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Abstract

We study the reach control problem for affine systems on soegl and the focus is on cases when
it is known that the problem is not solvable by continuougesfaedback. We examine from a geometric
viewpoint the structural properties of the system which eneéntinuous state feedbacks fail. This structure
is encoded by so-callegach control indiceswhich are defined and developed in the paper. Based on these
indices, we propose a subdivision algorithm and assocgitsbwise affine feedback. The method is shown
to solve the reach control problem in all remaining casesyragg it is solvable by open-loop controls.

I. INTRODUCTION

This paper studies theach control problenon simplices. The problem is for an affine system defined on
a simplex to reach a prespecified facet of the simplex in fitiitee. The overall concept of the problem
and its setting were introduced in [6] and further developefl], [8], [14], [4]. The significance of the
problem stems from its capturing the essential featuregat¢hability problems for control systems: the
presence of state constraints and the notion of trajestaBaching a goal in a guided and finite-time
manner. The problem fits within a larger family of reachapiproblems; namely, to reach a target 8t

with state constraint in a sét, denoted ast =~ X¢. Two sample reachability problems are as follows.
First, consider the reachability problem: starting at amifdl state in a bounded sét, reach a target s€},

while avoiding an unsafe regia,,. The problem can be formulated A Q:, whereX = Q—Q,. A
typical example of this problem is motion planning of mukivehicles. Second, consider the problem of
temporal logic control. For example, let three areas ofretgtein the state space be denotedhy Q1, Q2
such that)1, Q2 C Q. The temporal logic specificatiddQo A $(Q1 A (Q1UQ2)), interpreted in natural
language, says “Stay always @, and reachQ;, then stay in@Q; until eventually reaching)s.” This

problem can be broken down into two reachability probléi@s — Q2) (QO—_?” Q1 and Q, N Q2. In
the present context, we assume that the state constraugtsigé to a state space that is triangulable [9];
then the reachability specification is converted to a secgi@f reachability problems on simplices of the
triangulation. The reader is referred to [1], [4], [6], [T8], [14], [10] for further motivations, including
how the studied problem arises in fundamental problemsearointg hybrid systems.

In [4] it was shown that affine feedback and continuous seelhack are equivalent from the point of view
of solvability of the reach control problem (RCP). The ammo is based, fundamentally, on fixed point
theory. The latter allows to deduce that continuous staddlfacks always generate closed-loop equilibria
inside the simplex when affine feedbacks do. The currentrpdgearts from these findings, and using a
geometric approach, we explore the system structure thias gise to equilibria. This structure is encoded
in so-calledreach control indicesThe first goal of this paper is to elucidate these indiced, tanshow
how they isolate closed-loop equilibria. The second godbisise the indices to obtain a subdivision of
the simplex and an associated piecewise affine feedbackuwe BREP in those cases when the problem is
not solvable by continuous state feedback. It is shown ti@® s solvable by piecewise affine feedback
if it is solvable by open-loop controls.
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The paper is organized as follows. In Section Il we reviewdkisting results on the reach control problem.
In Section Il we give necessary conditions for solvability open-loop controls. These then shape the
assumptions that are made to define the reach control indidésh are developed in Section IV. Next, in
Section V, a subdivision method and associated piecewisedéedback are proposed to solve RCP when
continuous state feedback does not. The main result is mebén Section V showing the relationship
between solvability via open-loop controls and solvapilia piecewise affine feeback. Examples are
presented in Section VI.

Notation. Let £ C R” be a set. The complement & is K¢ := R \ K, the closure isk, and the
interior is KC°. For a vectorz € R", the notationz > 0 (z > 0) meansz; > 0 (z; > 0) for 1 < i < n.
The notationz < 0 (z < 0) means—z > 0 (—x > 0). For a matrixA € R"*", the notationA > 0
(A > 0) meansa;; > 0 (a;; > 0) for 1 < 4,5 < n. Notation0 denotes the subset &" containing
only the zero vector. The notatio# denotes the open unit ball, and denotes its closure. The notation
co{v1, ve, ...} denotes the convex hull of a set of pointse R™. The notation spy;,ys, ...} denotes the
span of vectorg; € R™. SymbolU denotes a control type: we consider open-loop controlstirmoous
state feedback, affine feedback, and (discontinuous) wiseeaffine feedback. Finallyf's(z) denotes the
Bouligand tangent cone to sStat a pointx [5].

Il. BACKGROUND

We give a brief survey of relevant results on RCP. The readsy oonsult [7] for further explanations
on the invariance conditions (2)-(3) and affine feedbackslenj4] provides illustrations of the geometric
constructs used.

Consider am-dimensional simplekwith vertex setV := {vg,v1,...,v,} and facetsFy, ..., F, (the
facet is indexed by the vertex it does not contain). kgti = 0, ..., n be the unit normal vector to each
facet F; pointing outside of the simplex. Fac#, is called theexit facetof S. Define the index sets
I:={1,...,n}andl; :=TI\ {i} (notely = I). Fori € I U {0}, define the closed, convex cone

Ci={yeR": hj-y<0,j€;}.

We'll write congS) := C sinceC, is the tangent cone t§ at vy. We consider the affine control system
onsS:
t=Ax+ Bu+a, reS, (1)

where A € R™*", ¢ € R", B € R"*™, and rankB) = m. Let ¢,(t,zo) denote the trajectory of (1)
starting atry under some control law.

Problem 1 (Reach Control Problem (RCP)Tonsider system (1) defined ¢h Find a feedback control
u(z) such that:

(i) For everyzy, € S there existT' > 0 and v > 0 such thateg,(t,zo) € S for all ¢t € [0,T7,
du (T, x0) € Fo, and ¢y, (t,x0) ¢ S for all t € (T, T + ).
(i) There existg > 0 such that for allz € S, ||Az + a + Bu(z)|| > «.
(ii) Feedbacku(z) satisfies the invariance conditioif8) on Fo.

Remark 1. Condition (ii) is a robustness condition that rules out thesgibility of equilibria onF, even if
trajectories starting inS reach Fy in finite time. Condition (iii) only takes effect at points= F; that also
belong to one or more restricted facefs, i € 1. It is placed for practical reasons to avoid trajectories
“spraying out” outside of the setondsS), and it can be removed if so desired. It can be easily shown
that conditions (ii) and (iii) hold automatically if condiin (i) is met using affine or continuous state
feedback [7]. Thus, results on affine feedbacks [8], [14] a@odtinuous state feedbacks [4] remain valid.
However, a distinction arises when studying solvabilityRe¥P by open-loop and discontinuous controls,
when conditions (ii) and (iii) cannot be deduced from ().

1An n-dimensional simplex is the convex hull af+ 1 affinely independent points.



Definition 2. A pointzy € S can reachF, with constraint inS and using control typdJ, denoted by
Zg 5, Fo, if there exists a control, of typeU such that properties (i)-(ii) of Problem 1 hold. We write
S-S Fou by control typeU if for everyzy € S, zo =5, Fo with control of typeU.

Definition 3. We say the invariance conditions are solvable at vertiei there existsu; € R™ such that
hj-(Avi—l—a—i—Bui)gO, j€el;. (2)

We say the invariance conditions are solvable if they areeddk at all vertices of.

The inequalities (2) are called thevariance conditionsThey guarantee trajectories cannot exit from the

facets F;, ¢« € I, and are used to construct affine feedbacks [7]. For gentatd feedbacks, stronger
conditions (also called invariance conditions) are needed

Definition 4. We say a state feedbaakz) satisfies the invariance conditions if for glle I andz € F;,

hj - (Az + Bu(z) +a) <0. 3)

For Problem 1 the following necessary and sufficient coodgihave been established for the case of affine
feedback.

Theorem 5. [8], [14] Given the system(1) and an affine feedback(z) = Kz + g, where K € R™*",
g € R™, andug = u(vg), . .., u, = u(v,), the closed-loop system satisfigs>> Fo if and only if

(a) The invariance condition§) are satisfied.
(b) There is no closed-loop equilibrium i8.

Let B = Im(B), the image ofB. DefineO := { t e R" : Az +a € B} andG := S N O. Associated
with G is its vertex index selg := {i | v; € V. N G}. In the remainder of the paper we make an important
assumption concerning the placemen@oivith respect taS. The reader is referred to [4] for the motivation
for and a method of triangulation of the state space thateaekithis assumption. See also [9].

Assumption 6. SimplexS and system(1) satisfy the following condition: iG # (0, theng is a «-
dimensional face of, where0 < xk < n.

In [4] several simple cases in which affine feedbacks exisevigentified.

Theorem 7 ([4]). Suppos&; = (. If the invariance condition§2) are solvable, thers =S, Fo by affine
feedback.

Theorem 8 ([4]). Suppose Assumption 6 holds ag@d# 0. If the invariance condition$2) are solvable
and BncondS) # 0, thenS = 5 by affine feedback.

The primary conclusion of [4] is that RCP is solvable by afffeedback if and only if it is solvable by
continuous state feedback. The goal of this paper is to $ in cases where continuous state feedback
cannot be used. Based on [4], the cases to be studied areezhpty the following assumptions.

Assumption 9. SimplexS and systen{l) satisfy the following conditions.

(Al) G=co{vy,...,veq1}, With0 < Kk < n.

(A2) BncondS) = 0.

(A3) The maximum number of linearly independent vectors in anyise. .., b.+1 | b; € BNC;} (with
only one vector for eacl8BNC;,i € Ig) ism with 0 < m < x + 1.

Assumption (Al) rules out the application of Theorem 7, dmhforces thaty ¢ O. The latter requirement
is because wheny, € O and (A2) holds, then RCP is not solvable. Assumption (A2esubut the
application of Theorem 8. Finally, (A3) introduces a new dition in terms of the variablen, which



necessarily satisfied < x + 1. Whenm = « + 1, an affine feedback solves RCP, as stated below. The
remaining cases whem < x are the topic of this paper.

Theorem 10([4]). Suppose Assumption 9 holds. If the invariance condifi@pare solvable andn = x+1,
thens -2 Fo by affine feedback.

Finally, in the sequel we make use of the following family aditmices. Letl < p < ¢ < k+1, b; € BNC;,
and definel), ; := [hy - - - hl, Yp,q := [bp- - by), @andM,, , := H' Y, ;. We say a matri¥)/ is a Z’-matrix

if the off-diagonal elements are non-positive; ine;; < 0 for all ¢ # j [2]. Sinceb; € BNC;, i € Ig, each
M, , is a Z-matrix. Also under the condition thd N condS) = 0, certain matrices of the form/, ,

will be shown in Lemma 18 to be nonsingula#’-matrices. A complete characterization of nonsingular
A -matrices is found in [2], Ch. 6.

Ill. NECESSARYCONDITIONS

In this section we investigate necessary conditions foragnlity of RCP using open-loop controls. We say
that a functiony : [0,00) — R™ is anopen-loop controif it is bounded on any compact interval and it
is measurable. By Caratheodory’s theorem solutions of ¢ifjguopen-loop controls exist and are unique.
First, we show that condition (i) of RCP alone is sufficientcinclude that the invariance conditions are
solvable.

Theorem 11. Suppose there exist open-loop controls such that condilijpof RCP holds. Then the
invariance conditiong2) are solvable.

Proof: Define) (z) := { Az+Bw+a | w € R™}. Letzy € S\ Fo. By assumption there existgt) and
atimeT > 0 suchthat, (¢, z) € S forall t € [0, T]. Sinceu(t) is an open-loop control, there exists> 0
such that||u(t)|| < ¢, for all ¢ € [0, T]. Consider the se¥.(z) := {Az + Bw +a | w € R™,|[Jw|| < ¢}.
It is easy to show that both — Y.(x) andz — Y(x) are upper semicontinuous. Now take a sequence
{ti | t; € (0,T]} with t; — 0. Since{y € V.(z) | z € R"} is bounded orS, there exists\/ > 0 such that
lou(ts, x0) — xol| < Mt;. Therefore{%@} is a bounded sequence, and there exists a convergence

subsequence (with indices relabeled) such thaj_, .. w =: v. Since¢,(t;,zo) € S, by the
definition of the Bouligand tangent conec T's(zo). Now we showv € V(o).

We have L
tiv - ‘
W = t_/ [A(bH(T, xo) + Bu(t) + a] dr . (4)
4 i JO

Let yo := Azo + Bu(0) + a € Y(zo) andy(r) = A¢,(7,z0) + Bu(t) + a € Y(pu(T,20)). By the
upper semicontinuity of: — Y(x), givene > 0, there existsy > 0 such that if||zo — ¢, (7, z0)|| < 9,
then ||yo — y(7)|| < e. This implies, fori sufficiently large and for all- € [0,¢], |lyo — y(7)]| < e
This can be rewritten as: far sufficiently large andvr € [0,¢;], y(7) = yo + p(r) for some function
p(r) satisfying||p(r)|| < e. Thus, fori sufficiently large;- fg y(r)dr = yo + + fotip(T)dT. However
ts ti
|£ 55 pioar| < & 13

aldr € Y(xo) + e%. Using (4), fori sufficiently large we hav@% € V(xo) + 2. SinceY(x)
is a closed subset dR™, v € Y(xo) + €%, and sincee is arbitrary,v € Y(zo). We conclude that

V(xo) N Ts(xg) # 0, xo € S\ Fo. SinceTs(vg) = condS), andTs(z) = C; for x € (vo,v;), it
follows that the invariance conditions are solvablesatand along simplex edg€$y, v;),i € 1.

p(7)||dT < e. We conclude, fog sufficiently Iarge,tli fot [A¢y (T, 20)+Bu(T)+

Now consider;,i € I. If v; € O, then the invariance conditions are solvable by selecting R™ such
that Av; + Bu; + a = 0. Instead suppose; ¢ O. Suppose by way of contradiction tha¥(v;) N C; = 0.
Then)(v;) andC; are non-empty disjoint polyhedral convex setRif. By Corollary 19.3.3 of [13], they
are strongly separated. That is, there exists 0 such thatinf,cy(,,) .cc, |y — 2|l > €. By the upper
semicontinuity ofz — )(z), there exists) > 0 such that if[|x — v;|| <, then)(z) C V(v;) + $%. In
particular, takinge € (vo,v;), we getY(z) NC; = ), a contradiction. [ |



We know thatdv; +a € B for verticesy; € G. Thus, Theorem 11 says that if RCP is solvable by open-loop
controls, then3 N C; # 0, i € Ig. The next result says that, moreover, the zero vector cadmmdbe only
element ofBNC;, i € Ig.

Theorem 12. If § -5 Fo by open-loop controls, theBNC; # 0, i € Ig.

Proof: Consider vertex, € O. Suppose by way of contradiction tha C; = 0. SinceAv; +a € B,
there existsu; € R™ such thatAv; + Bu; + a = 0. By condition (ii) of RCP and by Theorem 11, there
existse > 0 such that for all: € S\ Fy, there existsu,, € R™ such thatAz + By, + a € Ts(x) and
|Az+ Bug+all > . By continuity there exist§ > 0 such that if|x—wv;|| < J, then||Az+Bu,;+1| < &/2.
Thus, it must be thal B(p, — u;)|| > /2 for all x € S\ Fy satisfying||x — v;|| < . SinceBNC; =0
and(; is a closed cone, there exists> 0 such that ifb € B satisfies||b|| > ¢/2, thenb + aZ & C;. In
particular, we can choose € (v, v;) sufficiently close tov; such that|| Az + a + Bu;|| < min{c«, €/2}.
Then Az + Buy, + a = (Ax 4+ a + Bu;) + B(uy — u;) € C; = Ts(x), a contradiction. [ |

IV. REACH CONTROL INDICES

The reach control indices are defined in the situation wheis known that RCP is not solvable by
continuous state feedback but it is still solvable by opmopl control. Assumption 9 specifies there is a
maximal set of linearly independent vectorsAravailable to vertices iy in terms of the variablen. We
say that any set of: linearly independent vectors with at most one vector frowhemoneBNC;,i € Ig,

is a maximal set with respect t@. Without loss of generality (by reordering indices) let Isuec maximal
set be{by,...,bs} and define

B :=sp{b1,....bm | b € BNC;}. (5)
By the maximality of 53, BNC; C l?ﬁcj forall j = m+1,...,s+1. ThusBnNC; = l?ﬁcj,
j=m+1,....,k+ 1.
Assumption 13. SimplexS and systen{l) satisfy the following conditions.
(R1) G =cofvy,...,vet1}, Where0 < k < n.
(R2) BncongS) = 0.

(R3) B=sp{b1,...,bm | b € BNC;}, wherem < k + 1.
(R4) BNC; £0, i€ lg.

Letp := k+1—m. ConsideBNCs41. By Assumption (R4)BNCx+1 # 0, so there exist8 < r; < m+1
such that w.l.o.g. (reordering indicés. .., m)

Bﬁcr’fl+1 CSp{bl,...,brl_l} (6)

and sgby,...,b, 1} is the smallest such subspace generated by the Basis..,bs}. We define
Vit1 = sp{b1,...,b,,_1} to be thecontainer subspacéor the coneB N Cz41. It is easily shown
that, relative to the basi$by,...,bs}, Va1 IS unique. The container subspace has the interpretation
that every basis vector in a container subspace contriltatgenerating at least one vector in the cone
BN Csi1. The following establishes that one can always find a veetd? i C4 1 that depends on all
the basis vectors of its container subspace.

Lemma 14. Suppose Assumption 13 a(®) hold. There exist$s 1 € BN Cs41 such that
b177,+1:Clb1+"'+CT1*1bT1fla Ci¢07 izlv"'arl_l- (7)
Lemma 15. Suppose Assumption 13 a(®@) hold. ThenBNC; = BNGC,i= 1,...,mm—1,m+1.

Proof: First, it is clear thatB N Ci C BNC;. Now we show the converse. Consider w.l.o.g= 1.
Suppose there exists € BNC; andb; ¢ BN (. Let bﬁ+1Abe as in (7). Thedby, b, ..., bm,bms1} IS
a linearly independent set containing one more vector thaa contradiction. ]



It is useful at this stage to swap the indic@s+ 1 andr; in order that cones that share directionsAn
can be listed consecutively. Then (6) and (7) become reispict

BNCr, Csp{bi,...,br—1} (8)
(an EBQCH) br1 :Clb1+"'+cr1—lbr1—la c; #0. (9)

We can now write
B\: Sp{b17 RS le*laETlabT1+17 ceey bﬁl-ﬁ-l} = Sp{b27 ceey bﬁH—l} . (10)

The overbar orﬁ,o1 indicates it depends on all the previous— 1 vectors in the list. For this reason,
{ba,...,bm+1} are linearly independent.

Lemma 16. Suppose Assumption 13 al@)-(9) hold. Then the coefficients i(®) satisfyc; < 0, i =
1, ey — 1.

Proof: Suppose w.l.0.g. (by reordering indics, . ..,r, — 1}), there existd < p <, — 1 such that

¢ >0fori=1,...,pand¢; <0fori=p+1,...,7 — 1. Consider the vectof := b,, — c,y1bp41 —
oo — Cpy—1bp,—1 = c1b1 + --- + ¢,b,. Notice thatg # 0 since {b,...,b,} are linearly independent.
Sinceb; € BNC;, i € {1,...,r}, we haveh; - 8 = hj - (by, — cpy1bpp1 — -+ — ¢ry—1bp,—1) <0,
i=1,....,p,71+1,...,n. Alsohj-ﬂ:hj~(clb1—|—~-~—|—cpbp) <0,i=p+1,...,n. Insumh;-5 <0,
1 € I; that is, 5 € BN condS). By Assumption (R2) = 0, a contradiction. ]

The dependency of cones on a limited number of vectorB iplaces restrictions on the orientation of
those vectors with respect 9.

Lemma 17. Suppose Assumption 13 a(®)-(9) hold. Then

hj'bi:O, i1=1,...,r1, jEI\{l,...,T‘l}. (11)

Proof: Let b,, be as in (9). Sincé,, € BNCy,, hj by, = hj - (c1by + -+ + ¢py—1bp—1) < 0,
jeI\{1,...,r}. Sinceb, € BNC; and, by Lemma 16¢; < 0, every term in the sum is non-negative.

The result immediately follows. ]

Lemma 18. Suppose Assumption 13 a(@)-(9) hold. ThenM, ., ; € R(*=1Dx("1=1) js a nonsingular
A -matrix.

Proof: First, we knowl/; ,, —; is a Z-matrix becauseé;-b; < 0, j # 4, so the off-diagonal entries are
non-positive. Second, we shaW/; ,,_; = H1T,r171Y1.,r171 is nonsingular. Suppose there exists R™ !
such thatd{, Y1, _i1c = 0. Lety := Yy, _jc. By assumptioms; -y =0, j = 1,...,r — 1. Also
by Lemma 17,h; -y = 0, j = r1 + 1,...,n. Thus, eithery € B N condS) or —y € B N conds).
By Assumption (R2)y = 0. However,y = ¢1by + -+ + ¢y—1by,—1 @and {b1,...,b,,_1} are linearly
independent, se = 0. We conclude thafl/; ,, _; is nonsingular.

Finally, we show), ,, _; satisfies case((so) of Theorem 6.2.3 of [2]. Suppose there exists R™ ~!
with ¢ # 0 and ¢ > 0 such thatM; ,,_ic < 0. Define the vectofj = Y; ,,_1c € B. Note thaty # 0
because{by, ... b, 1} are linearly independent. TheW, ,, ¢ = H{, Y1, 1c= H{, 5 =0
impliesh; -y <0forj=1,...,71 —1. Also, sincec; > 0 andb, € BNC;, h;-§ = Z;;;l ci(hj-b;) <0,
j=r1,...,n. ThisimpliesO # g € BncondsS), a contradiction. Thereforé/; ,, ; has the property that
the only solution of the inequalities™> 0 and M; ,,—1c¢ < 0 is ¢ = 0. In sum, M ,,_; is a nonsingular

Z-matrix satisfying Theorem 6.2.3 cas@4) of [2], so M; ,,—1 IS a nonsingular/Z -matrix. ]
Remark 19. An important feature of the formul@) with ¢; < 0 is that, using it, any;, i € {1,...,71},
can be expressed as a negative linear combination of the et®ors{b;,...,b;—1,b;41,...,bs, }. This
means Lemma 18 can be deduced for other combinations ef 1 indices, not just{1,...,r — 1}.

In particular, if we begin with the singular matri®/; ,, € R™*", and if theith row and column are
removed, the resulting submatrix is a nonsinguldf-matrix.



Next considerB N Cs42. There exists a smallest subspace generated by the fiasis ., bs 1} that

containsB N Cs12. By independently reordering each index $2t...,r;} and{ry +1,...,m + 1} we
haveBNCrt2 C SP{bpy, -+ bpytra—2}, fOr some2 < po <ry+1andr; < pa+1r2 —2 < m+1. Now
we swap the indicegs + 172 — 1 andm + 2, so thatBNC,,4r,—1 C SP{bp,, - - ., bpytr,—2}. The next result

shows that because of the restrictions placed3doy Lemma 17, the container subspaces of dependent
cones split into independent subspaces, thus yielding angleasition of 3 with respect taj.

Lemma 20. Suppose Assumption 1®), and (9) hold. Thenp, = r; + 1.

Proof: Suppose by way of contradiction thag < r; + 1. Applying Lemma 17 we obtain
hj-biy = 0, i=1,...,r1, j=ri+1,...,n (12a)
hj-b; = 0, i=po,...,p2+1m2—1, j=1,...,p0—=1,p2+72,...,1. (12b)
ConsiderM,, ,, = HL | Y,, .., whereY,, ., = [b,, ---b,,]. By Lemma 18 and Remark 19/, ,, is

pP2,T1

a nonsingulatZ -matrix. By Theorem 6.2.3 and the remarks thereaften]@Z],Q,r1 is also a nonsingular

A -matrix. By Theorem 6.2.3 (caskg) of [2] there exists¢’ = (c’pz,...,c’ﬁ) such that¢’ < 0 and
M,, ¢ < 0. Define :==Y,, ¢ # 0. The statemenHT B = My, ¢ < 0givesh; - <0,
j = p2,...,r1. Recall that by constructiops + 7o — 1 > r1 + 1. Therefore, by (12a)-(12b); - 8 =
hj - (c;2bp2+ 4 b)) =0,j=1,...,po— 1,71+ 1,...,n. This impliesg € BN condS). B

Assumption (R2) we obtai =0, a contradiction. I

By iterating on Lemmas 17, 20, and our index swap, we can shevthe decomposition obtained so
far extends to all cone8 N C; associated witlG. First, we note that the procedure generates a specially
ordered list of velocity vectors associated with vertiaegji This list has the form

{b17 ce T1 17b7‘17b7‘1+17 .- -7b7‘1+T2—11b7‘1+7‘21 .. '7b7‘]+"'+7‘p71+17 .- -7b7‘—17b7‘1br+11 .. '7bﬁ+1}7 (13)

whereb; € BNC; andr :=r; + --- +1,. The vectors that do not have an overbar are provided by (R3)
(modulo the change of indices). The vectors that have overiwe provided by Lemma 14. Because of

the index swapping and Lemma 20 edgh, ..., depends on all of the previous — 1 vectors in the

list. If the p vectors with overbars are removed, one obtains a maximavifietrespect tog that spanst’j’

It is essentially the list in (R3) but has been reorderedaliinthe container subspace construction and

Lemma 15 give

B\m CT1+~'+7‘1€ :BQCT1+...+Tk C Bk = Sp{brl+vvv+rk,1+17---7b7‘1+---+7‘k}7 k= 1,...,]?. (14)

One can now extract a geometric consequence of our decatopoiiat has relevance to the usable
directions inB at points inG that are not vertices. For example, at any pointia co{vy,...,v., }, the
only usable directions i8 to satisfy the invariance conditions (3) are those alre@d#,i. We state the
result only fork = 1.

Lemma 21([4]). Suppose Assumption 13 afid!) hold. There does not exi§te B such that{b,, ..., b, 1, 8}
are linearly independentand; - 5 <0 for j=r; +1,...,n

Theorem 22. Suppose Assumption 13 holds. Then there exist integers. ,, > 2 and a decomposition
of B into p subsets such that

BNC; C Sp{b17...7le}, 1=1,...,r1, (15)
BNC;, C Sp{b7‘1+1,...,br1+7‘2}7 t=r1+1,...,7m1 + 12 (16)
BNC; C Sp{b7~1+...+7«p71+1,...,br}, t=7r1 4 +rp-1+ 1,...,7r. (17)

Proof: W.l.0.g. we consider only (15). We must sh&8"C; C sp{by,...,b, }, fori=1,...,r. (By
(14) we already hav8 N C,., C sp{b1,...,b,,—1}). Consider any € {1,...,r;} and anyg; € BNC; =



BNC; such that; = cyby +- - -+¢p by, + 5, Wheree; € R andg € B. We assume w.l.o.g? is independent
of {b1,...,b,, }, otherwise the:;'s can be redefined. From the invariance conditions assatiaith v;
and by Lemma 17, we havig; - 8; = h; - (c1b1 + -+ ¢yby, +6)=h; - 6<0,5=rm+1,...,n. By
Lemma 21,8 = 0. Hence, for anyi € {1,...,r} and anys; € BNC;, 8; € sp{b1,..., b, }, as desired.
[ ]

The kth list in (15)-(17) hasry — 1 linearly independent vectors d8. We can say that3 has been
decomposed intp independentycles of dependencilso, because each of the excessertices inG
has an associated non-zero velocity vector by (R4) depgralinat least one (exclusive) vector i) we
havep < m. Thus, in order for (R4) to hold it is necessary thiat> ”T“ This condition is interpreted
to say that RCP is only solvable if there are sufficient inp8isace each of the lists comprises;, — 1
independent vectors i3 and there are a total of. such vectors, we also deduce that p < m.

The integers{ry,...,r,} are called theeach control indiceof system (1) with respect to simplex.
Their importance stems from their ability to isolate clo$edp equilibria when using continuous state
feedback. Define fok = 1,....,p, my :==r1 + -+ rg—1 + 1 and Gy, := cO{vmy, - -, Upptrp—1}-

Theorem 23([4]). Suppose Assumption 13 holds. L€t) be a continuous state feedback satisfying the
invariance conditiong3). Then eacly; contains an equilibrium of the closed-loop system.

V. PIECEWISEAFFINE FEEDBACK

The reach control indices catalog the degeneracies (cdnysedufficient inputs) that lead to the appearance
of equilibria in § wheneverp > 1 and continuous state feedback is applied. Thus, any contethod
that overcomes the limits of continuous state feedback wwsfront this degeneracy and will necessarily
draw upon the degrees of freedomBnprovided toG which are inscribed by the indices. In this section
we investigate the extent to which piecewise affine feedlimok solve RCP, in cases when continuous
state feedback cannot. We construct a triangulation [9hefdimplexS such that a sub-RCP is solvable
for each simplex of the triangulation. We make the followstgnding assumptions.

Assumption 24. SimplexS and systen{l) satisfy the following conditions.

(P1) G =cofvy,...,v541}, Where0 < k < n.

(P2) BncondS) = 0.

(P3)BQCZ7§O, 1€ Ig.

(P4) 3 {ry,...,rp} such that(15)(17) hold.

(P5) B, & Ho:={y€R™ | hg-y=0}, k=1,...,p.

Conditions (P1)-(P2) define the problem setup as before nEoessity of (P3) was proved in Theorem 12,
(P4) was proved in Theorem 22, and the necessity of (P5) isepraext.

Lemma 25. If § -2 Fo by open-loop controls, theBi;, ¢ H, for eachk =1,...,p.

Proof: W.l.o.g. we consider onlys = 1. Define f‘o = cofvy,...,v } C Fo. Letz € }A‘o. By
condition (i) of RCP, for any open-loop control valu¢s.} used to solve RCP (where, is an open-
loop control value used at), we haveh; - (Ax + Bp, +a) <0, z € F;, j € I. By Lemmas 17 and
21, we also have that, - (Az + Buy +a) =0, j = r1 +1,...,n. Suppose by way of contradiction
that By C Ho. Thenhy - (Az + Bu, + a) = 0. Now we observe that for any < }A‘o Tfo(z) =
{yeR" | hj-y=0,h-y<0,7=0,71+1,...,n,2z € F}. We conclude thallz+ B, +a € T]A_.O(a:),
for all z € Fo. By Theorem 4.3.8 of [5], this implies’?o is a strongly invariant set, a contradiction to the
statement thas —> Fo by open-loop controls. ]
Definition 26. Given systenfl) and a state feedback(x), we sayu(z) is a piecewise affine feedbadk

there exists a triangulatioff of S such that for eacm-dimensionalS’ € T, there existK’ ¢ R™*" and
¢’ € R™ such thatu(z) = Kiz + ¢/, z € §7.



Remark 27. This definition of piecewise affine feedback allows for ditioaities at the boundaries of

simplices; moreover, the feedback is a multi-valued femctdistinct from the usual notion of piecewise
affine function in algebraic topology [11]. Resolving whantrol value to use at points lying in more than
one simplex is treated as a problem of implementation. Thiéaetr of a discrete supervisory controller

[12] will be introduced to convert the multi-valued funatido a single-valued feedback.

We now explain informally an inductive procedure for sulidifrg S in order that RCP can be solved
by piecewise affine feedback. First, in Lemma 28 we show teatibse of condition (P5), each simplex
G, for k = 1,...,p, has a vertex (@amon§u,,, , ..., Vm,+r,—1}) With b; € BN C; pointing out of S.
By convention, we reorder indices so this vertex is the firg¢ @ each list{v,,,, ..., Um,+ro—1}. We
make a subdivision o by placing a new vertex’ along the edg€v, v,,, ). In particular, at the first
iteration we would have’ € (v, v;), and we form two simplices! and S’ as in Figure 1. Lemma 30
shows that becausg,, € BN C,,, points out ofS at v,,, and because the invariance conditions for
S are solvable aty, a convexity argument (precisely, (20)) gives thatcan be placed alonfyg, vp,,.)

so thatB N condS?t) # 0. Then in Lemma 31 one applies Theorem 8 to obtain that RCPh&ddor
S'. EssentiallyS' can be removed from further consideration, and the indodtep is repeated witl§
replaced by the remaindé¥. To guarantee that the induction is sound, one must showSthiaterits the
relevant properties of, especially condition (P5). This is done in Lemma 32.

Lemma 28. Suppose Assumption 24 holds. Then w.l.o.g. (by reordemitigés)hg-b,,,, >0,k =1,...,p.

Proof: We prove the result only fok = 1. If for any j € {1,...,r1}, ho - b; > 0, then the
proof is finished. Instead suppose that foréa#t {1,...,r1}, ho - b; < 0. Using (P5) and by reordering
the indicesl,...,r;, assumehg - b,, < 0. By Lemmas 14 and 16 there exigis € B N C; such that
b1 = coby+- - - —l—Crle1 with ¢; < 0. Thus we obtairhg - b1 = hg - (Cgbg +- - +Cr1br1) > CT1h0 . br1 > 0.

|

Fig. 1. Subdivision into two simplice§’ and S*.

Following Lemma 28, suppose that satisfiesh, - by > 0. We consider any point’ in the open segment
(vo,v1). That is, leth € (0,1) and define

v =X+ (1= M. (18)
Now define the following simplices i$:
S = cof{vg,v,v2,..., 0}
St = co{v,vi,v,..., 00},
Also define the new exit facet fa8’ by F| := co{v',va,...,v,}. See Figure 1. The following lemma

provides a formula for the normal vectaf of 7.

Lemma 29. Let hg = —y1h1 — ... — y,hy, With ; > 0, and letX € (0,1). Then the normal vector t&)
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pointing out ofS?! is

W =ha + A yhy =71 (1 = A)hy — Ahg. (19)
Jj=2

Lemma 30. Suppose Assumption 24 holds. There exi$tE (vo,v1), such thatB N condS?!) # 0.
Moreover,b; € BN condS!) with A - b; < 0.

Proof: Observe that cof&!) = {y e R" | A’ -y <0,h;-y <0, j€{2,---,n}}. We show there
is an interval of values foi such that) # b; € BN congS!), where we assume the index ordering of
Lemma 28. First, sincé; € BNC; we knowh; - b; < 0 for j € {2,...,n}. We must only show that
there exists\ € (0,1) such thath' - b, < 0. From Lemma 29 we have

h/'bl :’71(1—A)h1 'b1 —)\ho'bl. (20)

Sinceh; - by > 0 (becauseB N condS) = 0) and hy - by > 0 (by Lemma 28), it is clear from (20) that
we can selech = X sufficiently close tol such thath' - b, < 0. Settingv’ = Nvy + (1 — M )vg, we get
b; € BncondSt). [

Lemma 31. Suppose Assumption 24 holds anddebe as in Lemma 30. If the invariance conditions for
1
S are solvable, thers! N Fo by affine feedback.

Proof: By Lemma 30, we haveéB N conéS!) # 0. We show that the invariance conditions are
solvable forS!. First, consider the vertex'. By assumption there exist control inputs, u; € R™ such
that the invariance conditions f&# at v, and v; are satisfied, i.eyy := Avy + Bug + a € condS)
andy, := Avi + Buy +a € BNCy. In particular,h; - y; < 0 fori =0,1andj = 2,...,n. Now by
Lemma 30, there existd € (0,1) such that withv’ := Avy + (1 — Nvo, A’ - b1 < 0 andh; -by <0
for j = 2,...,n. Let w; be such thab; = Bw;. Sete; > 0 and letu’ := Auy + (1 — Nug + eywy.

y' = Av' + Bu' +a = dy1 + (1 — Nyo + e1b1. Thus,h; -y’ < 0for j = 2,...,n and fore; > 0
sufficiently large,h’ - 4/ < 0. That is, the invariance conditions fé! are solvable at’.

Next considerv;. Since the invariance conditions f&t' at v; are identical to those fo§ at v;, and
since the latter are by assumption solvable, the former B@ solvable. Finally, consider vertices,
i = 2,...,n. There exist control inputs; € R™ such thaty; := Av; + Bu; + a satisfy h; - y; < 0 for
j=2,...,i—1,i+1,...,n. As above letw; be such that; = Bw;. Sete; > 0 and letu) := u; + €3 w;.
Then the closed-loop vector field f&' at v; is vy, = Av; + Bu} + a = y; + €1b1. Thus,h; -y, < 0 for
j=2,...,i—1,i+1,...,n and fore; > 0 sufficiently large’ -y, < 0. That is, the invariance conditions

for S are solvable at;. In sum, we can apply Theorem 8 to obtain tb‘éts—l> Fo by affine feedback.
[ |

Lemma 32. Suppose Assumption 24 holds anddebe as in Lemma 30. If the invariance conditions for
S are solvable then

(i) The invariance conditions faf’ are solvable.
(i) (=h') bm, >0, k=1,...,p.

Proof: First we prove (i). By assumption the invariance conditians solvable fokS, and since the
invariance conditions fo§’ are identical (the only facet that changed &ris F,, which plays no role in
invariance conditions), they are also solvable $6r Next we prove (ii). First we have—h’) - b,,,, > 0 by
Lemma 30. Second, sindg,, € BNC,,,, we haveh; - b, <0, for k =2,...,p. Also by Lemma 28,
ho - b, > 0, for k = 2,...,p. Thus using (19)(—7R') - by, = —71(1 = M)Ay - by, + Ahg - by, > 0,
k=2,...,p. |

We have demonstrated the first step of a triangulation praeetthat partitionsS into simplices on which
sub-reach control problems are solvable. Now we presenaagtrlation algorithm that iterates on the
presented subdivision method. It consistspofterations, one for each s€t,,,,...,Vm,4r.—1} k =
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1,...,p. The notationS* := co{v',v1,...,v,} is understood to mean that all+ 1 vertices ofS* are
assigned simultaneously in the order presented. The gertitS* are later identified agvf, ..., v5}. The
algorithm generates simplices', ..., SPT! starting from the given simples$. At the kth iteration, the
current declaration of is split into a lower simplexs* and an upper simplex. The lower simplex is then
“thrown away” and the remainder - the upper simplex - is detldo beS with vertices called vy, . .., v, }
(overloading the vertices of the previo8%. In this way each iterate mimics the first subdivision deped

in the discussion above.

Subdivision Algorithm:

1. Setk=1.
2. Selectv’ € (vg, v, ) such that3 N condS*) # 0, whereS* := co{v',v1,...,v,}.
3. SetS :=co{vo, V1, -+ s Vmp—1,V s Umnpt1s -5 U}

4. If k < p, setk:=k+ 1 and go to step 2.
5. Setsrtl .= S.

Let 7} = co{vk,..., vk} denote the exit facet af* = co{vf,...,vk}. The triangulation generated by
the algorithm has the property that N S*~1 = 7§, k = 2,...,p+1, and closed-loop trajectories follow

paths through simplices with decreasing indices. Thijs,i> Fo is achieved by implementing affine

controllers that achievé” S—k> Fbfork=1,...,p+ 1. In order to guarantee that switching occurs in
the proper sequence (with decreasing simplex indices),taraloid chattering caused by measurement
errors, adiscrete supervisoshould accompany the implementation of the piecewise aféiedback. The
supervisor has two functions:

(i) Once the piecewise affine controller has switched to &mg*, then all affine controllers fo&’,
j > k, are disabled.

(i) At a point z € S belonging to more than one simplex%, the controller for the simplex with the
higher index is used.

Theorem 33. Suppose Assumption 24 holds. If the invariance conditions fare solvable, theis =5, Fo
by piecewise affine feedback.

Proof: Form the triangulationS?,...,SP™!} of S based on the Subdivision Algorithm. First we

show by induction thas* S—k> F¥ by affine feedback fok = 1, ..., p. For the initial step, by assumption
the invariance conditions are solvable fSrand by Lemma 28h - b,,, > 0 for k = 1,...,p. Thus, by

Lemma 31,5t S—1> Fo by affine feedback. Now assume that at jitle step the invariance conditions are

solvable forS andhg - b,,, > 0 for k =1,...,p. Then by Lemma 3157 s Fo by affine feedback. Now
consider thej +1)th step. By the algorithn§ := co{vo, v1,...,Vm; -1,V , Um;41,...,vn} @andhg = =1/,
wherev’ andh’ are provided by thgth step. By Lemma 32, the invariance conditions are solvébles

andhg - by, >0 for k=1,...,p. Then by Lemma 3157 *! s Fo by affine feedback.

Next considerSP!. We observe thas?*! and S share the same invariance conditions since they only
differ in their exit facets, so the invariance conditions &' are solvable. Now legr*! := SP+1 0 O.
Then by the algorithmG?+! = co{va, ..., Vmy—1, Vmyi1,- - - s Umy,—1,Um,+1,-- -, Ust1}. We can see that
the algorithm has removed theverticesv,, , vm,, - - ., vm, from G, and this has the effect to break up the
dependencies of associated with. There remainn linearly independent vectors i associated with
Ggrt! (an (m — 1)-dimensional simplex) given bybs, ..., b1, bmyt1, - - v bmy—1,bmy g1, by )

+1
Therefore, we can apply Theorem 10 to obta&in™! AR For
Next we verify conditions (ii) and (iii) of RCP. Conditioni)ifollows immediately because there are a finite
number of affine feedbacks' (x) each defined on a compact s#t that does not contain an equilibrium.

For (iii) we must verify that the invariance conditions f6rhold on the vertices of,. The exit facet of
. +1 . .
SPHLis FUT = {0d, Vi 415 - - Umadri—15 - - -5 U Uy 415 - - - s Uy —15 Ur 1, - - - » Un }- The invariance
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conditions forSP*! are identical to those fa$ and the controller fo5?*! takes precedence over controllers
for simplices with lower index. This implies that the invemnce conditions of hold at all vertices ong“.

The only vertices ofFy that are not in;fg+1 arevm,, Um,, - - -, Um,,. FOI these vertices we have;,, € St

Uy € STNS?,..0m, € ST N---NSP. We use the controller for the simplex with the highest indéaw

the invariance conditions fa$* atv,,, are precisely those faf. We can see this because the invariances
conditions forv,,, do not include the normal vectdr.

Finally, we must prove that trajectories progress througiplces with decreasing indices (thereby guar-
anteeing that the supervisor cannot block). Consider gv.ltloe boundary betwees! and S? given by
]—"& =co{v',va,...,v,}, and letu = K 2+g; be the affine feedback obtained . We show that for any
zo € ST\ Fa, closed-loop trajectories do not reag}. This can be deduced from the proof of Lemma 31

where it is shown that the contro{s/, us, ..., u,} can be selected so that- (Av' + Bu’' +a) < 0 and
h' - (Av; + Bu; +a) <0, i =2,...,n. By convexity,h' - (Az + B(K1z + g1) +a) < 0 for all x € F¢,
from which the result easily follows. ]

The following is the main result of the paper.

Theorem 34. Suppose Assumption 6 holds. Then the following are equitzale

1) S S, Fou by piecewise affine feedback.
2) § 5, Fu by open-loop controls.

Proof: (1) = (2) is obvious.
(2) = (1) SupposeS =S, Fo by open-loop controls. By Theorem 11, the invariance cdomst are
solvable. LetG := SN O. If G = 0, then by Theorem 7S =5, Fou by affine feedback. Suppose
insteadg # 0. If BN condS) # 0, then by Theorem 8S S, Fo by affine feedback. Suppose instead
BN condS) = 0. From Theorem 12y, ¢ G, so by reordering indices; = co{vy, ..., v,+1}, where
0 < k < n. DefineB = sp{b1,...,bms | bi € BNC;} where{by,...,bs} is a maximal set with respect to
G. If kK < m, then by Theorem 10§ =5, Fo by affine feedback. Suppose instead m. By Theorem 12,
BNC,; #0 for i € Ig. Then (R1)-(R4) of Assumption 13 hold. The reach controided can be defined,
yielding a decomposition df into By, . .., B,. Lemma 25 gives3;, ¢ H, for k =1,...,p. Then (P1)-(P5)
of Assumption 24 hold. By Theorem 38, 5, Fo by piecewise affine feedback. ]

V1. EXAMPLES
A. Example 1

Consider the longitudinal dynamics of a mobile robot thahsports materials from one end of a mining

tunnel to another: 01 0 0
i=[o o]o+[T]e+[0 ]

Safety constraints on both position and velocityxz, determine a polyhedral state space within which the
robot dynamics evolve, while also satisfying a livenesau@inent to transport materials efficiently. The
polyhedral state space is triangulated according to Assomp. We focus on the reach control problem
for a specific simplex of the triangulation: consider the #iex S determined by vertices, = (—1, 1),

v1 = (1,0) and vy = (0,0). It can be verified tha® = {z € R? | 22 = 0}, G = co{vy, 2}, K =1, and

m =m = 1. Also BncondS) = 0. By the results of [4], RCP is not solvable by continuousesfaedback.
For example, suppose we choose control valuges- —%, u; = —1, andug = 1 to satisfy the invariance
conditions (2). By the method in [7], this yields an affinedbacku = [ -2 =3.75 ] x+ 1. Simulation

of the closed-loop system is shown in Figure 2(a). We obstreee exists a closed-loop equilibrium point
on G. Now we show the problem is solvable by piecewise affine faekib

Let by = (0,—1) € BNCy. Sincehy = (0,—1), we havehq - by > 0, verifying Lemma 28. Next, we
chooser’ = (0.5,0.25) along the simplex edg@y, v1) such that from Lemma 2%/ = (—0.25,0.5). Then
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Fig. 2. Closed-loop vector fields using (a) affine feedbaol @) piecewise affine feedback.

h'-b; < 0 andb; € BN condS?!), verifying Lemma 30. LetS! := co{v’, vy, v2}, S? := co{vg, v, v2},
and F = co{v’, v, }. To satisfy the invariance conditions f&' we choose control inputs at the vertices

to bew’ = —1, u; = —1, andui, = —1. Similarly, for S? we chooseuy = —%, uw = —1, andugy = 1.
The piecewise affine feedback is
(2) = 0 0]a—1, ze S
VI ] —2.0833 —3.833 |2 +1, €S2,

By Theorem 8,S* s Fo usingu(x). Becaus&? := S2N O = {v2}, we havein? = 1 andx? = 0 for
2

S2. By Theorem 852 N F{ usingu(z). The closed-loop vector field is shown in Figure 2(b), where i
is clear that RCP is solved.

B. Example 2

Consider the simplex$ in R* defined by the verticesy = (0,0,0,0), v1 = (1,0,0,0), v2 = (0,1,0,0),
vs = (0,0,1,0), andvy = (0,0,0,1). Consider the system

-3 -3 -3 1 0 —2 1
0o 0 o0 -2 0 1 1
T=1 3 3 3 1 |[TT] 2 oYt

0 0 0 -2 1 0 1

We compute) = {z € R* | z;+xo+23+24—1 = 0}. Thus,G = Fy, and we note that = 3, m = m = 2,
and B N con€S) = 0. By the results of [4], RCP is not solvable by continuousesfeedback. Now we
show it is solvable by piecewise affine feedback. First wemgra the structure o (note that indices
are not reordered, as is the convention in our proofs). Welfinthspect that, := (—2,1,0,0) € BNCy,
bs := (0,0,—2,1) € BN Cs, andB = sp{b1,bs}. Therefore,3 splits into two dependent cycles with
respect tog. In particular,b; := —by € BNCy andby := —b3 € BNCy. Thus,r; =2 andry = 2.

1) First subdivision:In the first iterationS is subdivided into simplices! andS’. Sinceb, - hg > 0, we
choosev’ = (0,0.75,0,0) € (vo,v2) such that we obtain the conditidfi N condS?) # 0. HenceS’ =
conv{vg, v1,v’,v3,v4} and St = conv{v’, vy, v2,v3,v4}. In order to satisfy the invariance conditions for
S the control inputs at the vertices 8f are chosen a8’ = (—1,-2), uj; = (=1, —2), u12 = (=1, —2),
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uyz = (—1,—2), andui4 = (1,0). This yields an affine feedback

10 0 0 2 -1 1
u(a:).—[0002]:c+[_2}, zesS.

For S! the invariance conditions are solvable afic congS*) # 0, so by Theorem 8S* S Fo using
u(zx). For S’ we haveG’ := &' N O = cofvy,vs,v4}. Sincex’ = 2 andm = 2, RCP is not solvable by
continuous state feedback ¢, and further subdivision of’ is required.

2) Second subdivisiorConsider the simple&’ = co{vg, v1,v’, v3,v4}, Wwherev' € (v, v2) = (0,0.75,0,0)
and the exit facet i, =convy,v’, vs, v4 }. We subdivideS’ into simplicesS® andS? and use a piecewise
affine feedback law to solve RCP &. Itis clear thab,-h(, > 0 and therefore we can choost € (vo, v4)
such thatB N condS?) # 0. One choice isv” := (0,0,0,0.8). Let S* = co{vg, v1,v’,v3,v"} and
S? = co{v”,v1,v’,v3,v4}. It can be verified thab, € BN condS?). To satisfy the invariance conditions
for S we chooseu” = (—4,0.6), uz; = (=5, —1), v’ = (=1, —2), ugz = (=5, —1), andugy = (=3, 1).
To satisfy the invariance conditions f&?® we chooseug = (0,0), us; = (—1,0), v’ = (—1,-2),
uss = (0, —1), andu” = (—4,0.6). This yields a piecewise affine feedback

-1 —-1.33 0 -5

3

., 0 —266 —1 075 | res
VY [3 933 3 5 -8 ,
0 —1.33 0 2}I+ —1}’ ves.

2
For S the invariance conditions are solvable afid condS?) # 0, so by Theorem 852 - F/ using

u(x). For 8* we haveG; = SN O = co{vy,vs3}. Sincex® = 1 andm? = 2, by Theorem 1053 S
usingu(x). Indeed,{b1,bs | b; € BNC;} is a linearly independent set associated v@h

VII. CONCLUSION

The paper studies the reach control problem on simpliced,va investigate cases when the problem
is not solvable by continuous state feedback. It is showh ttha class of piecewise affine feedbacks is
sufficient to solve the problem in all cases of interest; ngthose cases when the problem is solvable
by open-loop controls.
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