the excessp vertices inG
has an associated non-zero velocity vector by (R4) depending on at least one (exclusive) vector in̂B, we
havep ≤ m̂. Thus, in order for (R4) to hold it is necessary thatm̂ ≥ κ+1

2 . This condition is interpreted
to say that RCP is only solvable if there are sufficient inputs. Since each of thep lists comprisesrk − 1
independent vectors inB and there are a total of̂m such vectors, we also deduce thatr − p ≤ m̂.

The integers{r1, . . . , rp} are called thereach control indicesof system (1) with respect to simplexS.
Their importance stems from their ability to isolate closed-loop equilibria when using continuous state
feedback. Define fork = 1, . . . , p, mk := r1 + · · ·+ rk−1 + 1 andGk := co

{
vmk

, . . . , vmk+rk−1

}
.

Theorem 23 ([4]). Suppose Assumption 13 holds. Letu(x) be a continuous state feedback satisfying the
invariance conditions(3). Then eachGk contains an equilibrium of the closed-loop system.

V. PIECEWISE AFFINE FEEDBACK

The reach control indices catalog the degeneracies (causedby insufficient inputs) that lead to the appearance
of equilibria in S wheneverp ≥ 1 and continuous state feedback is applied. Thus, any controlmethod
that overcomes the limits of continuous state feedback mustconfront this degeneracy and will necessarily
draw upon the degrees of freedom inB provided toG which are inscribed by the indices. In this section
we investigate the extent to which piecewise affine feedbackcan solve RCP, in cases when continuous
state feedback cannot. We construct a triangulation [9] of the simplexS such that a sub-RCP is solvable
for each simplex of the triangulation. We make the followingstanding assumptions.

Assumption 24. SimplexS and system(1) satisfy the following conditions.

(P1) G = co{v1, . . . , vκ+1}, where0 ≤ κ < n.
(P2) B ∩ cone(S) = 0.
(P3) B ∩ Ci 6= 0 , i ∈ IG .
(P4) ∃ {r1, . . . , rp} such that(15)-(17) hold.
(P5) Bk 6⊂ H0 := {y ∈ R

n | h0 · y = 0} , k = 1, . . . , p.

Conditions (P1)-(P2) define the problem setup as before. Thenecessity of (P3) was proved in Theorem 12,
(P4) was proved in Theorem 22, and the necessity of (P5) is proved next.

Lemma 25. If S
S

−→ F0 by open-loop controls, thenBk 6⊂ H0 for eachk = 1, . . . , p.

Proof: W.l.o.g. we consider onlyk = 1. Define F̂0 := co{v1, . . . , vr1} ⊂ F0. Let x ∈ F̂0. By
condition (iii) of RCP, for any open-loop control values{µx} used to solve RCP (whereµx is an open-
loop control value used atx), we havehj · (Ax + Bµx + a) ≤ 0, x ∈ Fj , j ∈ I. By Lemmas 17 and
21, we also have thathj · (Ax + Bµx + a) = 0, j = r1 + 1, . . . , n. Suppose by way of contradiction
that B1 ⊂ H0. Then h0 · (Ax + Bµx + a) = 0. Now we observe that for anyz ∈ F̂0 T

F̂0
(z) =

{y ∈ R
n | hj · y = 0, hl · y ≤ 0, j = 0, r1 + 1, . . . , n, z ∈ Fl}. We conclude thatAx+Bµx+a ∈ T

F̂0
(x),

for all x ∈ F̂0. By Theorem 4.3.8 of [5], this implieŝF0 is a strongly invariant set, a contradiction to the
statement thatS

S
−→ F0 by open-loop controls.

Definition 26. Given system(1) and a state feedbacku(x), we sayu(x) is a piecewise affine feedbackif
there exists a triangulationT of S such that for eachn-dimensionalSj ∈ T, there existKj ∈ R

m×n and
gj ∈ R

m such thatu(x) = Kjx+ gj, x ∈ Sj .
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Remark 27. This definition of piecewise affine feedback allows for discontinuities at the boundaries of
simplices; moreover, the feedback is a multi-valued function, distinct from the usual notion of piecewise
affine function in algebraic topology [11]. Resolving what control value to use at points lying in more than
one simplex is treated as a problem of implementation. The artifact of a discrete supervisory controller
[12] will be introduced to convert the multi-valued function to a single-valued feedback.

We now explain informally an inductive procedure for subdividing S in order that RCP can be solved
by piecewise affine feedback. First, in Lemma 28 we show that because of condition (P5), each simplex
Gk, for k = 1, . . . , p, has a vertex (among{vmk

, . . . , vmk+rk−1}) with bi ∈ B ∩ Ci pointing out ofS.
By convention, we reorder indices so this vertex is the first one in each list{vmk

, . . . , vmk+rk−1}. We
make a subdivision ofS by placing a new vertexv′ along the edge(v0, vmk

). In particular, at the first
iteration we would havev′ ∈ (v0, v1), and we form two simplicesS1 andS ′ as in Figure 1. Lemma 30
shows that becausebmk

∈ B ∩ Cmk
points out ofS at vmk

and because the invariance conditions for
S are solvable atv0, a convexity argument (precisely, (20)) gives thatv′ can be placed along(v0, vmk

)
so thatB ∩ cone(S1) 6= 0. Then in Lemma 31 one applies Theorem 8 to obtain that RCP is solved for
S1. EssentiallyS1 can be removed from further consideration, and the induction step is repeated withS
replaced by the remainderS ′. To guarantee that the induction is sound, one must show thatS ′ inherits the
relevant properties ofS, especially condition (P5). This is done in Lemma 32.

Lemma 28. Suppose Assumption 24 holds. Then w.l.o.g. (by reordering indices)h0 ·bmk
> 0, k = 1, . . . , p.

Proof: We prove the result only fork = 1. If for any j ∈ {1, . . . , r1}, h0 · bj > 0, then the
proof is finished. Instead suppose that for alli ∈ {1, . . . , r1}, h0 · bi ≤ 0. Using (P5) and by reordering
the indices1, . . . , r1, assumeh0 · br1 < 0. By Lemmas 14 and 16 there existsb1 ∈ B ∩ C1 such that
b1 = c2b2+ · · ·+ cr1br1 with ci < 0. Thus we obtainh0 · b1 = h0 · (c2b2+ · · ·+ cr1br1) ≥ cr1h0 · br1 > 0.

v0

v1v2

v′

h0

h1 h2

h′

S ′

S1

O

B

Fig. 1. Subdivision into two simplicesS′ andS1.

Following Lemma 28, suppose thatb1 satisfiesh0 · b1 > 0. We consider any pointv′ in the open segment
(v0, v1). That is, letλ ∈ (0, 1) and define

v′ = λv1 + (1− λ)v0 . (18)

Now define the following simplices inS:

S ′ = co{v0, v′, v2, . . . , vn}

S1 = co{v′, v1, v2, . . . , vn} .

Also define the new exit facet forS ′ by F ′
0 := co{v′, v2, . . . , vn}. See Figure 1. The following lemma

provides a formula for the normal vectorh′ of F ′
0.

Lemma 29. Let h0 = −γ1h1 − . . .− γnhn with γi > 0, and letλ ∈ (0, 1). Then the normal vector toF ′
0
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pointing out ofS1 is

h′ = γ1h1 + λ
n∑

j=2

γjhj = γ1(1− λ)h1 − λh0 . (19)

Lemma 30. Suppose Assumption 24 holds. There existsv′ ∈ (v0, v1), such thatB ∩ cone(S1) 6= 0.
Moreover,b1 ∈ B ∩ cone(S1) with h′ · b1 < 0.

Proof: Observe that cone(S1) = {y ∈ R
n | h′ · y ≤ 0 , hj · y ≤ 0, j ∈ {2, · · · , n}}. We show there

is an interval of values forλ such that0 6= b1 ∈ B ∩ cone(S1), where we assume the index ordering of
Lemma 28. First, sinceb1 ∈ B ∩ C1 we knowhj · b1 ≤ 0 for j ∈ {2, . . . , n}. We must only show that
there existsλ ∈ (0, 1) such thath′ · b1 < 0. From Lemma 29 we have

h′ · b1 = γ1(1− λ)h1 · b1 − λh0 · b1 . (20)

Sinceh1 · b1 > 0 (becauseB ∩ cone(S) = 0) andh0 · b1 > 0 (by Lemma 28), it is clear from (20) that
we can selectλ = λ′ sufficiently close to1 such thath′ · b1 < 0. Settingv′ = λ′v1 + (1− λ′)v0, we get
b1 ∈ B ∩ cone(S1).

Lemma 31. Suppose Assumption 24 holds and letv′ be as in Lemma 30. If the invariance conditions for

S are solvable, thenS1 S
1

−→ F0 by affine feedback.

Proof: By Lemma 30, we haveB ∩ cone(S1) 6= 0. We show that the invariance conditions are
solvable forS1. First, consider the vertexv′. By assumption there exist control inputsu0, u1 ∈ R

m such
that the invariance conditions forS at v0 and v1 are satisfied, i.e.y0 := Av0 + Bu0 + a ∈ cone(S)
and y1 := Av1 + Bu1 + a ∈ B ∩ C1. In particular,hj · yi ≤ 0 for i = 0, 1 and j = 2, . . . , n. Now by
Lemma 30, there existsλ ∈ (0, 1) such that withv′ := λv1 + (1 − λ)v0, h′ · b1 < 0 and hj · b1 ≤ 0
for j = 2, . . . , n. Let w1 be such thatb1 = Bw1. Set ǫ1 > 0 and letu′ := λu1 + (1 − λ)u0 + ǫ1w1.
y′ := Av′ + Bu′ + a = λy1 + (1 − λ)y0 + ǫ1b1. Thus,hj · y′ ≤ 0 for j = 2, . . . , n and for ǫ1 > 0
sufficiently large,h′ · y′ < 0. That is, the invariance conditions forS1 are solvable atv′.

Next considerv1. Since the invariance conditions forS1 at v1 are identical to those forS at v1, and
since the latter are by assumption solvable, the former are also solvable. Finally, consider verticesvi,
i = 2, . . . , n. There exist control inputsui ∈ R

m such thatyi := Avi + Bui + a satisfyhj · yi ≤ 0 for
j = 2, . . . , i− 1, i+1, . . . , n. As above letw1 be such thatb1 = Bw1. Setǫ1 > 0 and letu′

i := ui+ ǫ1w1.
Then the closed-loop vector field forS1 at vi is y′i = Avi + Bu′

i + a = yi + ǫ1b1. Thus,hj · y′i ≤ 0 for
j = 2, . . . , i−1, i+1, . . . , n and forǫ1 > 0 sufficiently large,h′ ·y′i < 0. That is, the invariance conditions

for S1 are solvable atvi. In sum, we can apply Theorem 8 to obtain thatS1 S
1

−→ F0 by affine feedback.

Lemma 32. Suppose Assumption 24 holds and letv′ be as in Lemma 30. If the invariance conditions for
S are solvable then

(i) The invariance conditions forS ′ are solvable.
(ii) (−h′) · bmk

> 0 , k = 1, . . . , p.

Proof: First we prove (i). By assumption the invariance conditionsare solvable forS, and since the
invariance conditions forS ′ are identical (the only facet that changed forS ′ is F0, which plays no role in
invariance conditions), they are also solvable forS ′. Next we prove (ii). First we have(−h′) · bm1

> 0 by
Lemma 30. Second, sincebmk

∈ B ∩ Cmk
, we haveh1 · bmk

≤ 0, for k = 2, . . . , p. Also by Lemma 28,
h0 · bmk

> 0, for k = 2, . . . , p. Thus using (19),(−h′) · bmk
= −γ1(1 − λ)h1 · bmk

+ λh0 · bmk
> 0,

k = 2, . . . , p.

We have demonstrated the first step of a triangulation procedure that partitionsS into simplices on which
sub-reach control problems are solvable. Now we present a triangulation algorithm that iterates on the
presented subdivision method. It consists ofp iterations, one for each set{vmk

, . . . , vmk+rk−1}, k =
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1, . . . , p. The notationSk := co{v′, v1, . . . , vn} is understood to mean that alln + 1 vertices ofSk are
assigned simultaneously in the order presented. The vertices ofSk are later identified as{vk0 , . . . , v

k
n}. The

algorithm generates simplicesS1, . . . ,Sp+1 starting from the given simplexS. At the kth iteration, the
current declaration ofS is split into a lower simplexSk and an upper simplex. The lower simplex is then
“thrown away” and the remainder - the upper simplex - is declared to beS with vertices called{v0, . . . , vn}
(overloading the vertices of the previousS). In this way each iterate mimics the first subdivision developed
in the discussion above.

Subdivision Algorithm:

1. Setk = 1.
2. Selectv′ ∈ (v0, vmk

) such thatB ∩ cone(Sk) 6= 0, whereSk := co{v′, v1, . . . , vn}.
3. SetS := co{v0, v1, . . . , vmk−1, v

′, vmk+1, . . . , vn}.
4. If k < p, setk := k + 1 and go to step 2.
5. SetSp+1 := S.

Let Fk
0 = co{vk1 , . . . , v

k
n} denote the exit facet ofSk = co{vk0 , . . . , v

k
n}. The triangulation generated by

the algorithm has the property thatSk ∩Sk−1 = Fk
0 , k = 2, . . . , p+1, and closed-loop trajectories follow

paths through simplices with decreasing indices. Thus,S
S

−→ F0 is achieved by implementing affine

controllers that achieveSk S
k

−→ Fk
0 for k = 1, . . . , p + 1. In order to guarantee that switching occurs in

the proper sequence (with decreasing simplex indices), andto avoid chattering caused by measurement
errors, adiscrete supervisorshould accompany the implementation of the piecewise affinefeedback. The
supervisor has two functions:

(i) Once the piecewise affine controller has switched to simplex Sk, then all affine controllers forSj ,
j > k, are disabled.

(ii) At a point x ∈ S belonging to more than one simplexSj , the controller for the simplex with the
higher index is used.

Theorem 33. Suppose Assumption 24 holds. If the invariance conditions for S are solvable, thenS
S

−→ F0

by piecewise affine feedback.

Proof: Form the triangulation{S1, . . . ,Sp+1} of S based on the Subdivision Algorithm. First we

show by induction thatSk S
k

−→ Fk
0 by affine feedback fork = 1, . . . , p. For the initial step, by assumption

the invariance conditions are solvable forS and by Lemma 28,h0 · bmk
> 0 for k = 1, . . . , p. Thus, by

Lemma 31,S1 S
1

−→ F0 by affine feedback. Now assume that at thejth step the invariance conditions are

solvable forS andh0 ·bmk
> 0 for k = 1, . . . , p. Then by Lemma 31,Sj S

j

−→ F0 by affine feedback. Now
consider the(j+1)th step. By the algorithmS := co{v0, v1, . . . , vmj−1, v

′, vmj+1, . . . , vn} andh0 = −h′,
wherev′ andh′ are provided by thejth step. By Lemma 32, the invariance conditions are solvablefor S

andh0 · bmk
> 0 for k = 1, . . . , p. Then by Lemma 31,Sj+1 S

j+1

−→ F0 by affine feedback.

Next considerSp+1. We observe thatSp+1 andS share the same invariance conditions since they only
differ in their exit facets, so the invariance conditions for Sp+1 are solvable. Now letGp+1 := Sp+1 ∩O.
Then by the algorithm,Gp+1 = co{v2, . . . , vm2−1, vm2+1, . . . , vmp−1, vmp+1, . . . , vκ+1}. We can see that
the algorithm has removed thep verticesvm1

, vm2
, . . . , vmp

from G, and this has the effect to break up the
dependencies ofB associated withG. There remainm̂ linearly independent vectors inB associated with
Gp+1 (an (m̂ − 1)-dimensional simplex) given by{b2, . . . , bm2−1, bm2+1, . . . , bmp−1, bmp+1, . . . , bκ+1}.

Therefore, we can apply Theorem 10 to obtainSp+1 S
p+1

−→ Fp+1
0 .

Next we verify conditions (ii) and (iii) of RCP. Condition (ii) follows immediately because there are a finite
number of affine feedbacksuk(x) each defined on a compact setSk that does not contain an equilibrium.
For (iii) we must verify that the invariance conditions forS hold on the vertices ofF0. The exit facet of
Sp+1 is Fp+1

0 = {v10 , vm1+1, . . . , vm1+r1−1, . . . , v
p
0 , vmp+1, . . . , vmp+rp−1, vr+1, . . . , vn}. The invariance
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conditions forSp+1 are identical to those forS and the controller forSp+1 takes precedence over controllers
for simplices with lower index. This implies that the invariance conditions ofS hold at all vertices ofFp+1

0 .
The only vertices ofF0 that are not inFp+1

0 arevm1
, vm2

, . . . , vmp
. For these vertices we have:vm1

∈ S1,
vm2

∈ S1 ∩S2,...,vmp
∈ S1 ∩ · · · ∩ Sp. We use the controller for the simplex with the highest index. Now

the invariance conditions forSk at vmk
are precisely those forS. We can see this because the invariances

conditions forvmk
do not include the normal vectorhk.

Finally, we must prove that trajectories progress through simplices with decreasing indices (thereby guar-
anteeing that the supervisor cannot block). Consider w.l.og. the boundary betweenS1 andS2 given by
F1

0 = co{v′, v2, . . . , vn}, and letu = K1x+g1 be the affine feedback obtained forS1. We show that for any
x0 ∈ S1 \F1

0 , closed-loop trajectories do not reachF1
0 . This can be deduced from the proof of Lemma 31

where it is shown that the controls{u′, u2, . . . , un} can be selected so thath′ · (Av′ +Bu′ + a) < 0 and
h′ · (Avi +Bui + a) < 0, i = 2, . . . , n. By convexity,h′ · (Ax +B(K1x+ g1) + a) < 0 for all x ∈ F1

0 ,
from which the result easily follows.

The following is the main result of the paper.

Theorem 34. Suppose Assumption 6 holds. Then the following are equivalent:

1) S
S

−→ F0 by piecewise affine feedback.
2) S

S
−→ F0 by open-loop controls.

Proof: (1) =⇒ (2) is obvious.
(2) =⇒ (1) SupposeS

S
−→ F0 by open-loop controls. By Theorem 11, the invariance conditions are

solvable. LetG := S ∩ O. If G = ∅, then by Theorem 7,S
S

−→ F0 by affine feedback. Suppose
insteadG 6= ∅. If B ∩ cone(S) 6= 0, then by Theorem 8,S

S
−→ F0 by affine feedback. Suppose instead

B ∩ cone(S) = 0. From Theorem 12,v0 6∈ G, so by reordering indices,G = co{v1, . . . , vκ+1}, where
0 ≤ κ < n. DefineB̂ = sp{b1, . . . , bm̂ | bi ∈ B ∩ Ci} where{b1, . . . , bm̂} is a maximal set with respect to

G. If κ < m̂, then by Theorem 10,S
S

−→ F0 by affine feedback. Suppose insteadκ ≥ m̂. By Theorem 12,
B ∩ Ci 6= 0 for i ∈ IG . Then (R1)-(R4) of Assumption 13 hold. The reach control indices can be defined,
yielding a decomposition ofB into B1, . . . ,Bp. Lemma 25 givesBk 6⊂ H0 for k = 1, . . . , p. Then (P1)-(P5)

of Assumption 24 hold. By Theorem 33,S
S

−→ F0 by piecewise affine feedback.

VI. EXAMPLES

A. Example 1

Consider the longitudinal dynamics of a mobile robot that transports materials from one end of a mining
tunnel to another:

ẋ =

[
0 1
0 0

]
x+

[
0
1

]
u+

[
0
0

]
.

Safety constraints on both positionx1 and velocityx2 determine a polyhedral state space within which the
robot dynamics evolve, while also satisfying a liveness requirement to transport materials efficiently. The
polyhedral state space is triangulated according to Assumption 6. We focus on the reach control problem
for a specific simplex of the triangulation: consider the simplex S determined by verticesv0 = (−1, 1),
v1 = (1, 0) andv2 = (0, 0). It can be verified thatO = {x ∈ R

2 | x2 = 0}, G = co{v1, v2}, κ = 1, and
m̂ = m = 1. AlsoB∩cone(S) = 0. By the results of [4], RCP is not solvable by continuous state feedback.
For example, suppose we choose control valuesu0 = − 3

4 , u1 = −1, andu2 = 1 to satisfy the invariance
conditions (2). By the method in [7], this yields an affine feedbacku =

[
−2 −3.75

]
x+1. Simulation

of the closed-loop system is shown in Figure 2(a). We observethere exists a closed-loop equilibrium point
on G. Now we show the problem is solvable by piecewise affine feedback.

Let b1 = (0,−1) ∈ B ∩ C1. Sinceh0 = (0,−1), we haveh0 · b1 > 0, verifying Lemma 28. Next, we
choosev′ = (0.5, 0.25) along the simplex edge(v0, v1) such that from Lemma 29,h′ = (−0.25, 0.5). Then
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Fig. 2. Closed-loop vector fields using (a) affine feedback and (b) piecewise affine feedback.

h′ · b1 < 0 and b1 ∈ B ∩ cone(S1), verifying Lemma 30. LetS1 := co{v′, v1, v2}, S2 := co{v0, v′, v2},
andF ′

0 = co{v′, v2}. To satisfy the invariance conditions forS1 we choose control inputs at the vertices
to beu′ = −1, u1 = −1, andu12 = −1. Similarly, for S2 we chooseu0 = − 3

4 , u′ = −1, andu22 = 1.
The piecewise affine feedback is

u(x) :=

{ [
0 0

]
x− 1 , x ∈ S1

[
−2.0833 −3.833

]
x+ 1 , x ∈ S2 .

By Theorem 8,S1 S
1

−→ F0 usingu(x). BecauseG2 := S2 ∩ O = {v2}, we havem̂2 = 1 andκ2 = 0 for

S2. By Theorem 8,S2 S
2

−→ F ′
0 usingu(x). The closed-loop vector field is shown in Figure 2(b), where it

is clear that RCP is solved.

B. Example 2

Consider the simplexS in R
4 defined by the verticesv0 = (0, 0, 0, 0), v1 = (1, 0, 0, 0), v2 = (0, 1, 0, 0),

v3 = (0, 0, 1, 0), andv4 = (0, 0, 0, 1). Consider the system

ẋ =




−3 −3 −3 1
0 0 0 −2

−3 −3 −3 1
0 0 0 −2


x+




0 −2
0 1

−2 0
1 0


u+




1
1
1
1


 .

We computeO = {x ∈ R
4 | x1+x2+x3+x4−1 = 0}. Thus,G = F0, and we note thatκ = 3, m̂ = m = 2,

andB ∩ cone(S) = 0. By the results of [4], RCP is not solvable by continuous state feedback. Now we
show it is solvable by piecewise affine feedback. First we examine the structure ofB (note that indices
are not reordered, as is the convention in our proofs). We findby inspect thatb1 := (−2, 1, 0, 0) ∈ B∩C1,
b3 := (0, 0,−2, 1) ∈ B ∩ C3, andB = sp{b1, b3}. Therefore,B splits into two dependent cycles with
respect toG. In particular,b2 := −b1 ∈ B ∩ C2 andb4 := −b3 ∈ B ∩ C4. Thus,r1 = 2 andr2 = 2.

1) First subdivision:In the first iterationS is subdivided into simplicesS1 andS ′. Sinceb2 · h0 > 0, we
choosev′ = (0, 0.75, 0, 0) ∈ (v0, v2) such that we obtain the conditionB ∩ cone(S1) 6= 0. HenceS ′ =
conv{v0, v1, v′, v3, v4} andS1 = conv{v′, v1, v2, v3, v4}. In order to satisfy the invariance conditions for
S1 the control inputs at the vertices ofS1 are chosen asu′ = (−1,−2), u11 = (−1,−2), u12 = (−1,−2),
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u13 = (−1,−2), andu14 = (1, 0). This yields an affine feedback

u(x) :=

[
0 0 0 2
0 0 0 2

]
x+

[
−1
−2

]
, x ∈ S1 .

For S1 the invariance conditions are solvable andB ∩ cone(S1) 6= 0, so by Theorem 8,S1 S
1

−→ F0 using
u(x). For S ′ we haveG′ := S ′ ∩ O = co{v1, v3, v4}. Sinceκ′ = 2 andm = 2, RCP is not solvable by
continuous state feedback onS ′, and further subdivision ofS ′ is required.

2) Second subdivision:Consider the simplexS ′ = co{v0, v1, v′, v3, v4}, wherev′ ∈ (v0, v2) = (0, 0.75, 0, 0)
and the exit facet isF ′

0 =conv{v1, v′, v3, v4}. We subdivideS ′ into simplicesS3 andS2 and use a piecewise
affine feedback law to solve RCP onS ′. It is clear thatb4 ·h′

0 > 0 and therefore we can choosev′′ ∈ (v0, v4)
such thatB ∩ cone(S2) 6= 0. One choice isv′′ := (0, 0, 0, 0.8). Let S3 = co{v0, v1, v′, v3, v′′} and
S2 = co{v′′, v1, v′, v3, v4}. It can be verified thatb4 ∈ B ∩ cone(S2). To satisfy the invariance conditions
for S2 we chooseu′′ = (−4, 0.6), u21 = (−5,−1), u′ = (−1,−2), u23 = (−5,−1), andu24 = (−3, 1).
To satisfy the invariance conditions forS3 we chooseu0 = (0, 0), u31 = (−1, 0), u′ = (−1,−2),
u33 = (0,−1), andu′′ = (−4, 0.6). This yields a piecewise affine feedback

u =





[
−1 −1.33 0 −5
0 −2.66 −1 0.75

]
x , x ∈ S3

[
3 9.33 3 5
0 −1.33 0 2

]
x+

[
−8
−1

]
, x ∈ S2 .

For S2 the invariance conditions are solvable andB ∩ cone(S2) 6= 0, so by Theorem 8,S2 S
2

−→ F ′
0 using

u(x). ForS3 we haveG3 = S3 ∩O = co{v1, v3}. Sinceκ3 = 1 andm̂3 = 2, by Theorem 10,S3 S
3

−→ F ′′

usingu(x). Indeed,{b1, b3 | bi ∈ B ∩ Ci} is a linearly independent set associated withG3.

VII. C ONCLUSION

The paper studies the reach control problem on simplices, and we investigate cases when the problem
is not solvable by continuous state feedback. It is shown that the class of piecewise affine feedbacks is
sufficient to solve the problem in all cases of interest; namely, those cases when the problem is solvable
by open-loop controls.
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