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Abstract

We study the reach control problem (RCP) for a single inpfihafsystem with a simplicial state
space. We extend previous results by exploring arbitraandguulations of the state space; particularly
allowing the set of possible equilibria to intersect theeiidr of simplices. In the studied setting, it is
shown that closed-loop equilibria, nevertheless, onlgeann the boundary of simplices. This allows
to define a notion of reach controllability which quantifibe teffect of the control input on boundary
equilibria. Using reach controllability we obtain neceysand sufficient conditions for solvability of

RCP by affine feedback.

. INTRODUCTION

This paper studies theach control problenfRCP) on simplices. The problem is for an affine
system defined on a simpl&xto reach a prespecified facet of the simplex in finite time ouwith
first leaving the simplex. The problem has been studied owarigs of papers [3], [4], [5], [7],
[2] due to its fundamental nature among reachability pnoisleThe reader is referred to [1], [2],
[3], [4], [5], [6], [7] for further motivations, including bw the problem arises in reachability
problems for hybrid systems. In [2] we studied RCP under gsumption that the state space
was triangulated so tha?, the set of possible equilibria of the affine system, intetes# with
S was either the empty set or a face &f In this paper we assum@ intersects the interior
of S, and we study only single input systems. Remarkably it eegethat if an equilibrium
appears using an affine feedback to solve RCP, then the laqunti is, nevertheless, on the
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boundary ofS. Using this fact, we propose a notion mfach controllabilityfor determining
if RCP is solvable by affine feedback. Simply put, an affinetesysis reach controllable on a
simplex if each equilibrium can be “pushed off” the simplexubdary by an admissible affine
feedback. Because the feedback is affine, the equilibriuaffested by the control input only
through the control value applied at a vertex among thostcesrwhose convex hull contains
the equilibrium. In sum, reach controllability measures éxtent to which the control input can
affect the dynamics on faces of the simplex. Using reachrobiability, we obtain new necessary
and sufficient conditions for solvability of RCP in the curtesetting.

The contributions of the paper relative to the literatueas follows. We relax the requirement
that the state space is triangulated with respect to th® sdeparting from our earlier investiga-
tions [2]. The first contribution is the discovery that désirbitrary triangulations (not enforcing
O to lie on the boundary oF), closed-loop equilibria still only appear on the boundafyS
when using admissible affine feedbacks. The second cohtibis the introduction of a new
notion of reach controlllability that captures precisebmhthese boundary equilibria are affected
by the input. The third contribution is new necessary anfigeht conditions for solvability of
RCP by affine feedback. These conditions improve on thoshkariterature [5], [7] which are
stated as properties to be verified for a given candidater@tert Our conditions instead are in
terms of the problem data, and therefore give rise to a cbsymthesis method.

The paper is organized as follows. In Section Il we review ¢Risting results on the reach
control problem. In Section Ill necessary conditions folvability of RCP are presented. In
Section IV preliminary technical results are presenteduppsrt Section V where we expose
important properties of the set of open-loop equilibria. Sactions VI and VII we discuss
necessary and sufficient conditions for solvability of R@P gingle input systems. Finally we
present a conclusion in Section VIII.

Notation. Let S ¢ R" be a set. The closure &, and the interior isS°. The relative interior
is denoted 1iS), the relative boundary af, denoted rbS) is S\ ri(S), anddS is the boundary
of S. The symbolU represents a control class such as open-loop controlsincons state
feedback, affine feedback, etc. The notatiodenotes the subset &" containing only the zero
vector. The notatiorl stands for a vector with appropriate dimension whose entire one.
Notation cq vy, vs, ...} denotes the convex hull of a set of pointsc R™. The notation ord\/)

denotes the order of the square matkik
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[I. BACKGROUND

We consider am-dimensional simple$ := co{vg, vy, ..., v, } with vertex set/ := {vg, vy, ..., v, }
and facetsF,, ..., F, (the facet is indexed by the vertex it does not contain). WitHoss of
generality (w.l.0.g.) we assume that = 0. Let h;, i = 0,...,n be the unit normal vector to
each facetF; pointing outside of the simplex. Lek, be the target set i&5. Define the index
sets] :={1,...,n} andl; := I \ {i} (note I, = I).

Consider the affine control system defined ®n
t=Ar+ Bu+a, red§, (2)

whereA € R™", ¢ € R", B € R"™, and rankB) = m = 1. Let ¢,(¢, zy) denote the trajectory
of (1) under a controk(t) starting fromz, € S and evaluated at time We are interested in
studying reachability of the targef, from S.

Problem 1 (Reach Control Problem (RCP)onsider system (1) defined ¢h Find a feed-
backu(z) such that: for every, € S there existI’ > 0 and~ > 0 such that

(i) ou(t,zo) € S forall t € [0,T],

(i) o (T, x0) € Fo, and
(i) oy (t, o) ¢ S forall t € (T, T + 7).
RCP says that trajectories of (1) starting from initial ciioths in S exit S through the target
Fo in finite time, while not first leavingsS.

Definition 1: A pointzy, € S can reachF, with constraint inS with control classU, denoted
by z, N Fo, If there exists a controk of classU such that properties (i)-(iii) of Problem 1
hold. We writeS -+ Fo by control classU if for every o, € S, zg S, Fo with control of

classU.
Define the closed, convex cones

Ci={yeR": hj-y<0,j€l },ic{0,...,n}.

Also define congS) := Cy. Note that congS) is the tangent cone t§ at vy.
Definition 2: We say the invariance conditions are solvable if there exjst.., u, € R™

such thatAv; + a + Bu; € C; for i =0, ..., n. Equivalently,

August 1, 2011 DRAFT



The inequalities (2) are calledvariance conditionsThese Nagumo-like conditions guarantee
that trajectories cannot exit through the restricted &dgt ..., 7, and are used to construct
affine feedbacks [4]. For general state feedbacks (paatiguthose not satisfying convexity),

stronger conditions are needed to ensure that trajectdaesot exit restricted facets. To that

end, forx € S, defineJ(z) = {j € I | = € F;}. Define the closed, convex cone
Clz):={yeR" : hj-y<0, jeJ(z) }.

Definition 3: We say a state feedbackz) satisfies the invariance conditionsAfc + Bu(x) +

a € C(x). Equivalently, for allz € S andj € J(z),
h; - (Az + Bu(z) 4+ a) <0. (3)

Givenz € S, let I(x) be the minimal index set such thate co{v; | i € I(z)}. A form of (3)
we will often employ is as follows. Supposec co{v; | i € I(x)}. Using the properties of the

simplex [2], one can show this impliese F;, for j € I\ I(z). Then (3) becomes
h; - (Ax + Bu(x)+a) <0, jeI\I(x).

For Problem 1 the following necessary and sufficient coadgihave been established for the
case of affine feedback.

Theorem 4:[5], [7] Given the system (1) and an affine feedbadl:) = Kz + g, where
K e R™" g € R™, andug = u(vy), . . ., u, = u(v,), the closed-loop system satisfi§s->+ Fo
if and only if (a) the invariance conditions (2) hold, and ¢bgre is no equilibrium irs.

Let B =Im(B), the image ofB. Define the set opossible equilibrium points
O={zeR" : Ar+ac B}.

One can show that eithé? = () or O is an affine space witin < dim(QO) < n. Notice that the
vector field Az + Bu + a on O can vanish for an appropriate choicewgfso O is the set of all

possible equilibrium points of the system. Also define thieafeopen-loop equilibrium points
E={zeR" : Az +a=0}.
DefineOs :=SNO and&s :=SNE&. ClearlyE € O and&s € Os. The following result was
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proved in [2] for the case when the state space is trianglilstethatOs is a x-dimensional
face of S. Here we generalize to arbitrary triangulations.
Theorem 5:1f the invariance conditions (2) are solvable aficicongS) # 0, thenS N

by affine feedback.

Proof: Since the invariance conditions are solvable, there exist R™ such thaty; :=
Av; + Bu; + a € C; for i € {0,...,n}. Let u(x) = Kz + g be the associated feedback. Let
0 # by € BncondS) and choosev; € R™ such thath; = Bw;. Define a new feedback
u'(z) := u(zr) + qw, Wheree;, > 0 is to be determined. Defing(x) := Az + Bu/(z) + a. By
convexity,y; := Av; + Bu/'(v;) + a = y; + €1b;. We observe that the invariance conditions are
satisfied using/(z) for any value ofe; > 0. That is,

hjlj;:hjljl—Fh]](Elbl)go,le{o,,TL}, jEIl (4)

becausei; - y; <0, j € I;, andh; - by <0, j € I, sinceb; € BN congsS).

Now we seleck; > 0 sufficiently large such that there is no closed-loop equtin in S. In
particular, consider the set £@ + €161, ..., y, + €101} = co{yo, ..., yn} + {eby }. Clearly there
is e; > 0 sufficiently large such that & co{yo + €11, ..., yn + €11 }. Fix thise; > 0. We claim
there is no equilibrium irS. Suppose not, i.e. there existss S such thaty/(z) = 0. Suppose

T =) ,0u;, Wherea; € [0,1] and) " ,a; = 1. Then

0=y'(z) = Z@y; = Zdi(yi + €1b1), (5)
1=0 =0
a contradiction. Then, by Theorem &, F, using u'(x). u

[Il. NECESSARYCONDITIONS

The goal of this paper is to obtain new necessary and sufficemditions for solvability of
RCP by affine feedback; unlike the conditions of Theorem 4 seek conditions that lead to a

synthesis of the controller. We begin with necessary cantitfor solvability. Suppose

OS = CO{017 - '7OH+1}

and definelp, :={1,...,x+ 1}. Also define

congOs) :== (] Cloi).

i€log
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This cone consists of all vectors that simultaneously fsadiéinvariance conditions at all vertices
0i, © € In,. In the following two results, no assumption is made on tree@ment of0s with
respect toS.

Lemma 6 ([4]):If S S5 T by a continuous state feedbaeckz), then u(z) satisfies the
invariance conditions (3).

Theorem 7:SupposeOs # (. If S = F by continuous state feedbaekz), then B N
congOs) # 0.

Proof: Suppose by way of contradiction thdhcongOs) = 0. Let u(z) be any continuous
state feedback satisfying the invariance conditions afideléhe closed-loop vector field x) :=
Az + Bu(x) + a. Let Os = cofoy,...,0.11}. If kK =0, thenB N condOs) = 0 implies that
BN C(o1) = 0. Thus,o; is an equilibrium of the closed-loop system. Instead suppos- 0
and w.l.0.9.0 # b := Av; + Bu(vy) +a € BN C(oy). Then the assumptioB N congOs) = 0
implies there exist& € {2,...,x+ 1} such thatb € C(o). Consider the segmemto. Since
010r C O, y(x) € B for z € 070;. Thus there exists a continuous functionR™ — R such that
y(x) = c(x)b for x € 10, With ¢(01) > 0 andc(ox) < 0. By the Intermediate Value Theorem,
there exists* € 070, C S such thate(z*) = 0. Thus, the closed-loop system has an equilibrium

inS. [ ]

IV. PRELIMINARIES

In this section we present preliminary technical resultt thill enable us to characterize (in
Section V) useful geometric properties @ and&s. We begin by posing the main assumptions
for the rest of the paper. In [2] we assumed tha®jf # (), thenOs is ax-dimensional face of,
where(0 < k < n. More generally, if the intersection is arbitrary, thég is a convex polytope.
In the present paper we assurf is a simplex that intersects the interior §f Finally, we
restrict Os so that it does not toucl,. The latter is an extra restriction on the geometry that
must be addressed in future work. Several proofs for thisaeare found in the Appendix.

Assumption 8:

(Al) Os =cofoy,...,0.41}, ar-dimensional simplex withn < k < n.

(A2) If Es # (), then&s = co{ey, ..., €xyr1}, @ Ko-dimensional simplex with) < ko < k.
(A3) OsNS° #0.

(Ad) Os N Fy=0.
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The following basic properties abs and £s derive from the fact that they are formed as
intersections of affine spaces and a simplex.

Lemma 9: Suppose Assumptions (Al)-(A3) hold. dfim(Os) > 1, then rfOs) C 0S. If
dim(&s) > 1, then ri€s) C rb(Os) C OS.

Recall the index sefp, := {1,...,x+ 1} and define the index sét, := {1,..., k¢ + 1}.
First we examine an implication of the fact th@t N S° # () on the index set$(o;) and(ey).

Lemma 10:Suppose Assumptions (Al), (A3), and (A4) hold. Then each/&8}), k € 1o,
has a nonzero exclusive member. That is, there exists (o), e, # 0 ande;, & I(o,), for all
J# k.

Lemma 11:Suppose Assumptions (A2)-(A4) hold. Then eitbgNS° = () or each sef (¢;.),
k € I¢,, has a nonzero exclusive member. That is, there exists(e;), ex, # 0 andey, & I(e;),
for all j # k.

Suppose Assumptions (Al), (A3), and (A4) hold, and supposeesrder indiceg0, ..., n}
so that indices that belong to more than one Ke},), k € Io,, are listed first. These are the

shared indices

U 1) ni(o). 6)

1<i,j<rt1, i#j
In light of (A4), assume w.l.0.g. this list begins with indeéxNext, we list indices that correspond
to exclusive members of(oy),...,I(o.+1), respectively, and in this order. By Lemma 10 the
exclusive member lists are non-empty. Also by (A3), all edais of{0,...,n} are included in
the new ordering since/*1(o;) = {0,...,n}. In the sequel we call this an ordering according
to exclusive members of/(ox)}.

We now turn to an algebraic characterization of point£én Define the matrices
Hiz[hl hn], YI:[Al)l Al)n]

and
I.=H'Y, v:=H"a. (7)

Supposefs # ). Assume thatr € £s andz = )" B;v; for someg; € [0,1], >°. 5; = 1. By

the properties of the simplex (Lemma 4.4, [2]), one can shwt & is nonsingular. Hence, we
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have
Az +a=0 <= H'(Az+a)=0
— ZﬁiHTAmeHTa:O

i=1

— I'B+~v=0 (8)

where3 = (f, ..., 5,). Note that the derivation uses the fact that= 0. In the sequel, points

in &s will be characterized using (8). Using (8) we can relate getoim properties o€s and

Os to certain restrictions on the form of matricEsand~. There are several distinct cases.
Lemma 12:Supposelim(Es) = kg With ko > 0 and assume thas N S° # (). Then,T" and

~ cannot have the form

Iy Ty F1(p+2) T
0 Ty O 0 0
F - . 9 7 - . . (9)
0 0 . 0 :
| 0 0 0 Teiaee) | 0]

wherep > ko and ordl';;) > 1, i = 2,...,p + 2. Vector+ is partitioned corresponding to the

partition of I'.
Proof: Suppose (9) holds. Let € £s. Using (8) and (9)£s can be characterized by

FiBr+TB2+ ...+ Tipi)Bpr2) +11 =0

Fzzﬂ.z =0 (10)

Lipr2)pt2)Bpt2) =0
where3;, i = 1,...,p + 2 constitute a partition of3 corresponding to the partition df.
Suppose that ofdl';) = p;, i = 2,...,p+ 2. From the second equation of (10), we deduce that
if rank(T'y) = po, thenB, = 0 for all z € £s, sox € dS. This contradicts thafs N S° # (.
Thus, rankl"y) < po. Similarly rankT';;) < p;, i = 2,...,p+ 2. This means that (10) provides
at mostn — (p + 1) independent constraints to defifie. Hence,dim(Es) > p+ 1> ko + 1, a

contradiction. Hence, (9) cannot hold. [ ]
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Lemma 12 gives the the algebraic consequences of the statt€greS° +# (). The next result
gives the analogous algebraic consequences wlken empty or is a face 00s.
Lemma 13:Suppose Assumption 8 holds. In addition, suppose thatrefthe= () or £s =

Co{01,. .., 04+1 1 With 0 < ko < k. Then the following cannot hold simultaneously:
hj'AUiZO, hj-a:(), (11)

wherei € (o), j € I\ I(o), andk € Io,.

V. PROPERTIES OFEQUILIBRIUM SET

In this section we exploit the algebraic properties discegtein the previous section, and
particularly we examine their geometric consequencesnidgt important result is that equilibria
cannot appear in the interior & when the necessary conditions for solvability of RCP are
satisfied. First we present a technical lemma that links figearance of an equilibrium with
algebraic constraints of the type studied in the previousiae

Lemma 14:Suppose thatlv; + a € C; for i € {0,...,n}. Suppose there existse Os and
j € 1\ I(z) such that0 € I(z) andh; - (Az 4+ a) = 0. Then

hj‘AUZ':O, hj'CL:O, ZEI(JZ‘)

Proof: Let = € Os as above and suppose= }_, ;. av;, Where} , ;. a; = 1 and
a; > 0. By assumption, there exisfse I \ I(x)
hj-(Ar+a)=h;- Y ai(Avi+a)=0.
i€l(x)
Also by assumption,
h; - (Av; +a) <0,i€ I(x).
Sincea; > 0 it follows
h-(Avi+a) =0, iel(x). (12)

Since0 € I(x) andvy, = 0 we obtain

hj'A’Ui:O, hj'CLZO, ZGI(JZ‘)
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[
The previous algebraic results lead to a remarkable prpmertthe placement of equilibria
in S: under the assumption that the necessary conditions of lee@mand Theorem 7 hold,
open-loop equilibria can only appear on the boundang of
Theorem 15:Suppose that Assumption 8 holds. Also suppdse+a € C; for i € {0,...,n}
andBNcondOs) # 0. If Es # 0, thenEs C rb(Os) C IS.
Proof: Suppose by way of contradiction thereriss S° such thatdz+a = 0. By Lemma 9,
z € 1i(Og).
First, supposelim(Es) = 0 and letb € BN conéOs). Sincedim(Os) > 1, w.l.o.g., at least
one pair of vertices 00s, say (o1, 09), satisfy Ao; + a = n1b and Aoy + a = n9b with ; < 0

andn, > 0. Sinceb € C(0y),
hj~b§0, jEI\I(Ol)

By assumption
hj'(A01+CL):hj‘(7]1b>§O, jeI\I(Ol)

Sincen; < 0, the previous two inequalities imply; - b =0, j € I\ I(01). Equivalently we get
h;-(Aoy+a)=0, jelI\I(o).
Then by Lemma 14 we get
hj-Av;=0.,hj-a=0, i€l(o1),j€l\I(or). (13)

Suppose w.l.o.gl(0;) = {0,1,...,q} for somel < ¢ < n — 1 (note that0 € I(o;) by (A4);
g < n sincedim(Og) > 1 by (A3); andgq > 1, otherwiseo; = vy andz € S° together
imply Os N Fy # (), a contradiction to (A4)). Now write (13) using (7). This lde (9) with
two diagonal blocksd;; € R%¢ and Ay, € R"~9%(=9)_ Thus,p = 0 in (9). This contradicts
Lemma 12.

Second, supposéim(Es) = ko With kg > 0. Then

hj‘(AEk—FCL):O, jEI\I(Ek),/{ZEIgS,
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11
where!l \ I(e;) # () by Lemma 9. By Lemma 14 we have
h]AvZ:O,h]a:O, ZEI(Ek),]GI\](Ek),kEIgS (14)

Suppose we ordef0, ..., n} according to exclusive members ff(¢;) }. Now write (14) using
(7). This yields (9) withp = ko and ordl";;) > 1,7 = 2,..., ko + 2. This contradicts Lemma 12.
[

Remark 16:Theorem 15 extends to the case when an affine feedbackiz + ¢ is applied
to the system (1). For then we obtain the closed-loop system( A+ BK)z+a+Bg = Az +a,
and the analysis can be repeated for the @etd €. We conclude that using any affine feedback
that solves the invariance conditions and under Assumgjociosed-loop equilibria can only
appear on the boundary of.

Example 17:Here we give intuition for Theorem 15 via an illustrative exgle withn = 2.
Consider the simple$ shown in Figure 1. From the figu®s = co{oy, 02}, and it intersects the
interior of S. The system satisfigs=~ b € BNOg, as shown. To satisfy the invariance conditions,
the velocity vector at each vertex should lie in coneC;. In Figure 1 these are depicted as
shaded cones attached at each vertex. We assume the ineadganditions are satisfied with
u = 0. Suppose there i3 € S° such thatAz + a = 0. Then two possibilities arise. The first is
to have bothAdo, + a = 0 and Ao, + a = 0. By convexity, to getdo; + a = 0, Avg + a must
be parallel to ther-axis. Simultaneously it should be parallel to thaxis for the same reason.
Hence,Avy + a = 0, and sincef is an affine space, this meafis = S, a contradiction to (Al).
The second option is to havéo; +a = ;b and Aoy +a = S0 with 5; > 0 and 3, < 0. Then to
achieve bothh € C(0,) and—b € C(02), b must be parallel to the-axis. By convexity,Avy + a
must be parallel to the-axis as well, as shown in the figure. This results in an dopigim on
co{vg, 02}, a contradiction. We conclude thdt: + a # 0 for x € S°.

Corollary 18: Suppose that Assumption 8 holds. Also suppdseta € C; fori € {0,...,n}
andBNcondOs) # 0. Thendim (&) < dim(O) — 1.

Proof: Suppose not, séim(€) = dim(Q). ThenEsNS® # (), which contradicts Theorem 15.
[
In Theorem 15 we showed that the set of equililffialies in the relative boundary a®s.

In the following we show further thafs is indeed a face 00s.
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Fig. 1. Anillustrative example of Theorem 15.

Theorem 19:Suppose that Assumption 8 holds. Also suppdse+a € C; for i € {0,...,n}
and BncondOs) # 0. If Es # 0, thenEs = cofoy, ..., 04,41}, @ Ko-dimensional face 00,
where0 < kg < k.

Proof: Supposefs # ) but is not a face of)s. By Theorem 15¢&5 C rb(Os). Hence,Es

can be expressed as

Es = CO{El, .- '7€f€0+1} C CO{Ol, .- '70p}

where2 < p < k + 1. Define I(Es) := {1,...,p} as the minimal index set such that for all
z €&, xecofo|icI(Es)}. Since&s is on a face but not an entire face Of and since
the faces 0f0Os are simplices, at least one of the verticesgf saye;, is not a vertex of0s.
Hence, there exist < ¢ < p anda; € (0,1) with >>7  «o; = 1 such thate; = 7 | a;0;. Let
y(0;) := Ao; +a = \,B with \; e R, i € Io,. Then,

yler) =0 = izi;aiy(oi) - (Z ai)\Z)B.

Thus> !, a;A\; = 0. Sinceq; > 0, either); = 0 for all 7+ € {1,...,¢}, or there exists at least

one pair of vertices 00, say (o1, 02), such that\; < 0 and X\, > 0. For the first case, define
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@ = C0{0y,...,04}. Then@ C &s. This means, a vertex offs, is expressible as a convex
combination of points irfs, a contradiction. For the second case, we have: 0 and A, > 0.
If \ps1 =0, theno,; € &, andp +1 € f(&g), a contradiction. Therefore, assume w.l.0.g.

that A\, > 0. Then there exists € co{o,0,11} S.t. Az +a = 0. Hence,p+ 1 € I(&s), a

contradiction. [ ]

VI. REACH CONTROLLABILITY

In this section we define the notion of reach controllahil@mply put, this notion describes
the condition when a velocity vector+# b € 5N con€dOs) can be injected into the system at
vertices ofS that contribute to the generation of equilibria ©3. For the rest of the paper and
without loss of generality we make the following assumption

Assumption 20f the invariance conditions (2) are solvable, then theydHot (1) withu = 0.
This assumption is made to avoid complexity of the notatiomly. Indeed, by Lemma 6, solv-
ability of the invariance conditions is a necessary coaodifor solvability of RCP by continuous

state feedback. To achieve Assumption 20 one applies are dfedback transformation
u=Kr+g+w

such that(A + BK)v; + (Bg +a) € C; for i = 0,...,n andw is the new exogenous input.
In this manner, there is no loss of generality in assuming tthea invariance conditions already
hold for the presented system (1) with= 0.

Definition 21: Suppose3 N condOs) # 0. We say the triplg A, B, a) is reach controllable
if either Es = 0; or Es = cofoy, ..., 04,41} With 0 < k¢ < K, and for eachk € I, there exists
i € I(or) andu; > 0 such thatAv; + Bu; + a € C;.

We now explain reach controllability in informal terms. Guater the open-loop systetin=
Ax+ a whose equilibria are given b§s. By Theorem 15 we know these equilibria lie on a face
of S. In this situation, RCP is solvable if we are able to “pushé #quilibria off the face o
by help of an affine feedback. Thus, for any single equiliori, one necessary condition, as
we will later show, is to be able to inject a non-zero velodtynponent € BNcongOs) in at
least one of the vertices & whose convex hull contains; that is, one of the vertices with
i € 1(T). At the same time, the injection of thiscomponent should not induce a violation of

the invariance conditions af. By convexity of affine feedbacks, lacomponent will appear in
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the velocity vector af. This in turn has the effect to eliminate the equilibriunwatOf course,
other equilibria may appear. The restriction that one mssthue B N Os is a consequence of
Lemma 22 below, and this guarantees that no further equaildgpear as a result of applying
the newly made feedback to the open-loop system. In sum, dbiernof reach controllability
captures that there exists an affine feedback that “pushlestjailibria of the open-loop system
off S while also preserving the invariance conditions.

We now present two properties of reach controllabilitysgiwe show that reach controllability
is intrinsic in the sense that it is not affected by affine fexk transformations that preserve
the invariance conditions. Second, we relate reach cdalbibty to the existence of a coordinate
transformation that decomposes the dynamics to those twdtiloute to open-loop equilibria
and quotient dynamics. First, we need two technical resi¢tsprovide insight on the allowable
velocity vectors at vertices dDs.

Lemma 22:Suppose that Assumption 8 holds. Also suppdse+ a € C; fori € {0,...,n}.

If 30+#be BncondOs), then for eachk € Ip,,

Aok—i-a:)\kb,

where \;, > 0.

Proof: By Theorem 19, i€s # (), thenfs = cofoy, ..., 0.,41}. Then the result is obviously
true for vertices ofOs also in&s becausedo, + a = 0 for k € Ig,. Second, consider vertices
of Os that are not vertices ofs (including the case whefis = ()). For these the coefficients
i, k€ Iog \ Ie, must all have the same sign; otherwise, by convexity theredsco{oy | k €
Ios \ I¢s} such thatAz + a = 0, which impliesz € Es, a contradiction. Now if each, > 0

for k € 1o, \ Ic;, we are done. Suppose instegd< 0 for k € Ip, \ I¢,. By assumption
hj-bSO, jEI\](Ok),k‘G]@S.

Also
h; - (Aog+a) =h; - (\D) <0, jel\I(og), k€ log\ Iss.

Since \; < 0, the previous two inequalities imply

hj'b:hj'(A0k+&):0,je]\I(Ok),k’e](gs\lgs. (15)
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Also h; - (Ao +a) =0, j eI\ (o), k € Igs. Then by Lemma 14,
hj'AUZ‘:O, hj-a:(), Ze[(Ok), ]EI\[(Ok), ke](gs. (16)

By Lemma 13, this is a contradiction. [ ]
Corollary 23: Suppose that Assumption 8 holds. Also suppdsgta € C; fori € {0,...,n}.
If 30+#be BncongOs), then for allz € O, Az + a = A(z)b, where(z) > 0.

Proof: By Lemma 22 and convexity. [ ]
Theorem 24:Suppose that Assumptions 8 and 20 hold afd# b € BN condOgs). Then,
reach controllability is invariant under affine feedbac&nsformations which preserve the in-

variance conditions.

Proof: Supposg A, B, a) is reach controllable. If the invariance conditions are saivable
we are done. Otherwise, suppose they are solvable, anddeortbie affine feedback(z) =
Kz + g satisfying (A + BK)v; + (a + Bg) € C;, i € {0,...,n}. Our goal is to show that
(A+ BK, B,a+ Byg) is reach controllable. Define

Es={ze8S : (A+BK)z+ (a+Bg)=0,} C Og (17)

and let€s = co{oy,...,6,} and Iz, = {1,...,p}. If & = 0, (A+ BK, B,a + By) is reach
controllable by definition. Otherwise assume téat=£ (). Since the invariance conditions are
solvable, by Assumption 204v; + a € C; for i € {0,...,n}. Then by Corollary 23, for all
z € Os, Az +a = A(z)b with A(z) > 0. Hence, from (17), for all: € £5 we get

AMz)b+ (Kx+g)b=0= u(x)=Kzr+9g<0. (18)
Now for all z € S defined(z) = —u(z). Then fori € {0,...,n} we have
(A+ BK)v; + Bu(v;) + (a+ Bg) = Av; +a € C;

and sou(x) solves the invariance conditions foA + BK, B,a + Bg). Now supposg A +
BK, B,a+ Byg) is not reach controllable. Then there exigsc I, such that for all € 1(0y,),
(A+ BK)v; + Bu; + (a + Bg) € C; impliesu; < 0. In paricular,a(v;) < 0. Sinceu(og,) =
Ziel(ako) a;u(v;) for somea; € (0, 1], we obtainu(og,) < 0. Using (18) this results in(oy,) = 0

and sou(ox,) = 0. Henceo,, C Es. This is a contradiction t¢A, B, a) being reach controllable;
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namely, for allx € &g, there exists € I(x) andu; > 0 such thatdv; + Bu; + a € C;. [ ]
Now we explore the second property of reach controllabitityat it suggests a decomposition
of the dynamics into those contributing to open-loop efudi and quotient dynamics. It is noted
that a complete geometric characterization of reach chalibty has not yet been obtained, but
the following result gives a first evidence that one may exist
Lemma 25:Supposedv; +a € C; for i € {0,...,n}. Also suppose there exisise £s such
thatz € cofvy, ...,v,}. Then there exists a coordinate transformatios 7 'x such that the
transformed system has the form
= A z+ “ + o u, (19
0 A, 0 by
where A; € R4, q; € R, b, € R?, A, € R"—9x(=9) gndb, € R*4 for ¢ > 0.
Proof: Definey(x) := Az + a. SinceT € &, y(T) = AT+ a =0. Thush; -y(z) =0, j €
I'\ I(z). By Lemma 14 we have

hj-Av; =0, hj-a=0,i=1,...,q, j=q+1,...,n. (20)

Now consider the coordinate transformation= 7'z, whereT = [v; --- v,]. Note thatT
is nonsingular because the verticesSfre affinely independent ang = 0. It is easily seen
that the transformed vertices arge = T-'v; for i = 0,...,n (Wheree; is the ith Euclidean
coordinate and, = 0). Also, the transformed normal vectors are; = T7h;, j = 1,...,n.
Then (20) implies that the transformed system is

Al *x a by

= z+ + . (21)
0 A2 0 b2

VII. M AIN RESULT

The following result provides constructive necessary aunfticeent conditions for solvability
of RCP in the studied setting.
Theorem 26:Consider the system (1) and suppose Assumption 8 and 20\WeltiaveS N

Fo by affine feedback if and only if
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(i) The invariance conditions (2) are solvable.
(i) BNncondOs) # 0.
(iii) (A, B,a) is reach controllable.
To prove the theorem we first require a technical lemma oneleeton ofb € BncondOg).
Lemma 27:Suppose that Assumption 8 holds. Also suppdse+ a € C; fori € {0,...,n}.
If 30+#0bec BnNncondVs), then—b ¢ BN congdOg).
Proof: Suppose not. Then for all € I,

hib < 0, jelI\I(o)

hj-(=b) < 0, jelI\I(og).

This impliesh; - b= h; - (Ao +a) =0, j € I\ I(0x), k € Io,. By Lemma 14,
hj-Av;=0,hj-a=0,i€I(oy),j €I\I(ok),k € los.

By Lemma 13 this is a contradiction. [ ]
Proof of Theorem 26:(=>) Since the invariance conditions are solvable, by Assuwnpti

20, they are solvable using = 0. Now if £&s = (), by Theorem 4,8 N Fo by affine

feedbacku(z) = 0. Alternatively, if £s # (), then by Theorem 1%s = co{oy, . .., 0,41} With

0 < Ky < k. Following Lemma 27, w.l.o.g. we can také = b € 5N condOs). By reach

controllability, for eachk € I, there existi, € I(ox) andu;, > 0 such that
Avik + Bulk +ac Czk . (22)

Selecti, € I(ox) andu;, > 0 as above. Set; = 0 for the remaining vertices af. Form the
associated affine feedbackr) = Kx+g and lety(x) := Az + Bu(z)+a. Consider any: € Es.
There exist;, > 0 with ), & = 1 such thatr = ), £,0,. Also for eachoy, there existy;, > 0

with > 7, @ = 1 such thato, = 3, ;)
existsi, € I(ox) such thatu(v;, ) > 0 and the remaining controls are zero. Then by convexity

a;, v;,. By construction, for each € I, there

y(l‘) = ng(Bu<Ok)) = Z Z ngajku(Ujk) =:eb,

k jrel(or)
wheree > 0. Thus,y(z) # 0 for all x € £s. Next consideOs \ £s. We claimy(x) # 0 for all

x € Os \ £s. Suppose not. Then thereis= ZZ.E[(E) a;v; With a; > 0 and)_, a; = 1 such that

August 1, 2011 DRAFT



18
y(T) = AT + Bu(T) + a = 0. That is

AT +a = —Bu(T) = —b Z aju; =: —b.
ieI(z)
Note thaty # 0, otherwiser € £g, a contradiction. Also;y cannot be negative sincg > 0
andu; > 0 by construction. Finally, suppose > 0. Then there must beé € I, such that
Ao; + a = \;b with \; < 0. This contradicts Lemma 22. We conclugeér) # 0 for all x € Og.
Finally, by (22) and the fact thai; = 0 for the remaining vertices, the invariance conditions
hold with u(x). By Theorem 4, = R usingu(z).

(<) SupposeS N Fo by affine feedbacki(z) = Kz +g. By Theorem 73ncondOs) #
0. Also, by Theorem 4Av; + Bu(v;)+a € C;, i € {0,...,n}. Hence, by Assumption 2@,= 0
solves the invariance conditions.gf = (), then (A, B, a) is reach controllable. Alternatively, if
Es # 0, then by Theorem 18s = co{oy, ..., 0.,+1} Where0 < ky < k. Following Lemma 27,
w.l.0.g. we can takd3 = b € BncondOs). Supposg A, B, a) is not reach controllable. Then
there exists;, € I¢, such that for alt € I(oy,), Av; + Bu(v;) +a € C; impliesu(v;) < 0. Since
u(og,) = Eiel(%) a;u(v;) for someq; € (0,1), we obtainu(og,) < 0. Thus, Aoy, + Bu(ok,) +
a = &,b with &, < 0. It follows that Ao, + Bu(ox) + a = &b with & < 0 for all & € Io,
(for otherwise by convexity there ig € co{oy | k € Ipo,} such thatdz + Bu(z) +a =0, a
contradiction. Becausdoy, + Bu(ox) + a € C(ox), we get—b € congOgs), a contradiction with
Lemma 27. [ ]

We present two examples of Theorem 26: in the first reach claility fails and in the
second it holds.

Example 28:Consider a simplexS = co{vy,...,vs}, wherevy, = 0 andv; = e;, theith

Euclidean coordinate. Consider the following affine system

1 0 1 0] [ 3] [0 ]
—3 —6 —3 —2 _5 3
T = T+ u+ (23)
0 0 —4 0 8 1
0 0 0 4 4 0|

Letb := (-3, —5,8,4). We make several observations. FilsticoneS = 0 becausé,;-b =3 > 0
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andhg - (—b) = 8 > 0, so Theorem 5 cannot be applied. Second, it can be verifigd tha

1 1
O = {IL’ER”|[L’1:{L'2:{L'4+1,{L'3:—2{L'4—|—Z}.

Settingz, = 0 in the defining equations faP, we geto; := (1,1, 1,0). Settingz; = 0, we get
09 1= (3 3.0, %) Thus,

878
Os = co{o1, 02},
where
= L —i—l —i—l +1 e F
01 = 4U0 41)1 41)2 4U3 4
1 3 3 1
0 = =—=Ug+ =V + =V + —vy € F3.

8 8 8 8

Also we have thatdo, +a =0 and Aos +a # 0, S0Es = {0 }. We observe thalim(Os) = 1,
dim(Es) =0, Os N Fy =0, andOs N S° # (). Becausen; € F, andoy € F3, we have

COHE{OS):{yGR"|h3-y§O, h4-y§0}.

Clearlyb € BncongOgs), so solvability of RCP by continuous state feedback caneotuted
out by Theorem 7. Also it can be verified that the invariancedtamons (3) are satisfied when
u = 0, so solvability of RCP by continuous state feedback canmeotubed out by Lemma 6.
Nevertheless, for the given simplé&kand system (23), RCP is not solvable by affine feedback.
This is due to the fact thatA, B, a) is not reach controllable according to the Definition 21.
Indeed Av; + a + Bu; € C; results inu; =0 for V i € I(0y).

Example 29:Consider a simplexS = co{vy, ..., v}, Wherevy, = 0 andv; = ¢;, the ith

Euclidean coordinate. Consider the following affine system

—1 1 0 1 —1 0
0o -1 1 1 0 0
T = T+ u+ (24)
-1 -1 -2 -1 1 1
0 0 0 1] |2 ] | 0 |

Letb:= (—1,0,1,2). We make several observations. FitStyconeS = 0 becausé,;-b =1 > 0
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andhs - (—b) =1 > 0, so Theorem 5 cannot be applied. Second, it can be verifigd tha

" 145z 1—x 1 -5z
0 = {IER | 21 = 1 4,1:2: 1 4,1:3: 1 4}.

Settingz, = 0 in the defining equations faP, we geto, := (1,1, 1,0). Settingzs = 0, we
geto, := (2, 2,0,2). Thus,

107 107 72 10
Os = cof{oy, 02},
where
L +1 —l—l —l—l e F
0, = -V —v - -
1 1 o} 1 1 1 2 1 3 4
1 5 2 2
Oy = —U0+—U1+—U2+—’U4€f3.

10 10 10 10

Also we have thatdo; +a = 0 and Aoy + a = %b # 0, so Es = {o1}. We observe that
dim(Os) = 1, dim(€s) = 0, OsNFy = (), andOs N S° # (). Because, € F, ando, € F3, we
have

Confios)z{ yER" | hy-y <0, h4~y§0}.

Clearlyb € BncondQOgs). Also it can be verified that the invariance conditions (3 satisfied
whenw = 0. Moreover, we can examine thafl, B, a) is reach controllable. Indeed, far2 €

I(01), we can finduy, us > 0 such thatdv; + Bu; +a € C; and Avy + Bus + a € Co. Based on
the constructive procedure given in the proof of Theoremt@@emoveo, we can inject vector

b to any of the vertices, or v,. Hence, one possibility is to selegt, i =0, ..., 4 as follows
ulzl, U0:U2:U3:U4:O

whereu; is the feedback applied at the vertex The resulting feedback ig(x) = x;. It is easy
to verify that by applying this feedback to the system (1) moikbrium appears inS. Since

the invariance conditions are also satisfied, by Theoreii 3 7 usingu(x).

VIIl. CONCLUSION

The paper studies the reach control problem for single igffime systems on simplices.
We relaxed the assumption that the state space is triaeguiaith respect to the affine set

O, the set of possible equilibria of the affine system. By idtrction of the notion of reach
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controllability, new necessary and sufficient conditiomsdolvability of RCP are provided. These
new conditions not only provide a decomposition of the dyieamisolating that part that leads

to equilibria, but also lead more directly to a synthesishuodt

REFERENCES

[1] A. Bemporad and M. Morari. Control of systems integrgtilogic, dynamics, and constraintdutomatica vol. 35, pp.
407-428, March 1999.

[2] M.E. Broucke. Reach control on simplices by continuotaesfeedbackSIAM Journal on Control and Optimizatiorol.
48, issue 5, pp. 3482-3500, February 2010.

[3] L.C.G.J.M. Habets and J.H. van Schuppen. Control of gése-linear hybrid systems on simplices and rectangtes, i
M.D. Di Benedetto and A.L. Sangiovanni-Vincentelli (Edbslybrid Systems: Computation and Control, Lecture Notes in
Computer ScienceSpringer Verlag, vol. 2034, pp. 261-274, 2001.

[4] L.C.G.J.M. Habets and J.H. van Schuppen. A control mwbfor affine dynamical systems on a full-dimensional pgdgto
Automatica no. 40, pp. 21-35, 2004.

[5] L.C.G.J.M. Habets, P.J. Collins, and J.H. van Schupp&achability and control synthesis for piecewise-affinerity
systems on simplicesEEE Trans. Automatic Controho. 51, pp. 938-948, 2006.

[6] Z. Lin and M.E. Broucke. On a reachability problem for aéfihypersurface systems on polytop&atomatica to appear
2011.

[7] B. Roszak and M. E. Broucke. Necessary and sufficient itimmgd for reachability on a simpleXAutomatica vol. 42, no.
11, pp. 1913-1918, November 2006.

APPENDIX

Proof of Lemma 10: First note that the exclusive member cannot be zero becayse b
Assumption (A4),0 is a common element of all (o), k¥ € Io,. Supposel(o;) does not
have any exclusive member. Then w.l.olgo;) C Uj;ﬂ}](oj). By Assumption (A3) we know
Uit I(0;) = {0,...,n}. Thus, Ui, (o) = {0,...,n}. Define O = cofos, ..., 0x41}. Since
Os is a simplex,0% is a (r — 1)-dimensional facet o0 intersecting the interior o. This
contradicts Lemma 9. [ |

Proof of Lemma 11:Suppose€s NS° # . If dim(E) = 0, the result follows immediately.
Instead supposédim(€) > 1. First note that the exclusive member cannot be zero bedause
Assumption (A4)0 is a common element of all(e; ), k € Ic,. Suppose by way of contradiction
that I(e;) C U3 I(e)). Since&s NS° # 0, U I(e;) = {0,...,n}. Thus, Ut I(e;) =
{0,...,n}. Define€s = co{ey, ..., €441} Sincels is a simplex.Ey is a (ko — 1)-dimensional
facet of £s intersecting the interior of. This contradicts Lemma 9. [ |
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Proof of Lemma 13: Suppose by way of contradiction that constraints (11) hottuka-
neously. First suppos&s = co{o1, ..., 04,41} With 0 < ko < k. Letz € Es andz =), fiv;
for someg; € [0,1], > .3 = 1. Using (7), (8), and (11), and ordering indices by exclusive
members of{ /(ox)}, we obtain

[+ .+ Tieg2)Brt2) 791 =0,

r =0,
2252' (25)
Fiet2)(k+2)Brt2) = 0.
Heredy, := v1. Also B3;,i = 2, ..., k+2 correspond to the exclusive memberd ¢f,), ..., I(0.41),

respectively, and3; corresponds to the indices in (6). Note that by Lemmadith(3;) > 1
i=2,...,k+2. Suppose that ofdl';;) = p; i = 2, ..., s+ 2. From the second equation of (25),
we deduce that if rany) = po, then3, = 0 for all x € Es. This means that no exclusive
members ofl (0,) appear inl(z), for any z € Es. In particular, from Lemma 109, ¢ Es, a
contradiction. Thus, rank'y;) < p,. Similarly rankT';;) < p;, i = 2,..., ko+2. This means that
(25) provides at most— (ko + 1) independent constraints to defifie. Hence dim(Es) > ko+1,

a contradiction.
Second, supposg&s = (). For eachk € Ip,, Ao, +a := N\ B and A, # 0 since&s = (). Using
(11), for eachk € Ip,,

hj-(Aog+a)=h;- (> of(Avi+a)) =0,j €T\ I(ox)
i€l(oy)

where " af =1 andaf > 0 for i € I(o;). Combining with (11), this gives

iEI(Ok)

hj~Avi:0,hj~a:0,hj~B:0, (26)

wherei € I(oy), j € I\ I(ox), andk € Io,. Now suppose: € Os andz = )", f;v; for some
B €[0,1], >, B; = 1. Let u(z) be any affine feedback that satisfids + a + Bu(z) = 0. The

same reasoning that yields (8) gives a formula
I'B+~+H"Bu(z) =0, (27)
wheres = (1, ..., Bn). Using (7), (27), and (26), and ordering indices by excleshembers of

{I(ox)}, we obtain (25) withy, := v+ H"B Y, B;u(v;). Note that we use the fact thatz) is
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affine. Suppose that off;;) = p;, : = 2, ..., k+2. From the second equation of (25), we deduce
that if rankT'y2) = po, thenBy = 0 for all x € Og, soz € dS. This contradicts Assumption
(A3). Thus, rankl’ss) < po. Similarly ranKT';;) < p;, i = 2,...,k + 2. This means that (25)
provides at most — (x + 1) independent constraints to defidg. Hence, dim(Os) > k+ 1, a

contradiction. [ ]
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