On the Reach Control Indices of Affine

Systems on Simplices

*

Mireille E. Broucke *

* Dept. of Electrical and Computer Engineering, University of Toronto,
Toronto ON Canada M5S 3G/ (e-mail: broucke@control.utoronto.ca).

Abstract: We study the reach control problem for affine systems on simplices, and the focus
is on cases when it is known that the problem is not solvable by continuous state feedback.
We examine from a geometric viewpoint the structural properties of the system which make
continuous state feedbacks fail. This structure is encoded by so-called reach control indices,

which are defined and developed in the paper.

1. INTRODUCTION

This paper continues the study of the reach control problem
initiated in [4]. The overall concept of the problem and its
setting were introduced in [5] and further developed in
[6, 7, 10]. The significance of the problem stems from its
capturing the essential features of any reachability prob-
lem for control systems: the presence of state constraints
and the notion of trajectories reaching a goal in a guided
and finite-time manner. The choice to use a simplex on
which to formulate such problems is based on the simplex
being the simplest geometric object defining bounded n-
space. Therefore, a deep study of this problem will inform
on related and more complex problems which have not
been treated in a systematic, theoretical way.

In [4] it was shown that affine feedback and continuous
state feedback are equivalent from the point of view of
solvability of the reach control problem. The approach is
based, fundamentally, on fixed point theory. The latter
allows to deduce that continuous state feedbacks always
generate closed-loop equilibria inside the simplex of inter-
est when affine feedbacks do. The current paper departs
from these findings, and using a geometric approach, we
explore the system structure which gives rise to equilibria.
This structure is encoded in so-called reach control indices.
The goal of this paper is to elucidate these indices, and to
show how they isolate closed-loop equilibria.

Notation. Let I C R™ be a set. The complement of K is
K¢ := R"\ K and the closure is K. For a vector x € R",
the notation x > 0 (z > 0) means z; > 0 (z; > 0) for
1 <4 < n. The notation < 0 (z < 0) means —z > 0
(=2 = 0). For a matrix A € R™*", the notation A > 0
(A > 0) means a;; > 0 (a;; > 0) for 1 <1, j < n. Notation
0 denotes the subset of R” containing only the zero vector.
Finally, co {p1,p2, ...} denotes the convex hull of a set of
points p; € R™.

2. BACKGROUND

Consider an n-dimensional simplex § with vertex set V' :=
{vo,v1,...,v,} and facets Fo, ..., F, (the facet is indexed
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by the vertex not contained). Let h;, i = 0,...,n be the
unit normal vector to each facet F; pointing outside of the
simplex. Let Fy be the target set in S. Also define the
index sets [ :={1,...,n} and I; := I\ {i} (thus, Iy = I).
We consider the following affine control system on S:

&= Axr+a+ Bu, reS, (1)
where A € R"*" q € R", B € R"*™ and rank(B) = m.
Problem 1. (Reach Control Problem (RCP)). Consider sys-
tem (1) defined on S. Find a feedback control u(x) such
that for every zg € S there exist T > 0 and ¢ > 0
satisfying:

(i) ¢u(t, o) € S for all t € [0,T7;

(ii) ¢u (T, 20) € Fo;
(ill) ¢u(t,x0) ¢ S forallt e (T, T + ).
Definition 2. A point x¢g € S can reach Fy with constraint
in § with control type U, denoted by xg R Fo, if there
exists a control u of type U such that properties (i)-(iii) of
Problem 1 hold. We write S —> Fo by control type U if
for every zop € S, xg S, Fo with control of type U.

Definition 3. The invariance conditions require that there
exist ug, ..., u, € R™ such that:

hj-(Avi—l—a—i—Bui)SO, iE{O,...,?’L}, j€el;. (2)

The invariance conditions (2) are suitable for affine feed-
back, but for continuous state feedback, the following
stronger conditions must be used.

Definition 4. The invariance conditions for state feedback
u(z) require that for all j € I and x € Fj,

hj - (Azx + Bu(z) +a) <0. (3)

Lemma 5. ([6]). If S S 7 by a continuous state feed-
back u(x), then u(x) satisfies the invariance conditions (3).

For Problem 1 the following necessary and sufficient condi-
tions have been established for the case of affine feedback.

Theorem 6. [7, 10] Given the system (1) and an affine
feedback u(z) = Kz + g, where K € R™*" g € R™,
and uwy = u(vg),...,un, = u(vy,), the closed-loop system

satisfies S —2 Fo if and only if

(a) The invariance conditions (2) hold.



(b) There is no equilibrium in S.

It has been shown in [6] that the invariance conditions
are also necessary for solvability of RCP by continuous
state feedback. In [4] geometric sufficient conditions were
identified for solvability of RCP. To understand these
conditions, we introduce some geometric constructs.

Let B = Im(B), the image of B. Define the closed, convex
cone C; at v; € V by
Ci={yeR" : hj-y<0,j€el }.
Also define
cone(S) = Cy = cone{vy — vy, ...,V —Vo} .
Next, define
O:={zecR" : Az +a€ Bj}.

It is fairly easy to prove that O = () when Im(4) C B
and a ¢ B; O = R"™ when Im(A) C B and a € B; and O
is an affine space, otherwise. Notice that the vector field
Ax 4+ Bu+ a on O can vanish for an appropriate choice of
u, so O is the set of all possible equilibrium points of the
system. Define

G:=8n0O.

Associated with G is its vertex index set Ig := {i | v; € VN G}.

In the remainder of the paper we make an important
assumption concerning the placement of O with respect to
S. The reader is referred to [4] for the motivation for and
a method of triangulation of the state space that achieves
it.

Assumption 7. Simplex S and system (1) satisfy the fol-
lowing condition: if G # ), then G is a k-dimensional face
of S, where 0 < k < n.

The geometric sufficient conditions of [4] place focus on the
relationship between B, cone(S), and G, and several simple
cases in which affine feedbacks exist were identified.

Theorem 8. ([4]). Suppose G = 0. If the invariance condi-

tions are solvable, then S S, Fo by affine feedback.
Theorem 9. ([4]). Suppose Assumption 7 holds and G # ()
If the invariance conditions are solvable and BNcone(S) #

0, then S S, Fo by affine feedback.

The primary conclusion of [4] is the following.

Theorem 10. ([4]). Suppose Assumption 7 holds. Then
s = Fo by continuous state feedback if and only if
s, Fo by affine feedback.

The goal of this paper is to take steps toward solving RCP
in cases where continuous state feedback cannot be used.
We consider the following assumptions.

Assumption 11. Simplex S and system (1) satisfy the
following conditions.

(A1) G=co{vy,...,v541}, with 0 < kK < n.

(A2) Bncone(S) =0.

(A3) The maximum number of linearly independent vec-
tors in any set {b; € BNC; | i € Ig} is m* with
1<m*<k+1.

Assumption (A1) rules out the application of Theorem 8,
and it enforces that vg ¢ O. The latter requirement is be-
cause it was shown in [4] that when vy € O and (A2) holds,

then RCP is not solvable by continuous state feedback;
this appears to extend to other classes of controls with-
out difficulty. Assumption (A2) rules out the application
of Theorem 9. Finally, (A3) introduces a new condition
in terms of the variable m*, which necessarily satisfies
m* < k+ 1. When k = m* — 1, an affine feedback solves
RCP, as stated below. The remaining cases when x > m*
are the topic of this paper.

Theorem 12. ([4]). Suppose Assumption 11 holds. If the
invariance conditions are solvable and m* = x + 1, then

S Fo by affine feedback.

We conclude the background discussion with a brief review
of ./ -matrices. Consider the following family of matrices.
Let 1 <p<q<k+1 and define

(hp ’ bp) (hp ’ bp-l-l) U (hp ’ bq)
Mp,q = (4)
(hq ’ bp) (hq ’ bp-‘rl) T (hq ’ bq)

where M, , € Rla—p+1x(@=r+1) Define the matrices

H,,:= [hp . hq] c Rrx(a—p+1) ,
Ypqi=[bp--- by € RP¥(a—P+D)
Then
M,,=HTY

p.q — p,q- D94

We say a matrix M is a Z-matrix if the off-diagonal
elements are non-positive; i.e. my; < 0 for all ¢ # j
[2]. Since b, € BNC;, i € Ig, each My, is a Z-
matrix. Also under the condition that B N cone(S) = 0,
M, 4 adopts further algebraic properties. In particular, we
require the notion of an .#Z-matrix. The following theorem
characterizes non-singular .#-matrices (see [2], Ch. 6).

Theorem 13. Let M € RF*¥ be a % -matrix. Then the
following are equivalent:

(i) M is a non-singular .#-matrix.

(ii) R(X) > 0 for all eigenvalues A of M.

(iii) There exists a vector & = 0 in R¥ such that M¢ = 0.

(iv) The inequalities y = 0 and My =< 0 have only the
trivial solution y = 0, and M is non-singular.

(v) M is monotone; that is, My = 0 implies y > 0 for all
y € R,

(vi) M is nonsingular and M ~! is a non-negative matrix.

Lemma 14. ([4]). Suppose BNcone(S) = 0. Let 1 < p <

g < k+1 and suppose {bp, ..., b, | b; € BNC;} are linearly

independent. Then M, , is a non-singular .#-matrix.

3. SOME PRELIMINARIES

Assumption 11 specifies there is a maximal set of linearly
independent vectors in B available to vertices in G in terms
of the variable m*. Let

B:= Sp{b1, ..., bmx}.
Condition (A3) implies that for all v; € G,
BNC; c BNC;. (5)
We show that B can be restricted to B without affecting
solvability of RCP. Thus, a distinction between m* and

m = rank(B) is not needed. To that end, suppose we have
a simplex S and a system (1) such that Assumption 11



holds, m* < m, and the invariance conditions are solvable.
We construct a state feedback transformation

u=Kiz+ g1 +Gw

where w € R™ is a new exogenous input. This yields a
new system

i = (A+BK)z+(a+Bg1)+BGiw =: Az+a+Buw.
The parameters K1, g1, and G are selected so that

(6)

Av; +a=0, i€lg(7)
Avi+acC\B, i Ig (8)
B=[by by -+ by ] . (9)

The columns of B are given by (A3) and rank(B) = m*.
Note that when w = 0, the invariance conditions are
satisfied at v; ¢ G and equilibria appear at v; € G.
The next result shows that the proposed state feedback
transformation does not affect O.
Lemma 15. O = O:={ 2z cR" : Az +ac B}.

Proof. Let v; € O. Then Av; + a = 0, so Av; +a € B.
Thus, v; € 0. Conversely, let v; € O. Then Av; +
aeBCBNOWAvl—i—a Av; + a + BKyv; + By,
so Av; +a = Av; +a — B(Kjv; + g1) € B. Therefore,
v; € O. The result now follows by taking the affine hull of
{’Ul,...,vﬁJ’»l}. O

We claim it is no loss of generality to work with the reduced

system, assuming one has fixed an appropriate class of

controls. First, if we find w = f(z) such that S A
for the reduced system, then we have a solution for the
original system (1) by setting

u=Kiz+g1+Gif(r).

For the converse statement we focus on affine feedback;
by the results of [4], the argument extends to continuous
state feedback.

Proposition 16. If there exists u = Kz + g such that
s -5 Fo for (1), then there exist u = Kz + g1 + Giw
and w = Koz + g such that (7)-(9) hold and S >+ 7,
for (6).

Proof. Let u; := Kv;+g for v; € V. Also fix Gy such that
B = BG;. In the first step we show that for each v; € V,
there exist u} and w; such that

Av; + a 4+ Bu; = Av; + a + Bu, + Buw;,

and (7)-(8) hold. First consider v; € G. Since Av; +a € B,
there exists u}; € R™ such that

Av; +a+ Bu, =0.
Set ¢; = u; — u}. Invoking Theorem 6(a) and (5), we have
Avi+a+Bu; = Avi+a+B(u+q;) = Bg; € BNC; € BNC; .
This implies there exists w; such that Bg; = Bwi. There-
fore we obtain
Av; + a 4+ Bu; = Av; + a + Bu, + Buw;,

with Av; + a + Bu, = 0. Next, consider v; ¢ G. Then
Av; +a ¢ B and Av; + a + Bu; € C; \ B. This can be

written as
Av; + a + Bu; = Av; + a + Bul, + Bw;

with u} := u; and w; := 0.

In the second step, the affine feedback u = Kyjx + g1 can
be obtained by solving the system of equations
1=0,...,m
for unknowns K; and g;. See [6]. Because of the con-

struction above and by convexity, (7)-(8) easily follow.
Similiarly, w = Ksx 4 gs is obtained by solving

w; = Kav; + g2, i=0,...,n

for unknowns K5 and go. In the final step, we observe that
the right-hand sides of the closed-loop systems (1) and (6)

are identical, so S S, 7 for (6). O

u; = Ky + g1,

4. REACH CONTROL INDICES

In light of Lemma 5 and Proposition 16, we make the
following standing assumptions.

Assumption 17. Simplex S and system (1) satisfy the
following conditions.

(R1) G =co {v1,...,ve41}, where m < k < n.
(R2) Bﬂcone(S) =0.

( ) —sp{bl,...,bm|bieBﬂCi}.

(R4) BNC; #0, i€ lg.

From condition (R3) we have a preferred set of vectors
{b1,...,bm | bi € BN C;} which span B. Of course there
are many possible choices for this basis, but we assume for
the following development that these vectors have been
fixed. By condition (R1), we have
kK+1l=m+p

for some p > 1. Using (R4), if we select any set
{bm+1, -y bkt1 | b € BNC;} and we use {by,...,b,} as
in (R3), then p denotes the number of linearly dependent
vectors in the set {b1, ..., bx41}. Consider now BNCpyq1. It
satisfies by, +1 € sp{b1,..., by} for every by,11 € BNCppy1.
Using (R4), there exists 1 < p; < m such that w.l.o.g.
(reordering indices 1,...,m),

Bﬂcm+1 C Sp{b1,~-~7bp1}

and sp{b1,...,b,, } is the smallest such subspace generated
by the basis {b1,...,bn}. One can think of sp{b1,...,b,, }
as a container subspace for the cone B N C,y1, and the
dimension of BN C,,+1 is between 1 and p;.

This argument can be repeated for each of the remaining
cones BNC;, i = m—+2, ..., m+p to obtain indices 7 < py,

k=1,...,p, with m; = 1, such that
Bmcm+1 Csp{bﬂ17"'7bp1}7 (10)
Bmcm+2csp{b7r2;"'7bp2}7 (11)

B Criip Cpibr,,... by} (12)

Moreover, for the fixed basis {b1, ..., b}, these subspaces
represent the minimal subspaces that contain the respec-
tive cones. This has the interpretation that every basis
vector b; in a container subspace contributes to generating
at least one vector in the associated cone B N Ci. The
following result establishes that one can always find a
vector in each cone which depends all on the basis vectors
of its container subspace.



Lemma 18. Suppose Assumption 17 and (10)-(12) hold.
For each k = 1,...,p, there exists by, € BN Cpypg such
that

btk = Crpbry, + -+ Cp by

cz7é0

Proof. We consider only the case k = 1; the other cases
follow by reordering indices k = 1,...,p. Suppose w.l.o.g.
that for all b € BN Cpyt1,
b= Clbl —+ -4 Cplflbplfl .

That is, no b € B N Cpy1 depends on b,,. Then B N
Crm+1 C sp{b1,...,by,—1}, which contradicts the definition
of pi. Therefore, for each i € {1,...,p1} there exists
Bi € BN Cypa1 such that

Bi = paba+ -+ 41, by,
with u¢ # 0. Now we show inductively that b satisfying
(13) exists. Let j = 1. Set
b=p1 € BNCpy1 -
Then b satisfies ¢; := pi # 0. Next suppose there exists
b € BN (41 such that
bzclbl+"'+C_jbj+"'+cp1bp1a
and ¢; # 0, for ¢+ = 1,...,j. Moreover, by reordering
indices j 4+ 1,...,p1, it can be assumed that cj;q1 = 0
(for if this is not possible, then b satisfies (13) and the
induction is finished). Let ¢ := min;eqy,. jyles| > 0.
Consider 8511 = )by + -+ + 10, , with Hﬂﬁ # 0.
We choose a € (0,1) such that

+1
afpl*

(13)

<2, i=1,...,5. (14)

Now let
b o= b+ OéﬂjJrl S Bﬁchrl .
Then b = ¢}by + - -+ + ¢}, b,,, where, using (14),

c;:cZ-JroeugH 0,
j+1
1= CW;L £0.
Therefore b’ replaces b and the induction step is com-
plete. O

i=1,...,]

The dependency of cones on a limited number of vectors
in B places restrictions on the orientation of those vectors
with respect to S.
Lemma 19. Suppose Assumption 17 and (10)-(12) hold.
For each k = 1,...,p and for any b,,1 . € BN Cryyr, We
have

hj-b;=0, i=m,....,p5,m+k,

j:I\{ﬂ-kvvpkam+k}

Proof. We consider only the case k = 1; the other cases
follow by reordering indices k = 1,...,p. Also let p := ps.
Following Lemma 18, select b,,4+1 € BN Cy,+1 such that
bm+1:clb1+~~~+cpbp, cz7é0
Define ¢ := (c1,...,¢,). Since {b1,...,b,} are linearly
independent and BNcone(S) = 0, by Lemma 14, M; , is a
non-singular .Z-matrix. Consider the following invariance
conditions for vy,41:
H{ b1 = H{ Y1 5= My ¢ 20.

By Theorem 13(v) and the fact that ¢; # 0, we obtain
¢ < 0. Now consider the remaining invariance conditions

(15)

for vy, 41:
hj 'berl :hj '(Clb1+"'+CpbP) SO,
j=p+1....omm+2,...,n.
Every term in the sum is non-negative, since b; € BN C;
and ¢; < 0, and so we obtain

hj-bi=0, i=1,...
as desired. O

,pm+1,75=p+1,...,m,m+2,....n

Using the restrictions placed in B by Lemma 19, it can be
shown that the container subspaces in (10)-(12) split into
independent subspaces, thus yielding a decomposition of
B with respect to G.

Lemma 20. Suppose Assumption 17 and (10)-(12) hold.
Then there exists an ordering of indices {1,...,m} such
that

k=1

P < Tk+1, 7"'ap71'

Proof. We consider only the case £k = 1; the other
cases follow by reordering indices. Suppose by way of
contradiction that p; > mo. Applying Lemma 19 we obtain

hj'bi:O, ’L'Zl,...,pl,
j=p1+1,...omm+2,....n (16)
hj'bi:O, 1 ="o,...,p2,5=1,...,0m—1,po+1,...,
m+1m+3,...,n. (17)
Consider
Moy py = HY, | Yoy o s
where Yr, o, = [br, -+ bp,]. Since {bx,,...,b, } are lin-

early independent, by Lemma 14, M, ,, is a non-singular
A -matrix. Applying Theorem 13(iii) there exists ¢ =
(Crys €, ) such that ¢ < 0 and Mz, ,, ¢’ < 0. Define
B :=Yr,p ¢ # 0. The statement HY, 3= My, , ¢ <0
gives
hj'ﬁ<0, J=T2,...,p1-
Also, by (16)-(17), for j=1,...,ma— 1L, p1+1,...,n
hj B =hj - (Chybry + 4, bp,) =0.

This implies 8 € B N cone(S). By Assumption (R2) we
obtain g = 0, a contradiction. O

We can show that the decomposition obtained so far
extends to all cones B N C; associated with G. This is
based on the observation that the selection of basis vectors
{b1,...,by} is arbitrary. For example {ba, ..., by41}, with
bm+1 as in Lemma 18, could have been used as a basis
for B and all foregoing results would apply. In recognition
of the fact that no special role is played by vertices
Um41, - - - » Um+p, We define a new set of indices which place
dependent cones within consecutively numbered container
subspaces. To do so, we first reorder indices so that
the container subspaces have basis elements which are
consecutively numbered:

{01,300} Abprt1s bt oo {bp, 1525 bp, }
Now adjoint to these lists the vectors by, 4, k= 1,...,p,

obtained from Lemma 18, to get the new lists
{b17 BERE bP17 bm+1} s {bﬂ1+17 .

Finally, define new indices so that also these lists are
consecutive. That is, there exist indices 1, ..., 7, such that
the previous list becomes

{blv"'vle}v{leJrla' .

-vbpzvbm+2}7~-- 7{bpp71+17 ‘.

'7bT1+T2} PR a{bT1+'“+Tp—1+17 s

by bmp} -

7bT}5



where

ri=ry4c Ty
Using (10)-(12) and Lemma 20 with our new numbering,
we get

Bmcmcsp{bla"'abﬁ}’ (18)
BN Cn—i—rz - Sp{bh-i-la s 7b7“1+7“2} ) (19)
BN CT1+”‘+Tp C Sp{bT1+‘“+Tp71+1a s abT} . (20)

Theorem 21. Suppose Assumption 17 holds. Then there
exist integers r,...,7, > 0 and a decomposition of B into
p subsets such that

BﬂCZ C Sp{bl,...,bh},i:1,...,7"1, (21)
BﬂCZ C Sp{brl+1,...,brl+r2},i:T1+1,...,T1+7’2
(22)

BNCi C sp{brttry_ 4152500},
i=ri4+-+rp1+1...,r (23)

The proof relies on a preliminary lemma proved only for
k=1.
Lemma 22. Suppose Assumption 17 and (18)-(20) hold.
There does not exist 5 € sp{by,41,...,bm4p}, 8 # 0, such
that {b1,...,b, —1, 3} are linearly independent and
hj~ﬂ§0, j:T1+1,...,TL (24)
Proof. Since {b1,...,b,,—1} are linearly independent and
B N cone(S) = 0, by Lemma 14, M;,, 1 is a non-
singular .Z-matrix. Applying Theorem 13(iii) there exists
c = (cf,...,c. ) such that ¢/ <0 and My, ¢’ < 0.
Define b, := Y1,,—1¢/. The vector H] b € R™ has the
following sign pattern:

(— ..., —%,0,...,0) (25)
where the x appears in the (r1)th component and the
zero components are due to Lemma 19. In particular
b'T1 € BN, and the first 7 — 1 invariance conditions
are strictly negative. Now suppose we find a non-zero
vector B € sp{br,+1,...,bm+p} such that (24) holds and
{b1,...,by,—1, 3} are linearly independent. Then for o > 0
we can form

bl =b,. +af.
Using (25) and (24), « can be selected sufﬁciently small
so that h; - b <0 forall j =1,. -1, +1,.
That is, b” €BN Cr,. Moreover, W1th 6 #0,

{bla . T1 1 /rll}
is a linearly independent Set. This contradicts (18) in which
b, depends on {b1,...,b,—1}. O

Proof. [Proof of Theorem 21] We consider only k = 1.
We must show BNC; C sp{by,...,b,}, fori=1,... r.
(By (18) we already have BN C,, C sp{b1,...,br—1}).
Consider any i € {1,...,r;} and any 3; € BNC; such that

Bi = ciby + -+ ¢ by + B

where ¢; € R and 8 € sp{br+1,...,bmip}. W.log.
assume that 3 is independent of {b1,...,b,, 1} (otherwise
the ¢;’s can be redefined so that # = 0 and the result

is immediately obtained). From the invariance conditions
associated with v; and by Lemma 19, we have

hjﬂlzhj(clb1++CT1b7‘1+6):h’J6§07
forj=r1+1,...,n. By Lemma 22, § = 0. Hence, for any
ie{l,...,r1} and any 5; € BNC;, B; € sp{b1,..., b},

as desired. O

The lists in (21)-(23) have the property that any vector
in a list on the right is dependent on all the other vectors
in its list. Also, if any vector is removed from a list, the
remaining vectors are linearly independent. In particular,
the kth list has r; —1 linearly independent vectors of B. We
can say that B has been decomposed into p independent
cycles of dependency. Also, because of (R4), p < m. Thus,
in order for (R4) to hold it is necessary that

m>,€+1.

This condition is interpreted to say that RCP is only
solvable if there are sufficient inputs, assuming that (R4) is
necessary for solvability. Since each of the p lists comprises
rr — 1 independent vectors in B and there are a total of m
such vectors, we deduce that

r—p<m.

Definition 23. The integers {ri,...,r,} are called the
reach control indices of system (1) with respect to simplex

S.

From the previous developments, it is straightforward to
show the following.

Proposition 24. The reach control indices are: (i) invariant
under affine feedback transformations v = Kz + g+ w; (ii)
unique up to ordering of indices; and (iii) independent of
choice of maximal linearly independent set in {b, € BN
Ci,i € Ig}.

The importance of the reach control indices stems from
their ability to isolate closed-loop equilibria when using
continuous state feedback. Define for kK =1,...,p

mg =711+ +rp-1+1,

§k ‘= co {vmk, .. .,vkarm,l} .

The following lemma gives the direct consequence of
Lemma 22 in the case of continuous state feedback.

Lemma 25. Suppose Assumption 17 holds. Let u(z) be a
continuous state feedback satisfying the invariance condi-

tions (3). Then for each k =1,...,p and z € Sy,
hj-y(z) =0, jeI\{mg,...,mp+ry—1}.
Proof. We prove the result only for £ = 1. Let y(x) =

Az + Bu(x) + a be the closed-loop vector field on S

satisfying the invariance conditions (3). For z € Sy, we
have

y(x) = cr(@)br + -~ + ey (@)br, + B(x),  (26)
where B(xz) € sp{brt1,...,bmtpr. We may assume

w.l.o.g. (as in the proof of Theorem 21) that [(z) is
independent of {by,...,b;, }. From (3) we know

hj-y(z) <0, j=m+1,...,n
Using (26) and Lemma 19, these conditions become
hj-B(x) <0 j=r+1,...n



By Lemma 22, this implies 3(x) = 0. Therefore, for each
T € 3\1,
hj-y(x)=0, j=ri+1,...,n.
O
Theorem 26. Suppose Assumption 17 holds. Let u(z) be
a continuous state feedback satisfying the invariance con-

ditions (3). Then each S contains an equilibrium of the
closed-loop system.

A more restrictive version of this result was proved in [4]
based on Sperner’s lemma. The present proof is a standard
argument based on Brouwer fixed point theorem [3].

Proof. We consider only k = 1; the other cases follow
by reordering indices. We begin by performing an affine
coordinate transformation such that S is redefined as the
standard simplex, co {eg,...,e,}, where e; are the Eu-
clidean coordinate vectors. Let Iy := {1,...,r} and define
the closed-loop vector field (in transformed coordinates) by

y(x) := Ax + Bu(z) + a, x€S.

From Lemma 25 we have that for all x € §1

hy-y(x) =0, jEINT. (27)
Define the sets:
Qi::{$€§1|hi-y($)20}, iefl.

Consider any I’ C I; and let &' :=co {e; | i € I'}. Then
by (3), for all z € &’

hj-y(z) <0,
If, in addition,
hj-y(x) <0, jer,
then y(x) € BN cone(S) = 0, and the result is obtained.

jerl\rI.

Instead, suppose that for all I’ C IAl and for all z €
co {e; | i € I'}, there exists j € I’ such that h; - y(z) > 0.
Then we have that for all I’ C I,

CO{€i|i€I/}C UQZ

el

(28)

Now suppose that ﬂz‘eﬁ Q; = 0. Then {Q¢} is a finite open

cover of 8y, and there exists a partition of unity {¢;(z)}
subordinate to {Qf}. Define the map f: S; — S; by

f(z) = Z oi(x)e; .
i€

Map f is continuous, so by the Brouwer fixed point
theorem, there exists «* such that f(z*) = 2*. Let I* :=
{i € I, | ¢i(z*) > 0}. Then

= Z di(x*)e; .

il
That is, a* € co {e; | i € I*}. Also, by definition of the
partition of unity,
" ¢ Qi

This contradicts (28).

iel*.

We conclude that there exists a point T € <§1 such that
T e ﬂieﬁ Q;. That is,

h;-y(@) >0, jel.

Combined with (27), we obtain that —y(Z) € BN
cone(S) = 0, which implies € S; is an equilibrium of
the closed-loop system & = y(x).

0O
5. CONCLUSION

The paper introduces reach control indices to aid in the
development of control strategies to solve the reach control
problem for affine systems on simplices. The indices have
the role to catalog the degeneracies caused by insufficient
inputs that lead to the appearance of equilibria in a
simplex & whenever continuous state feedback (satisfying
appropriate invariance conditions) is applied.

Any control method that overcomes the limits of continu-
ous state feedback must confront this degeneracy. Such a
method will necessarily draw upon the degrees of freedom
in B provided to the set of possible equilibria G, which
are inscribed by the indices. Our future work will explore
various avenues for synthesis of discontinuous feedbacks.

REFERENCES

[1] A. Bemporad and M. Morari. Control of systems inte-
grating logic, dynamics, and constraints. Automatica.
vol. 35, pp. 407-428, March 1999.

[2] A.Berman and R.J. Plemmons. Nonnegative Matrices
in the Mathematical Sciences. Academic Press, New
York. 1979.

[3] K. Border. Fized Point Theorems with Applications to
Economics and Game Theory. Cambridge University
Press, 1985.

[4] M.E. Broucke. Reach control on simplices by contin-
uous state feedback. SIAM Journal on Control and
Optimization. vol 48, no 5, pp. 3482-3500, February
2010.

[5] L.C.G.J.M. Habets and J.H. van Schuppen. Control of
piecewise-linear hybrid systems on simplices and rect-
angles, in: M.D. Di Benedetto and A.L. Sangiovanni-
Vincentelli (Eds.) Hybrid Systems: Computation and
Control, Lecture Notes in Computer Science. Springer
Verlag, vol. 2034, pp. 261-274, 2001.

[6] L.C.G.J.M. Habets and J.H. van Schuppen. A con-
trol problem for affine dynamical systems on a full-
dimensional polytope. Automatica. no. 40, pp. 21-35,
2004.

[7] L.C.G.J.M. Habets, P.J. Collins, and J.H. van Schup-
pen. Reachability and control synthesis for piecewise-
affine hybrid systems on simplices. IEEE Trans. Au-
tomatic Control. no. 51, pp. 938-948, 2006.

[8] Z. Lin and M.E. Broucke. Resolving control to facet
problems for affine hypersurface systems on simplices.
IEEE Conference on Decision and Control (CDC
’06). December 2006.

[9] Z. Lin and M.E. Broucke. Reachability and control
of affine hypersurface systems on polytopes. IFEE
Conference on Decision and Control (CDC ’07). De-
cember 2007.

[10] B. Roszak and M.E. Broucke. Necessary and sufficient
conditions for reachability on a simplex. Automatica.
vol. 42, no. 11, pp. 1913-1918, November 2006.



