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Abstract

This paper studies the reach control problem (RCP) using affine feedback on simplices. The contributions of this paper are threefold.
First, we identify a new obstruction to solvability of the RCP using affine feedback and provide necessary and sufficient conditions for
occurrence of such an obstruction. Second, for two-input systems, these conditions are formulated in terms of scalar linear inequalities.
Third, computationally efficient necessary conditions are proposed for checking the obstruction for multi-input systems as feasibility
programs in terms of linear inequalities. In contrast to the previous work in the literature, no assumption is imposed on the set of possible

equilibria, so the results are applicable to the general RCP.
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1 Introduction

This paper studies the reach control problem (RCP) using
affine feedback on simplices. Given an affine system defined
on a simplex S, the objective in the RCP is to design a feed-
back controller such that the trajectories of the closed-loop
system leave S in finite time through a prespecified facet,
without first leaving it through other facets. The RCP has
been the subject of a great deal of research due to its funda-
mental importance in controlling a subclass of hybrid sys-
tems known as piecewise affine systems (Bemporad et al.
(2000); Rodrigues (2004); Habets et al. (2006)). Piecewise
affine systems are state-based switched systems where each
discrete mode has a corresponding continuous-time affine
dynamics. The discrete modes correspond to polytopes in
the state space. For piecewise affine systems, reach control
is at each mode to design a controller that prevents transi-
tions of the closed-loop system to undesired discrete modes,
and guarantees transition to the prespecified desired mode.
The RCP has found applications in different fields includ-
ing biomolecular networks (Belta et al. (2002)), robot mo-
tion planning (Belta et al. (2005)), aircraft control (Belta and
Habets (2006)), robotic manipulators (Martino and Broucke
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(2014)), and aggressive maneuvers of mechanical systems
(Vukosavljev and Broucke (2014)).

The first approaches to solve the RCP in Habets and van
Schuppen (2004); Roszak and Broucke (2006) lead to either
conservative sufficient conditions or bilinear inequalities that
are NP-hard. It later became evident that the (polytopic) set
of possible closed-loop equilibria in the simplex, Og, plays
a crucial role in solvability of the RCP. In particular, several
computationally efficient controller synthesis methods were
devised by imposing the assumption that Og is a face of S
(Broucke (2010); Ashford and Broucke (2013); Broucke and
Ganness (2014)). The results were extended to polytopes in
(Lin and Broucke (2011); Helwa and Broucke (2013)). In Lin
and Broucke (2011) the problem was to find a triangulation
of the polytope and an associated piecewise affine feedback
to solve the RCP assuming the system has n — 1 inputs. The
goal of (Helwa and Broucke (2013)) was to extend the results
of (Broucke (2010)) directly to polytopes by formulating the
so-called monotonic RCP. While all these works regard the
RCP, the specific problems solved and the approaches are
very different from those of this paper. In this paper we focus
on a sub-problem of the RCP regarding the ability to assign
a non-vanishing affine function on Og. We use a numerical,
optimization-inspired approach whereas the previous works
exploit system structure to arrive at analytical conditions for
solvability. Finally, a Lyapunov theory for the RCP based on
so-called flow functions (the analog of Lyapunov functions
for stability analysis) was presented in Helwa and Broucke
(2015). In this work, we do not assume existence of a flow
function, and we are interested in necessary conditions for
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solvability rather than the analysis of a given controller.

More closely related to this work, recent research has fo-
cused on the existence and structure of the equilibria in the
RCP (Semsar-Kazerooni and Broucke (2014)). The notion
of reach controllability was introduced to characterize when
closed-loop equilibria could be pushed off the simplex us-
ing affine feedback. Notions of topological and affine ob-
structions to solvability arose as necessary conditions to the
solvability of RCP (Ornik and Broucke (2015)). The term
“obstruction” is used in a similar spirit as in homotopy the-
ory - to extend a continuous (or affine) map on a simplicial
complex. The affine obstruction was studied in (Ornik and
Broucke (2015)) for the case of two- and three-dimensional
systems.

The main contributions of this paper are threefold. First, we
formulate necessary and sufficient conditions for existence
of a non-vanishing affine extension on Og. To the best of our
knowledge, this is the first result in the literature to present
an obstruction to solvability of the RCP using affine feed-
back for multi-input systems and for the most general form
of Ogs. Second, we propose graphically motivated and com-
putationally efficient necessary and sufficient conditions for
checking the obstruction on Og for two-input systems in
terms of scalar linear inequalities. Finally, computationally
efficient necessary conditions are proposed for checking the
obstruction on Og for multi-input systems as feasibility pro-
grams in terms of linear inequalities.

2 Problem Formulation

Consider an n-dimensional simplex S := co{vg, ..., v},
where vg,...,v, are n + 1 affinely independent points in
R™. Without loss of generality (w.l.0.g.) we assume vy =
0. Define Vs := {vp,...,v,} to be the vertex set of S.
Let Fy,...,F, denote the facets of S, where each facet
is indexed by the vertex it does not contain. We call Fy
the exit facet. Let hj, j € {0,...,n}, be the unit normal
vector of facet F; pointing outside of the simplex. Let 0
denote the singleton set {0}. Define I := {1,...,n} and let
I(x) be the minimal index set among {0, ...,n} such that
x €cofv; | i € I(x)}.

We consider an affine control system on S defined as
i = Az + Bu+ a, z €S, (1)

where A € R"*", g € R", B € R™*™, and rank(B) = m.
Define B := Im(B), the image of B. Let ¢, (t, o) denote
the trajectory of (1) starting at zp € S, under control input u,
and evaluated at time instant ¢. Reach control theory studies
the reachability of the exit facet F( from any initial point in

S.

Reach Control Problem (RCP). Consider the affine system
(1) defined on a simplex S. Find an affine feedback u(x) :=
Kx + g, where K € R™*™ and g € R™, such that for each
o € S there exist 7' > 0 and § > 0 such that

Fig. 1. A simplex & = co{vo,v1,v2} with vertices
Vs = {vo,v1,v2} and facets Fo, F1, and Fo2. The facet F,
i € {0,1,2}, is the convex hull of all vertices not including v;.
For each facet F;, the unit normal vector pointing out of S is
shown by h;. The cones C(v;) are illustrated attached at each v;
along with sample vectors y; € C(v;).

(i) qu(tvw()) € 87Vt € [OvT]’
(i) ¢u(T,x0) € Fo, and
(iii) ¢y (t,x0) & S,Vt € (T, T +9).

Two necessary conditions for solvability of the RCP by
affine feedback are known (Habets and van Schuppen
(2004); Roszak and Broucke (2006)). First, the velocity
vector Az + Bu(zx) + a must point inside the cone gener-
ated by S at points in the facets F;, ¢ € I. This requirement
is known as the invariance conditions (Roszak and Broucke
(20006)). For = € S, define the closed, convex cone

Cla)i={y eR" | h; -y <0, je I\ I(@)}. @

Note that iy never appears in (2) and C(z) = R” forz € S°,
where S° represents the interior of S. Figure 1 illustrates
the cones C(v;), ¢ € {0, 1,2}, attached at the correspond-
ing vertex v; to describe allowable directions for the vector
field at the vertices. Here, e.g., since I(vg) = {0}, we have
Clvg) ={y € R? | h; -y <0, j € {1,2}}. We say that
u(x) satisfies the invariance conditions if

Az + Bu(x) + a € C(x), Vx € S. 3)

A second necessary condition for the feedback u(z) to solve
the RCP is that there are no closed-loop equilibria in S, i.e.,
Az + Bu(z)+a # 0, for all z € S. It was shown in Habets
et al. (2006); Roszak and Broucke (2006) that these two
necessary conditions combined form a sufficient condition
for solvability of RCP using affine feedback. Closed-loop
equilibria of (1) can only appear in the affine space

O:={xeR"| Az +a <€ B}. 4)

Therefore, we are interested in the feedback u(x) that denies
any equilibria in the set

Os:=8N0 =cofo1,...,0,}

The intersection of a simplex S and an affine space O is
either an empty set or a A-dimensional (compact and con-
vex) polytope, where 0 < & < n and & < k. We note that



() (b)

Fig. 2. Two hypothetical scenarios in R®  with
S = co{vo,v1,v2,v3}; (@) Os = co{o1,02,03} is a simplex,
and (b) Os = co{01, 02, 03,04} is a polytope but not a simplex.

dim(Q) > m. However, as Os might not pass through the
interior of S, there is no guarantee that dim(Og) > m. We
define Vo, := {01, ...,0,} to be the set of vertices of Og.
Two examples of the set Og are shown in Fig. 2. Many pa-
pers in the literature study the RCP under the assumption
that Og is a k-dimensional face of S. Due to the critical
role of the set Os in the second necessary condition, re-
laxing the above assumptions and characterizing Ogs serve
as major stepping stones for solving the RCP. In this paper,
we introduce an obstruction to the RCP on the set of pos-
sible equilibria Og and, in contrast to the above mentioned
papers, study Og in its most general form.

For all x € Og the closed-loop vector field satisfies Ax +
Bu(z) + a € B. Therefore, since Os C S, the existence of
an affine map F' : Os — B that satisfies

F(z) € C(x), Vz € Og, (5)

is a necessary condition for the existence of an affine feed-
back u(x) that satisfies the invariance conditions (3). It is
sufficient to check these invariance conditions at vertices
of Os. Furthermore, if the affine map F' is non-vanishing
on Og, then the corresponding affine feedback produces no
closed-loop equilibria in S. The following lemma formu-
lates the non-vanishing condition on F' as s inequalities.
The proof is omitted due to its similarity to Theorem 6 in
(Roszak and Broucke (2006)).

Lemma 1 Assume that there exists a vertexmap f : Vo, —
B that is extendible on Og # () to an affine map F : Og —
B. The following statements are equivalent:

(1) The affine map F satisfies (5) and is non-vanishing.
(2) The vertex map f satisfies

f(o;) € C(0y),

(3EeR™) - flos) <O,

ie{l,...,k},
ie{l,...,k}.

It is worth mentioning that the second condition above is
equivalent to the statement that the vector field points outside
the set Os. In light of Lemma 1, in this paper we address the
following problem as a necessary condition and a stepping
stone for solving the RCP.

Problem 2 Given the set Os # (, find a vertex map f :
Vos — B such that f(o;) € C(0;), i € {1,...,Kk}, and
that there exists a vector £ € R™ satisfying £ - f(0;) < 0,
ie{l,...,k}

Based on Lemma 1, if Problem 2 is infeasible then an ob-
struction to solvability of the RCP using affine feedback
exists. For single-input systems, i.e. m = 1, an immedi-
ate consequence of Theorem 1 in Semsar-Kazerooni and
Broucke (2014) is that Problem 2 is solvable if and only if
B Ncone(Os) # 0, where

cone(Og) := ﬂ C(0;). (6)

i=1

However, this only becomes a sufficient condition in the
case of multi-input systems (see Example 13). In this paper,
we focus on solvability of Problem 2 for systems with more
than one input. Necessary and sufficient conditions for the
obstruction identified in Problem 2 are formulated in the
next section.

3 Necessary and Sufficient Conditions for Existence of
a Non-vanishing Affine Extension on Og

Let B = QR be the QR factorization of B. Since B has full
column rank, the columns of ) € R™*" form an orthonor-
mal basis for B (Golub and Van Loan (1996), p. 223), such
that Q7 Q = I, xm and QQTb = b for all b € B. Our ob-
jective is to find a vertex map f such that f(o;) € BNC(0;),
i € {1,...,k}. To this end, define the convex cone C;,
ie{l,...,k},as

Ci={weR™ | (QTh;) - w<0,jeI\I(0)} (7
= N &, (8)
JEIN\I(0;)

where H; is a closed convex cone defined as

Hi={weR™|(Q"hj) - w<0}, jelI. (9

Cones C; are analogues of the cones C(o0;) in the original
problem set-up. In fact, as B3 is mapped by into R™ by Q7T
the same mapping transforms C(o;) N B into C;. Cones H,
identify each of the possible constraints impacting C;.

Lemma 3 Let y € B. Then QTy € C; if and only if y €
BN C(Oi).

PROOF. (=) Since y € B we can write QQ7Ty = y.
Assume QTy € C;. For j € I\ I(0;), (7) yields (QTh;) -
(QTy) <0 <= hTQQTy < 0 <= h; -y < 0. Consid-
ering (2), y € BN C(0;). (<) The result follows from
arguments similar to the first part of the proof. O

If QTh; # 0 then H; represents a closed half space in R™.



If QTh; = 0 then H; = R™. Since C; is the intersection of
a finite number of half spaces it is a convex polyhedral cone,
and it can be written as the convex hull of a finite set of rays.

For each i € {1,...,k}, let the unit vectors corresponding
to these rays be v; ., 7 € {1,...,7;}. Therefore, any vector
w € C; can be written as the conic combination of v; ,,
r € {l,...,m} e, w = Y"1 A\, for some A, > 0.
Next, for i € {1,...,x}, define
T4
Ni=|J{h eR™ | h-v;, <O} (10)
r=1

Each N; represents the set of all vectors h € R™ for which
there exists a vector w € C; such that A - w < 0. In other
words, each A; contains all the vectors h for which there
exists an element w which is contained in C; and in the half-
space opposite from h. This definition may be inelegant;
however, we will soon show that it can be naturally inter-
preted in relation to the standard notion of dual cones. Note
that V; is a (not necessarily convex) blunt cone (i.e., a cone
that does not contain 0) because h € N; implies A\h € N
for any A > 0, and 0 € N;. Theorem 4 formulates a neces-
sary and sufficient condition for the obstruction described by
Problem 2 in terms of the intersection of NV;, i € {1,...,x}.

Theorem 4 There exists a solution to Problem 2 if and only

if
(Vi # 0. (1
i=1

PROOF. (=) Suppose Problem 2 is solvable, i.e., there
exist f(o;) € BNC(o;), i € {1,...,x}, and £ € R"
such that & - f(o;) < O for all ¢« € {1,...,x}. By
Lemma 3, QT f(0;) € C; and we can write QT f(0;) =
St AMviyg, for some A, > 0. Since f(o;) € B we
have QQT f(0;) = f(0;). Therefore, for i € {1,...,k},
& o) = €1QQTF0,) = (QT€) - (X7, Arvry) < 0.
Since A, > 0 for all » € {1,...,r;}, there exists 7* such
that (QT¢) - v; .« < 0. Therefore, QT¢ € N, for all
1€{l,...,k}, and (11) is satisfied.

(<) Suppose (11) holds. Since N; does not contain 0,
there exists a non-zero vector h* € R™ such that for each
1 € {1,..., Kk} there exists a vector v+ suchthat h*-v; ,» <
0. Let f(0;) == Quipr, i € {1,...,r}. Clearly, f(o;) €
B = Im(Q). Since Q" f(0;) = QTQUi,rj = viyr € Gy,
by Lemma 3, f(0;) € BN C(o;). Next, let & = Qh*.
Then for i € {1,...,x}, £ f(0oi) = (Qh*) - (Quiyr) =
h*TQTQ’Ui’T; =h*- Vi, r* < 0. d

To the best of our knowledge, Theorem 4 is the first re-
sult in the literature that provides a necessary and sufficient
condition for solvability of Problem 2 for multi-input sys-
tems and for the most general form of the set Og. However,
since the cones N are not necessarily convex, condition

(11) in Theorem 4 leads to a non-convex feasibility prob-
lem. Nonetheless, assuming that (11) is satisfied and a vec-
tor h* € ﬂle N; is known, Problem 2 can be formulated
as a computationally efficient feasibility program in terms
of linear inequalities, as shown in the next corollary.

Corollary 5 Suppose there exists a vector h* € (\_, ;.
The vertex map f(0;) = Qw;, © € {1,..., K}, is a solution
to Problem 2, where w; always exists and is a solution of
the following feasibility program:

find w; € C;

subject to hw; < 0. (12)

PROOF. Suppose h* € (N, N;. Considering (10), for
eachi € {1,...,k}, there exists v} € {1,...,r;} such that
h* - v;,rx < 0. Therefore, optimization program (12) is al-
ways feasible since clearly v; - € C;. Since QTQuw; =
w; € C;, by Lemma 3, f(0;) = Quw; € BN C(o;). For
i € {1,...,k}, observe that h* - w; = h*TQTQu; =
(Qh*) - (Qw;) < 0. Define & := Qh* € R". Therefore,
¢ - f(o0;) <0, which completes the proof. O

The necessary and sufficient condition in Theorem 4 is based
on the cones N;, which are not necessarily convex. Instead,
it is appealing to reformulate the necessary and sufficient
condition (11) in terms of the more standard notion of the
dual cones, which are convex. This new dual formulation
simplifies the presentation of the results in the following
sections of the paper. To this end, note that the dual cone
of a cone C' € R" is defined as (Boyd and Vandenberghe
(2004))

C*:={yeR"|y-c>0,Vce C}. (13)

Since every vector in C; is a conic combination of the vectors
Vi, m€{1,...,1;}, the dual cone of C;, i € {1,..., K}, is
written as

Ci={yeR"|y-v,,>0,Vr=1,...,m}. (14)

Corollary 6 There exists a solution to Problem 2 if and only

if
Uer #rm (15)

i=1

PROOF. Considering (10) and (14), it is easy to see that
N; = R™\ C}. Therefore,

K

(N =N®"\c)=r"\[Jc. @6
=1 i=1

=1

Thus, conditions (11) and (15) are equivalent. O

Corollary 6 presents necessary and sufficient conditions for
the obstruction identified in Problem 2 as a compact and



plausible cone condition. According to Elbassioni and Ti-
wary (2011), however, determining if the union of a set of
polyhedral cones covers R™ is an NP-complete problem.
Therefore, Corollary 6 (and analogously Theorem 4) can-
not be efficiently solved using optimization software. In the
rest of the paper, we present computationally efficient con-
ditions for solvability of Problem 2. In particular, (i) for
two-input systems, necessary and sufficient conditions are
presented in Section 4 in terms of easily verifiable convexity
relations, and (ii) for general systems, necessary conditions
are presented in Section 5 as feasibility programs in terms
of linear inequalities. The results of Sections 4 and 5 can be
easily programmed and solved using available optimization
software.

4 Two-input Systems

This section is focused on two-input systems, i.e., systems
for which B is a 2-dimensional sub-space of R”™. This allows
us to present a graphical representation of Corollary 6, and
propose computationally efficient necessary and sufficient
conditions for solving Problem 2 for two-input systems. To
this end, consider (8) where C; is defined as the intersection
of a set of closed convex cones H;. According to Theorem 2

in Sandgren (1954), for ¢ € {1,...,k} we can write
c;:co{ U Hj}zcﬂ}ﬁ|j€[\]@ﬂh (17)
JEINI(04)

where H is the dual cone of H;. The set I} is either a ray
or the singleton 0, as proved in the following lemma.

Lemma 7 IfQThj = 0 then H? is a ray given by H; :=
{—aQTh; | a > 0}. Otherwise, Hr =0.

PROOF. Considering (9) and (13), for all 5 € I, we can
write

Hi ={y|y -w>0, Vwe Hy;} (18)
={y|y-w>0, Vwst —(QThj) w>0}.

IfQThj:OthenH;‘:{y\y'wZO, VYwe R™} =0.
Next, assume QTh; # 0. Any vector ay*, where y* =
—QTh;, lies in H? if and only if o > 0. We claim that
any vector y that is not collinear with y* does not lie in
HY. Wlo.g, lety := By* + Biy], where y* -y = 0,
yi # 0, 8,61 € R, and B, # 0. Equation (9) yields
y%t € Hj and —y* € H;. However, y -y} = 81|y} |? and
y-(—y%) = —B1|y} | Therefore, either y-y* ory-(—y?%)
is less than zero. Hence, by (18), y ¢ H. O

W.lLo.g., by reordering indices, assume QTh; # 0, j €
{1,...,n'}, where 0 < n/ < n. Now assume the system has
two inputs, i.e., assume m = 2. W.l.o.g., by reordering in-
dices j € {2,...,n}, assume therays HY, j € {1,...,n},

- Hj
\cof{ H, H3}
B Hy . | -
/ N o NH
0 [ P
(a) (b) (c)

Fig. 3. The graphic corresponding to the proof of part (i) of
Lemma 8. The set co{O U (U, <<, H;)} is equal to (a) the
singleton 0 (if n’ = 0), (b) the ray Hi (if n’ = 1), or (c) the cone
co{H{, H5} (if n’ = 2).

are arranged in clockwise order (see Fig. 4 for an exam-
ple). Let Hy := H, and define —H; = {y | —y € H}},
j €{0,...,n'}. The following lemma presents three special
cases where the obstruction described by Problem 2 does
not exist.

Lemma 8 Suppose the affine system has two inputs. Prob-
lem 2 is solvable if one of the following conditions is satis-

fied.

G n <2
(i) 35 €{0,...,n" — 1} such that H}.; = —H.
% / X % * *
(i) 35* € {0,...,n'~1} suchthat H} C co{H}., H}. 1},
vie{l,...,n'}

PROOF. (i) Assume n’ < 2. Considering (17), we have
Cr € cof0 U (Uyjcn H)} i € {1,...,k}. Hence,
Uiz1 € € co{0U(U, <<, H;)}. Considering Fig. 3, the
set co{0 U (U;<;<, Hj)} is equal to the singleton O if
n' = 0,theray Hy if n’ = 1, or the cone co{ Hy, Hi} # R™
if n’ = 2. Therefore, there always exists a vector h* ¢
co{0U (U, <j<, H;)} and, by Corollary 6, Problem 2 is
solvable.

(ii) Assume there exists j* € {0,...,n" — 1} such that
H?.., = —Hj.. Since the rays are arranged in clockwise
order, all rays H7, j € {1,...,n'}, lie in the same side of
the line H7. U H /.4, in a closed half-plane P (see Fig. 4).
Considering (17), the cones C}, i € {1,...,k}, are subsets
of P. Hence by Corollary 6, Problem 2 is solvable.

(iii) Assume there exists j* € {0,...,n’ — 1} such that
Hy C co{H}.,H}. 1}, Vj € {1,...,n}. Hence, con-
sidering Lemma 7, each vector —QThj, j e {1,..,n'},
can be written as a conic combination of the two vectors
fQThj* and fQThj*H. Recall that the indices were re-
ordered w.l.o.g. such that QTh; =0, j € {n' +1,....,n}.
Furthermore, according to (17) and Lemma 7, any vector
in C; can be written as a conic combination of the vectors
—QTh;j, j € I\ I(0;). Therefore, any vector in C; can be
written as a conic combination of the two vectors —QT hj=



- J*+1
-
h* o
-
T H:
-
*
P Jr+2
-
7N *
-7 N <o
PR AN
- ’ \ ~
- , N ~
H* .7 L7 o 4 o \ >
g O HL = H;
7 S _—
J* y AN n’ 0
7’ * \
i *
Hj. H;

Fig. 4. The graphic corresponding to the proof of part (ii) of
Lemma 8.

H* ‘/ NOpTE
J*—1 Hl

Fig. 5. The graphic corresponding to the proof of part (iii) of
Lemma 8 and the second part of Theorem 11.

and —QT hj- 1, which yields C;' C co{H}., H}. ,}. Pick
a vector h* ¢ co{H}., H}. 1} Clearly, h* ¢ C/, i €
{1,...,k} (see Fig. 5). Therefore, by Corollary 6, Problem 2
is solvable. O

The results of the following Lemma are used to address the
case where none of the conditions in Lemma 8 is satisfied.

Lemma 9 The following statements hold for two-input sys-
tems.

(i) The dual cones C¥, i € {1,...,k}, are convex and
their boundaries are among H}, j € I.

(i) If Ul co{ HY Hyy} = R, then [, Cf = R? if
and only if each co{ H}, H} 1}, j € {0,...,n" — 1},
is contained in some C;.

PROOF. (i) This can be verified by (17) and Theorem 2 in
Gerstenhaber (1951).

(ii) (<=) Assume each co{H;, H7,,},j € {0,...,n —1},
is contained in some C;". Then, using the assumption in part
(ii) of the lemma, R? = U;L/:BlcO{H;, Hiy < UL, G
ie. U, Cr =R~

(=) Let Ule C: = R2. Now assume there exists
J* € {0,...,n" — 1} such that co{H}., H}. .} € Cf,
i € {1,...,k}. Since the boundaries of C; are among H}

(part (i) of the lemma) and considering the fact that H j*

Fig. 6. In this example H; C Cj, but 1 ¢ J4, because in this
hypothetical scenario I(01) = {0,4} and I = {1,2, 3,4}.

and H ]* 41 are in consecutive (clockwise) order, we can

conclude that the intersection of co{H., H .} with C},

i € {1,...,k},is either O or any of the rays H}. or H}. ;.

Hence, there exists a vector h* € co{Hj., H}. } such

that h* ¢ C¥,i € {1,...,k}, which is in contradiction with
K * 2

Uiz €7 = R =

Based on Lemma 9, if the union of convex hulls
U;-‘/:Blco{H ¥, Hj 1 } covers the whole space, then | J/_, C} =
R? if and only if each convex hull co{H}, H7,,} is con-
tained in some C;. Furthermore, according to Corollary 6,
Problem 2 is infeasible if and only if the union of the cones
C; covers R2. In other words, if U;?/:Blco{Hj, H )} =R?
Problem 2 is infeasible if and only if each pair of rays H7
and H J* 1 18 contained in some C}. Thus, we need to know
each ray H}, j € {1,...,n'}, is contained in which cones
Cr,ie{l,...,k}. To this end, for j € {1,...,n'}, define
Ji={ie{l,...,k}|je I\I(0;)}. (19)
Considering (17), if ¢ € J; then H J* C Cr. However, there
may exist j* and ¢* such that HJ* C C} but i* ¢ Jj.
For example, assume I = {1,2,3,4} and I(0o;) = {0,4}.
Let the rays H3, H3, and H} be as shown in Fig. 6. Here,
H; CCf,butl ¢ Jy. Therefore, we should update the sets
Jj by adding new indices ¢* that satisfy H; C C7.. Note that
if C} contains the rays H and H , then by convexity C;
contains any ray Hj C co{Hj , H},}, where ji,j2,j3 €
{1,...,n'}. Based on this fact, Algorithm 10 updates the
sets J; and stores them in new sets jj The members of
each set j] are indices i € {1,...,r} such that H; C C;.

It J; N Jje1 # 0 forall j € {0,...,n" — 1}, then there
exists some ¢* such that H, H7,; C C/. and thus the union
of the cones C; covers R?. The following theorem presents
computationally efficient necessary and sufficient conditions
for checking the obstruction associated with Problem 2 for

two-input systems.

Theorem 11 Suppose the affine system has two inputs and
none of the conditions in Lemma 8 is satisfied. Let the in-
dex sets jj forall j € {0,...,n'} be computed as in Al-
gorithm 10. Problem 2 is solvable if and only if there exists
j*€A0,...,n — 1} such that jj* n jj*—&-l = (.



Algorithm 10
Ji=J,je{l,...,n'}

for ji,jo,j3 € {1,...,n'}
if 07 C co{ L H Y
J]3 = JJ3 U (J;, NJj,)
end if
end for
Jo = Jns

PROOF. (=) _Suppose there exists j*e{0,...,n =1}

such that J OJJ +11 = (). We study the follow1ng two cases
separately: (l) H. = H}. ., and (ii) H3. +H g1

(i) Assume Jj- N Jj-41 = 0 and HY. = HY. . We claim

J
Jp=0, ¥ e{l,... 0} st. H. = Hiyy = H.

’ (20)
Suppose not. Let J; # (). Since H}. = HJ* 1 =
co{H oy Hi Algorrthm 10 guarantees that Jjr is added to
J « and JJ «41. This yields J ﬁJ] +11 # 0, a contradiction.
Therefore (20) holds. By (19) observe that (20) implies

Bie{l,....k}stj €I\I(o), H. = Hi\ = H}.

1)
Next, for I1,1s € {1,...
HY. =H:,, Ceo{Hf Hi} = J,NJy, =0. (22)

J
Suppose not. Then Algorrthm 10 guarantees that Jll NJi, #

0 is added to J;« and J;« 1. This yields J;- N Jjey1 # 0, a
contradiction. Therefore (22) holds. By (19) observe that

Jll ﬂJ12 =0 = /EZ € {1,...,%} s.t. l1,1s € I\I(Ol)

(23)
The sets Cf, i € {1,...,k}, are m’-dimensional cones,
where 0 < m/ < 2. By (17), a 1-dimensional cone C; is the
union of some linearly dependent rays HY, j € I\ I(0;).
Since by (21), no index j’ € {1,...,n'} such that H}, =
HY. = Hj.,, appears in a set I \ I(0;), i € {1,...,k},
theray H;. = H., cannot be a subset of a 1-dimensional
cone. Furthermore, a 2-dimensional cone C; is the convex
hull of the union of rays H} and H , ji,j2 € I\ I(0:).
Combining (22) and (23), however, it H:. = HJ.  lies in
the convex hull of two rays H}' and Hj , then there is no
index i € {1,...,k} such that l1,l3 € I\ I(0;). Therefore,
theray H. = H. , cannot be a subset of a 2-dimensional
cone erther Hence, H}. = HY. ., € |J;_, C; and, accord-
ing to Corollary 6, Problem 2 is solvable.

,n'}, we claim

(ii) Assume J N Jj «y1 = 0 and Hf. # Hj..,. Pick
any vector h* in the relative interior of co{H Lo HT )
(note that since condition (ii) in Lemma 8 is not satrs-
fied, the rays H7. and H. ., are linearly independent and
the relative interior is non empty). We prove by contra-
diction that h* ¢ |J_, C;. Assume h* € C}. for some

Fig. 7. The graphic corresponding to the proof of the first part of
Theorem 11.

i* € {l,...,k}. Since h* € C. and h* ¢ H}, j €
{1,...,n'}, by (17), C% is a 2-dimensional cone Using
(17), there exist Iy, € {1,...,n’} \ I(0;~) such that h* €

co{H} ,H} } C C, where H} and Hj are two linearly
independent rays. Notice that i* € J, ﬁ Ji,. Since h* €

co{H;;, Jep1t Neo{Hy  Hy b # 0 (see Fig. 7) and HJ.
and H «,1 are in consecutive (clockwise) order, we have
co{H}L,HJ’ZH} C co{H} , H }. Therefore, Al~gorithn1 10
guarantees that ¢ is added to the sets J;- and Jj«4 1. This

contradicts J;- N J;«4; = . Hence, h* ¢ UL, C; and,
according to Corollary 6, Problem 2 is solvable.

(=) First, we claim that U;.‘:BI co{H;, Hj,} = R™
Suppose not. Then there exists a ray h* € co{H}, H} ,},
J €10,...,n'—1}. Let HY. and H. , be the rays that have
the smallest angular distance to 2™ on each side (see Fig. 5).
Since h* and the relative interior of co{H}., H}.;} have
no points in common, there exists a line E that separates
them. Since the rays are arranged in clockwise order, all the
rays HJ* j €41,...,n'} lie in the same side of the line L,
i.e., all the rays lie in an open half-plane. Therefore, H j* -
co{H., H}. 4}, Vj € {1,...,n’}, and condition (iii) in
Lemma 8 is satisfied, which is a contradiction.

Now, suppose Problern 2 is solvable. According to Corol-
lary 6, U, C; # R™. Suppose by way of contradiction

J; N Jj41 # 0 forall j € {0,...,n' — 1}. Therefore, for
eachj € {0,...,n’ — 1}, there exists i* € {1,...,x} such
that j,j + 1 € I\ I(0;-). By (17), co{ I, H',,} C C;-.

Therefore, U?::f co{H}, Hy, 1} € Ui, Cf, which is a
contradiction because | J;_, C; # R™ and we showed in the

previous argument that U;.L:Bl co{lHf,H;,} =R™ O

Remark 12 (Computational complexity) It was assumed
that the rays H, j € {1,...,n'}, are arranged in clockwise
order. The time complexity of efficient sorting algorithms
is known to be in O(nlogn) Knuth (1998). Lemma 8 re-
quires verification of three conditions: condition (i) is triv-
ially checked in constant time. Conditions (ii) and (iii) re-
quire at most O(n) and O(n?) operations, each of which
can be formulated as scalar linear equalities or inequalities.
Algorithm 10 contains, at worst, O(n3) repetitions of a set
union and intersection operation. Thus, the total complexity
of Algorithm 10 may vary depending on the data structure
used in the implementation, but it can certainly be bounded



by O(n*). Theorem 11 has the same computational com-
plexity.

Next, we use the results of this section to solve Problem 2
for an affine system with two inputs. Example 13, which
is four-dimensional as by Ornik and Broucke (2015) lower-
dimensional examples will not be particularly illustrative,
is important for two reasons. First, it shows that the neces-
sary condition proposed in Semsar-Kazerooni and Broucke
(2014) for single-input systems, i.e., B N cone(Og) # 0O,
where cone(Qg) is defined in (6), is not a necessary con-
dition for solvability of Problem 2 for multi-input systems.
Second, as mentioned earlier, since Og is not a face of S,
previous results in the literature cannot address the solvabil-
ity of the RCP in Example 13, without resorting to some
triangulation of S.

Example 13 Consider a simplex S = co{vg,...,v4} C
R?, where vl = [0 00 0], and for j € T := {1,2,3,4},

define v; := ej, the ™ Euclidean basis vector. Therefore,
h; = —e;, j € I. Let the parameters of the affine system
(1) be
-8 —82 -6 -3 -1 0
4 16 0 4 3 2 1
A=ty 004" B2 1] o
-4 2 00 0 —1 0

Based on (4), it is easy to verify that

~816 4 0] [0

o5 % 5[]}
and Os = cof{o01,02,03}, where 0y = (0,0,0,%), 0y =
(1,0,3,0), and o3 = (3, ,0,0). Note that I(0o1) = {0,4},
1?02) ={0,1,3}, and I(03) = {0,1,2}. The QR factoriza-
tion of B is computed as

o [064 064043 0 T [-4.69 —2.35
T |-041 —041 0 o082] T

The cones C;, i € {1,2,3}, are shown in Fig. 8(a) and
it is easy to see that their intersection is the singleton 0.
Using Lemma 3, we conclude that B N cone(Os) = 0.
Next, we use Theorem 11 to solve Problem 2. This will
show that the necessary condition proposed in Semsar-
Kazerooni and Broucke (2014) for single-input systems,
i.e., BNcone(Ogs) # 0, is no longer necessary for two-
input systems. Note that QTh; # 0 for all j € I and
the rays H7, j € I, are already in clockwise order as
illustrated in Fig. 8(b). It is easy to see that J, = {1},
Jy = {1,2}, J3 = {1,3}, and Jy = {2,3}. Next, Algo-
rithm 10 yields J; = {1}, J» = {1,2}, J3 = {1,2,3},
and Jo = Jy = {2,3}. Since Jy N Jy = 0, by The-
orem 11, Problem 2 is solvable. This is also in accor-
dance with Corollary 6, since Ule C; # R? as shown
in Fig. 8(b). Next, we use Corollary 5 to compute a
vertex map f : Vo, — B that solves Problem 2. Con-
sider the vector h* = [1.5 0.42]7 € co{H}, H}}.

(’):{xER4

0 —-1.22|°

V2,2 U3>2u

Co

V2,1 and 3,1

'U1’1" HS

(a)

Fig. 8. The graphics corresponding to Example 13. The rays are
shown with dashed lines, the vectors are shown with solid ar-
rows, and the cones are illustrate by blue arcs. (a) the cones
Ci, © € {1,2,3}, and (b) the corresponding dual cones C;,
i € {1,2,3}. vi,1,v;,2 are the boundary rays for cones C;.

Clearly, h* ¢ U?Zl C! and, by (16), h* € ﬂ?zlj\/; Solv-
ing (12), we find the following feasible vectors: w1 =
[-33.6 —120.46]T € Cy, wy = [-67.71 35.1]7 € Cy,
and w3 = [—90.59 47.59]7 € Cs. The corresponding
closed-loop vertex map f(0;) = Qu; i € {1,2,3}, is
then computed as f(o1) = (27.69,70.67,14.33, —98.36),
flos) = (—57.64,28.98,28.87,28.66), and f(03) =
(—77.37,38.51,38.63,38.86). We can use the vertex map
f to find an affine feedback u(x) = Kx + g such that
the closed-loop vector field is non-vanishing on Og and
satisfies Ax + Bu(z) + a € C(x), x € Os. To this end,
the vertex map f is extendible on Og to the affine map
F = Kpx + gr, where

—933.52 2.8 148 55.37 0
o _ | 11211 086 —0.09 139.34 B
F= 111521 1.36 0.14 2866 |9~ |o

113.41 6.34 0.61 —196.71 0

Note that K = A+ BK = A+ QRK and gr = Bg +
a = QRg + a. Hence, the affine feedback controller gains
K = R'QT(Kr — A) and g = R7'Q"(gr — a) are
computed as

o [11431 —215 038 —86.03] [0
= |—117.41 —4.34 —0.61 196.71 | 97 |o|"

It is easy to verify that the closed-loop affine sys-
tem defined over simplex S satisfies the conditions
in Corollary 9 in Roszak and Broucke (2006) with
¢ = —[5.37 5.83 0.87 5.27|T. Therefore, the RCP is
solvable even though B N cone(Og) = 0.

5 Computationally Efficient Necessary Conditions for
Existence of a Non-vanishing Affine Extension on Og

In this section, we present necessary conditions for solvabil-
ity of Problem 2 as a feasibility program in terms of linear
inequalities. Feasibility problems subject to linear inequal-
ities can easily be programmed and solved using available



optimization software. In contrast to Section 4, the neces-
sary conditions are applicable to all systems regardless of
the number of inputs.

Let Z be an (m + 1)-subset of {1,...,x}, i.e. Z is a subset
of {1,...,k} with m + 1 elements. For each i € Z, let
Ez(0;) € I(0;) be the set of non-zero exclusive members
of I(0;) in the set |J;,. I(0;), defined as Ez(o;) := {l €

I(0;) | L & I(05), Vj €T, j+# i}\{0}. Next, define Sz to
be the set of non-zero shared vertices in Uiez 1(0:) given by

se= (Ut)\ (UBzou ). e

i€L i€l

The following lemma is used in the proof of the main result
of this section.

Lemma 14 Each ray H;, j € 1 \ Sz, is contained in all,
except (potentially) one, cones Criel

PROOF. Equation (24) yields I\ Sz = (I \ U;c7 (0:)) U
(U,ez Ez(0;)). First, assume j € I\ J; 7 I(0s). Since
I\UzeI (o) € I\ I(0:), 7 € Z, (17) yields H; C C,
i € ZI. Therefore, each ray H}, j € I\ U,z ( 0ir), 18
contained in all m + 1 cones C}, ¢ € Z. Second, assume
j € Ez(o4), ¢ € Z. Since

Ezr(oy) CI\I(0;), i €I, ieT\{i'},
(17) yields Hy C Cf, i € T\ {i'}. Therefore, each ray H?,

j € Ez(oy), i € Z, is contained in all cones C}, i € Z,
except potentially C};. This completes the proof. O

Given the set Z, let the cone M7 be defined as
Mz:={yeR"|h;j-y<0, jeI\Sz} (25)

The next result shows that if B is not of sufficiently high
dimension, and there are no non-zero vectors lying in BN
M7, then the obstruction described by Problem 2 exists.

Theorem 15 Assume 1 < m < k and let T be an (m + 1)-
subset of {1,...,k}. If Problem 2 is solvable, then B N
Mz #0

PROOF. By way of contradiction, assume Problem 2 is
solvable, but B N M7z = 0. Define the cone M7 as

Mz :={w e R™ | (QTh;)-w <0, jeI\Sr}
- ﬂ H;,
JEI\Sz

where H; is defined in (9). Similar to Lemma 3, it is easy

to show that if y € B, then QTy € Mz if and only if
y € BN Mz. By assumption, B N Mz = 0. Therefore,

Mz = 0, and M% = R™, where M is the dual cone of
Mz. Using Theorem 2 in Sandgren (1954), we can write

M}:co{ U H;‘}:co{H;‘jEI\SI}.

jGI\SZ

Based on Theorem 3.2 in Beck and Robins (2007), the m-
dimensional cone M3 can be triangulated into simplicial
cones, where each simplicial cone is defined as the convex
hull of precisely m linearly independent rays H, j € I\ Sz.

Therefore,

M = Uco{ U H;}, (26)

TIm JETm

where ., is an m-subset ' of | \ S7. Evidently, not all m-
subsets of I\ S7 might consist of linearly independent rays,
however, their union is equal to M. Consider the rays H,
Jj € Tm C I\ Sz.Now, letusnote |[Z| = m+1 > 2. Hence,
from Lemma 14, there exists at least one ¢* € Z such that
H J* C C}., j € Jm- Since dual cones are convex, we also
have co{lJ;c 7, H;} C Cj.. Now, (26) yields

M}zUco{ U H;‘}g OCL*
i=1

\7’"L .] e ‘-77”

Since M% = R™, we have |J{_, C; = R™. Therefore,
according to Corollary 6, Problem 2 is unsolvable, which is
a contradiction. O

Based on Theorem 15, if Problem 2 is solvable, the cone
condition BN Mz # 0 must hold for any (m + 1)-subset of
{1,...,k}. The number of (m + 1)-subsets of ~ elements
is given by the binomial coefficient. Therefore, Theorem 15

presents sets of necessary conditions for solvabil-

K
+1
ity of Problem 2. These conditions rely on determining an
intersection of up to n half-spaces in R, which was shown
in Brown (1978) to be equivalent to the multi-dimensional
convex hull problem. This problem can be solved in time
polynomial in n. One of the algorithms was given in Skiena

(2008), with the worst case complexity of O(nl™/21+1),

We finish this section with an interesting special case where
the familiar condition BNcone(Os) # 0 (Semsar-Kazerooni
and Broucke (2014)) emerges from Theorem 15 as both a
necessary and sufficient condition.

Assumption 16 Any shared vertex index j € I is shared by
all 1(0;), 1 =1,...,k

Corollary 17 Suppose Assumption 16 holds and 1 < m <
k. Problem 2 is solvable if and only if B cone(O ) # 0.

! Since the convex hull of rays H 7, J € I\ Sz, covers the whole
space R™, the cardinality of the set I\ Sz is greater than or equal
to m.



PROOF. (=) From (6) we can write

cone(Os) = () Clos) = (| hy -y < 0. j € T\ I(01)}

=1
={ylhj-y<0, je[I\I(o1)]U---U[I\I(ok)]}
={y|hj~y§07 jEI\[I(O1)ﬂ-~-ﬂ[(0,{)]}-(z7)

Suppose Assumption 16 holds. Then for any set Z defined as
an (m + 1)-subset of {1, ..., k}, the set of non-zero shared
vertices Sz can be written as Sz = I(o1)N---NI(o0,)\{0}.
Thus, I\ [I(o1) N---NI(ox)] = I\ Sz. Therefore, (25)
and (27) yield cone(Os) = Mz. The result follows from
Theorem 15.

(«<=) Problem 2 is trivially solvable by setting f(o;)

=Y
for any 0 # y € BN cone(Og). O

6 Conclusions

In this paper, we introduced a new obstruction to solvabil-
ity of the RCP on a simplex using affine feedback, and we
provide necessary and sufficient conditions for occurrence
of the obstruction. These conditions can be formulated as
scalar linear inequalities for two-input systems. Finally, we
proposed computationally efficient necessary conditions for
checking the obstruction for multi-input systems as feasibil-
ity programs in terms of linear inequalities.
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