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Monotonic Reach Control on Polytopes

Mohamed K. Helwa and Mireille E. Broucke

Abstract

The paper studies the problem of making an affine system defined on a polytopic state space

reach a prescribed facet of the polytope in finite time without first leaving the polytope. The focus is

on solvability by continuous piecewise affine feedback, and we formulate a variant of the problem in

which trajectories exit in a monotonic sense. This allows to obtain necessary and sufficient conditions

for solvability in certain geometric situations. Next, we show that, generically, solvability via arbitrary

triangulations is equivalent to monotonic solvability. In contrast with existing simplex-based methods,

this provides an avenue for reach control on polytopes that does not depend on the choice of triangulation

of the polytope.

I. I NTRODUCTION

We study the reach control problem (RCP) for affine systems on polytopes. The problem

is to design a feedback to force closed-loop trajectories starting anywhere in a polytopic state

space to leave the polytope from a prescribed exit facet of the polytope in finite time [10],

[11]. Unlike previous work, here it is not required that trajectories leave the polytope at the first

time they reach the exit facet. The problem sits within a family of reachability problems for

hybrid systems [3], [2], [16], [9]. A hybrid system is a dynamical system that combines both

discrete event and continuous time behavior [16], [9]. In the last decade hybrid systems have

received special interest for the reason that they more accurately capture the complex models

and specifications faced in industry. Our interest lies on a special subclass of hybrid systems,

piecewise affine hybrid systems [20], [21], [1], [2]. A piecewise affine hybrid system consists

of a discrete automaton such that each discrete mode is equipped with its own continuous-time

affine dynamics defined on a polytope. When the continuous state crosses a facet of a polytope,
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the system is transferred to a new discrete mode. The reachability analysis for piecewise affine

hybrid systems at the continuous level reduces to studying RCP for an affine system on a polytope

[12].

The most definitive results on RCP are focused on reach control on simplices by affine

feedback [12], [19], [5]. Results for polytopes come in one of two forms. Either one must

perform a triangulation of the polytope and apply simplex-based reach control methods [12],

[19]. Alternatively, one may impose conditions so that the design can be carried out in two

independent steps: first one assigns control inputs at the vertices of the polytope guaranteeing

propitious closed-loop behavior; second, one selects any triangulation of the polytope and one

forms a (continuous) piecewise affine feedback based on the vertex control values of step one.

The distinction between these two approaches is that simplex-based methods require stronger

conditions on the vector field at the vertices of the triangulation; for instance, closed-loop

trajectories can only exit from one exit facet of a given simplex. Instead, the second approach

imposes weaker conditions at the vertices; for example, trajectories could exit from more than

one exit facet of a given simplex. The penalty for the more relaxed requirements of the second

method is that trajectories may not actually achieve the specification to exit the polytope. To

guarantee this, an extra, exogenous condition must be added. We study the relative merits of

the two approaches, and we find both theoretically and via examples that the two methods

are complementary. The investigation highlights that new research is needed to understand

triangulation in control problems.

Past research on reach control on polytopes has either required strong sufficient conditions

or restrictive assumptions on the system dynamics [11], [15]. This paper initiates a study of

the reach control problem in which such restrictions are removed; instead geometric properties

of the system are exploited to the best possible extent. In particular, the placement ofO, the

set of possible equilibria, relative to the polytopeP plays a key role, and in certain cases,

clear necessary and sufficient conditions can be obtained which remove the conservativism

or restrictiveness of previous work. We then formulate themonotonic reach control problem

(MRCP) where it is required that trajectories exit the polytopic state space in a monotonic sense

relative to a foliation of parallel hyperplanes. This notion of monotonic solvability is shown to

be generically equivalent to solvability of RCP by piecewise affine feedback using any choice

of triangulation ofP. The latter is particularly useful when triangulation is performed by a
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standalone software not adapted to control problems.

The paper is organized as follows. In the next section we bring into focus the contributions

of the paper relative to the literature. In Section III we review the reach control problem on

polytopes, particularly summarizing preliminary definitions and results. Section IV includes

necessary conditions for RCP on polytopes. In Section V we explore the extent to which existing

results for simplices carry over to polytopes. In Section VI we formulate the monotonic reach

control problem (MRCP) on polytopes. Section VII shows the relationship between MRCP and

solvability of RCP by arbitrary triangulation. In section VIII we present an algorithm for the

solvability of MRCP by continuous piecewise affine (PWA) feedback. In Section IX several

examples are given illustrating the findings of the paper.

Notation. Let K ⊂ Rn be a set. The closure isK, and the interior isK◦. The symbolU

represents a control class such as open-loop controls, continuous state feedback, affine feedback,

or piecewise affine feedback. The notation0 denotes the subset ofRn containing only the zero

vector. The notationB denotes the open ball of radius1 centered at the origin. The notation

co {v1, v2, . . .} denotes the convex hull of a set of pointsvi ∈ Rn. Finally, TP(x) denotes the

Bouligand tangent cone to setP ⊂ Rn at pointx.

II. CONTRIBUTIONS

The paper develops control methods for reach control on polytopes. Existing results have

focused on PWA feedbacks [11], [12], [15] because of their natural fit with polytopes (any

polytope can be triangulated) and because using PWA feedbacks allows to build on the results

for simplices using affine feedbacks [12], [19]. More recently there has been a quest to find

the largest class of feedbacks to solve RCP [15], [5]. This paper extends these results along

several lines. First, [15] aims to find a feedback class that solves RCP whenever open-loop

controls do. To carry out this program, one must first identify necessary conditions for solvability

by open-loop controls. In the literature necessary conditions are available only for continuous

state feedbacks [11], or for open-loop controls, but only restrictive classes of systems [15]. We

present three necessary conditions. First, the so-called invariance conditions which guarantee

that trajectories do not leaveP from non-exit facets are necessary for solvability by continuous

state feedback, but we show by way of a counterexample that this is not so for polytopes; also,

we clarify when the invariance conditions are necessary for solvability of RCP on polytopes.
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Second, we present a geometric necessary condition for solvability of RCP by continuous state

feedbacks associated with circumventing equilibria at the vertices. Finally, the paper presents

a third necessary condition regarding a topological obstruction to reach control by continuous

state feedbacks. We present the result only for single input systems; the extension to multi-input

systems is difficult and is an open area of research.

Armed with a set of necessary conditions, we begin a study of RCP following the point of

view of [5]. The invariance conditions are taken as a necessary first computational step for

solving RCP by continuous state feedback. Then we ask, given a continuous PWA feedback

that satisfies the invariance conditions, what additional conditions are needed to guarantee that

either (i) there is no closed-loop equilibrium in the polytope, or (ii) closed-loop trajectories exit

the polytope? Whereas for simplices the two questions are the same [12], [19], for polytopes

they are distinct. In particular, the statement “if there are no closed-loop equilibria in P, then

trajectories exit P” is not known to hold for polytopes. The reason is that equivalence of (i) and

(ii) relies on the convexity of the closed-loop vector field. Convexity is preserved with affine

feedback (on simplices) but not PWA feedback (on polytopes).

The next contribution of the paper is to formulate a restricted version of RCP called the

Monotonic Reach Control Problem (MRCP). It explicitly incorporates a flow condition in the

problem statement. We study three geometrically distinct cases based on the position ofO:

O ∩ P = ∅, O is a face ofP, andO intersects the interior ofP. In the first two cases,

we completely solve the problem, giving necessary and sufficient conditions. The third case is

considerably more difficult, as also illustrated via examples. For this case we focus on single

input systems. We propose a method for solving this problem using ab-extremal controller, where

b is a control direction of the single input system. Theb-extremal solution of MRCP is amenable

to an algorithmic solution, and this is the next contribution of the paper. Its soundness is also

proved. The most closely related result to our algorithm is the procedure contained in Theorem

4.17 of [12]. Their algorithm is for simplices and multi-input systems, while our algorithm is

for polytopes and single-input systems. Comparing only the single-input cases, their algorithm

requires solving at most2(n+1) + 2(n + 1) linear programming (LP) problems, wheren is the

dimension of the simplex. Instead, our algorithm requires solving at most2p + 2 LP problems,

wherep is the number of vertices ofP.

The next contribution of the paper is in the area of triangulations. There are two possible
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strategies regarding triangulation. Either one constructs a triangulation that has been specially

tailored to the control problem [15]. Alternatively, one selects an arbitrary triangulation [11] (or

it is selected by a computer program) and one hopes for the best. Tacit to this discussion is

that an instance of RCP may be solved with one choice of triangulation but not another. This

fact is illustrated via examples. We conjecture and then prove that a beneficial artifact of a flow

condition is precisely to allow arbitrary triangulations, and more significantly that MRCP is no

loss of generality if invariance to the choice of triangulation is a requirement in the design.

Such results on the relationship between triangulation and the outcome of a control design are

inexistent in the control literature, despite the attention to PWA systems.

The final contribution of the paper is via examples. It is currently not well understood why

RCP may fail on polytopes: either because an improper triangulation is chosen, because simplex

methods fail, because existence of a flow condition fails, or because a topological obstruction

appears, among other issues. We catalog all these failures by way of examples, and importantly

we show that the proposed solutions to these failures are complementary. MRCP may work when

simplex methods fail (Example 9.2). Conversely, simplex methods may work when MRCP fails

(Example 4.1), and so forth. In sum, the paper presents a panoply of techniques and ideas for

tackling RCP on polytopes.

III. R EACH CONTROL PROBLEM

Consider ann-dimensional polytope

P := co {v1, . . . , vp}

with vertex setV := {v1, . . . , vp} and facetsF0,F1, . . . ,Fr. The target setis the facetF0 of

P. Let hi be the unit normal to each facetFi pointing outside the polytope. Define the index

setsI := {1, . . . , p}, J = {1, . . . , r}, andJ(x) = {j ∈ J | x ∈ Fj}. For eachx ∈ P, define the

closed, convex cone

C(x) :=
{

y ∈ Rn | hj · y ≤ 0, j ∈ J(x)
}
.

(Note thath0 never appears inJ(x) sinceF0 is the target set). We consider the affine control

system defined onP:

ẋ = Ax + Bu + a , x ∈ P , (1)
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whereA ∈ Rn×n, a ∈ Rn, B ∈ Rn×m, and rank(B) = m. Let φu(t, x0) be the trajectory of (1)

under a control lawu starting fromx0 ∈ P. We are interested in studying reachability of the

target setF0 from P by feedback control.

Problem 3.1 (Reach Control Problem (RCP)):Consider system (1) defined onP. Find a state

feedbacku(x) such that:

(i) for every x0 ∈ P there existT ≥ 0 and γ > 0 such thatφu(t, x0) ∈ P for all t ∈ [0, T ],

φu(T, x0) ∈ F0, andφu(t, x0) /∈ P for all t ∈ (T, T + γ).

RCP says that trajectories of (1) starting from initial conditions inP reach and exit the target

F0 in finite time, while not first leavingP. Notice that in order for condition (i) to make sense

it is assumed that the dynamics (1) are extended to a small neighborhood ofP.

Definition 3.1: A point x0 ∈ P can reachF0 with constraint inP with control classU,

denoted byx0
P−→ F0, if there exists a controlu of classU such that property (i) of Problem 3.1

holds. We writeP P−→ F0 by control classU if for every x0 ∈ P, x0
P−→ F0 with control of

classU.

Definition 3.2: We say theinvariance conditions are solvableif for eachv ∈ V there exists

u ∈ Rm such that

Av + Bu + a ∈ C(v) . (2a)

Equivalently,

hj · (Av + Bu + a) ≤ 0 , j ∈ J(v) . (2b)

Equation (2a) or (2b) is referred to as theinvariance conditionseither for a specific vertex, or

collecting all conditions for all vertices, for a polytope. The relevance of the invariance conditions

to RCP is that they ensure that trajectories only exitP via F0.

Lemma 3.1 ([11]):Consider the system (1) onP and letu(x) be a continuous state feedback

on P such that the closed-loop system has unique solutions. Suppose that for some facetFi of

P the following conditions hold:

hi · (Ax + Bu(x) + a) ≤ 0, ∀x ∈ Fi . (3)

Then all trajectories originating inP that leaveP do so via a facetFj, j 6= i.
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Let B = Im B, the image ofB. Define the set

O := { x ∈ Rn | Ax + a ∈ B } . (4)

Notice that the vector fieldAx + Bu + a can vanish at anyx ∈ O for an appropriate choice of

u ∈ Rm, soO is the set of all possible equilibrium points of (1). That is, ifx0 is an equilibrium

of (1) under feedback control, thenx0 ∈ O. It can be verified that eitherO = ∅ or O is an

affine space with dimension betweenm and n. We also define the set of possible equilibrium

points of (1) onP by

OP := P ∩ O . (5)

SinceO is an affine space, eitherOP = ∅ or OP is a κ-dimensional polytope inP. If OP 6= ∅,

we define the vertex set ofOP to be VO = {o1, . . . , oq}, whereoi are the vertices ofOP (not

necessarily vertices ofP). Also define the index setIO = {1, . . . , q}.

IV. N ECESSARYCONDITIONS FORRCPON POLYTOPES

In this section we explore necessary conditions for solvability of RCP on polytopes under

various classes of controls. Particularly, open-loop controls have received relatively less attention

than continuous state feedbacks. First, in [11] it was shown that the invariance conditions (2)

are necessary for solvability of RCP on polytopes by continuous state feedback. Here we study

if the invariance conditions are necessary for solvability by open-loop controls; the main result

appears in Theorem 4.1. Second, we expose a necessary condition, stated in Theorem 4.2, asso-

ciated with removal of equilibria on vertices. This condition arises directly from the geometric

relationship between the spaceB and the tangent cones at vertices ofOP . Finally, we study a

topological necessary condition, stated in Theorem 4.3, associated with existence of equilibria

using continuous state feedback.

We say that a functionµ : [0,∞) → Rm is an open-loop controlif it is bounded on any

compact interval and it is measurable. By Caratheodory’s theorem [8] solutions of (1) using

open-loop controls exist and are unique.

Despite the positive results reported in [11] for continuous state feedbacks, unfortunately,

when one works with general polytopes and open-loop controls, the invariance conditions are
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x1

x2
x3

Fig. 1. The invariance conditions are not solvable but RCP is solvable by open-loop controls.

no longer necessary for solvability of RCP. The following counterexample suggested by Zhiyun

Lin illustrates this fact.

Example 4.1:Consider the polytopeP = co {v1, · · · , v5} shown in Figure 1. The exit facet

is F0 = co {v1, v2, v3}, depicted as a hatched region in the figure. Suppose that the two

hyperplanes containing the facetF1 = co {v1, v2, v5} and the facetF2 = co {v1, v3, v4} intersect

at the line throughv1 and v′1, and this line is parallel to the horizontal hyperplane containing

co {v2, v3, v4, v5}. For the system, we supposedim(B) = 2, B is parallel to the horizontal

hyperplane containing co{v2, v3, v4, v5}, (A, B) is controllable,P ∩ O = ∅, andAv1 + a has

a strictly positivex3 component, as shown in the figure. Now we show that for the polytope

and the system described above, RCP is solvable by open-loop controls, even if the invariance

conditions are not solvable.

First, we show that the invariance conditions are not solvable atv1. Let y1 := Av1 + a+Bu1.

SinceAv1 + a has a strictly positivex3 component,B is horizontal, andv1 6∈ O, for any choice

u1 ∈ R2, y1 has a strictly positivex3 component. On the other hand, to achieve the invariance
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conditions atv1, y1 must lie in the closed cone{y ∈ R3 | h1 · y ≤ 0, h2 · y ≤ 0, h3 · y ≤ 0},

whereh3 is the outward unit normal vector ofF3 = co {v1, v4, v5}. In particular, to satisfy the

invariance conditions ofF1 andF2 simultaneously,y1 must have a non-positivex3 component.

Second, we show there exist open-loop controls solving RCP onP by invoking Theorem 6

of [15]. The conditions to apply this theorem are that (i)(A, B) is controllable; (ii)m = n− 1;

(iii) if P ∩ O 6= ∅, thenP ∩ O is a κ-dimensional face ofP; and (iv) certain sets denoted

A− andA+ describing states that cannot reachF0 by open-loop controls are empty. In our

case, conditions (i) and (ii) hold by assumption, and (iii) holds trivially sinceP ∩O = ∅. Only

(iv) requires a small computation aided by the fact thatP ∩ O = ∅. We omit the details. We

concludeP P−→ F0 by open-loop controls, from which Theorem 9 of [15] givesP P−→ F0 by

discontinuous piecewise affine feedback.

To make the previous discussion more concrete, consider the system

ẋ =


2 0 −1

0 2 0

1
10

0 1

x +


0

−2

1

 +


1 0

0 1

0 0

u .

PolytopeP is as in Figure 1 withv1 = (1/2, 1, 1), v2 = (0, 1, 0), v3 = (1, 1, 0), v4 = (1, 0, 0),

and v5 = (0, 0, 0). It can be verified that the system and polytope satisfy all the conditions

described above, including that the invariance conditions ofP are not solvable atv1. Now

we follow the procedure in Section 4 of [15] to construct a discontinuous piecewise affine

feedback solving RCP. First, using the Basic triangulation Algorithm of [15], we triangulate

P into S1 = co {v1, v2, v3, v5} and S2 = co {v1, v3, v4, v5} as shown in Figure 1. LetF :=

S1 ∩ S2 = co {v1, v3, v5}. We split the control objective asS2
S2−→ F by affine feedback and

S1
S1−→ F0 by affine feedback. For simplices, RCP is solvable by affine feedback if and only if

the invariance conditions of the simplex are solvable and there is no closed-loop equilibrium in

the simplex [12], [19]. SinceP ∩O = ∅, neitherS1 nor S2 can have equilibria, so we must only

construct affine feedbacks satisfying the invariance conditions ofS1 and S2, respectively. For

the vertices ofS2 we select control valuesu1 = (−5, 10), u3 = (−12, 10), u4 = (−12, 12), and

u5 = (5, 12). Then we construct the unique affine feedbacku(x) on S2 satisfyingu(vi) = ui,

vi ∈ S2 [11]. Similarly, we construct the affine feedback onS1 that achievesS1
S1−→ F0. We

conclude by Theorem 9 of [15] that the following discontinuous piecewise affine feedback solves
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RCP onP.

u(x) =



 −22 5 6

0 −2 0

x +

 5

12

 , x ∈ S1 −17 0 −3
2

0 −2 0

x +

 5

12

 , x ∈ S2 \ S1 .

This feedback has a discontinuity alongF , but it does not have sliding modes. Finally, we note

that onF the controller forS1 is selected becauseS1 has the shortest path to reachF0 (see step

3(c) of Algorithm 2 in [14]).

To overcome the obstacle identified in the previous example, we identify a suitable class of

polytopes for which the invariance conditions remain necessary conditions. To that end, ann-

dimensional polytopeP is said to besimple if each k-dimensional face ofP is contained in

exactlyn− k facets.

Remark 4.1:If P is a simple polytope, thenP has the following properties [4]:

(i) Each vertex ofP is contained in exactlyn edges.

(ii) Let F be a facet ofP andv a vertex ofP in F . Then there are exactlyn− 1 edges inF

containingv.

Theorem 4.1:Let P be a simple polytope. IfP P−→ F0 by a open-loop controls, then the

invariance conditions (2) are solvable.

Proof: Define Y(x) :=
{
Ax + Bw + a | w ∈ Rm

}
. Let x0 ∈ P \ F0. By assumption

there existsµ(t) and a timeT > 0 such thatφµ(t, x0) ∈ P for all t ∈ [0, T ]. Sinceµ(t) is an

open-loop control, there existsc > 0 such that‖µ(t)‖ ≤ c, for all t ∈ [0, T ]. Consider the set

Yc(x) :=
{
Ax + Bw + a | w ∈ Rm, ‖w‖ ≤ c

}
. It is easy to show that bothx 7→ Yc(x) and

x 7→ Y(x) are upper semicontinuous. Now take a sequence{ti | ti ∈ (0, T ]} with ti → 0. Since

{y ∈ Yc(x) | x ∈ Rn} is bounded onP, there existsM > 0 such that‖φµ(ti, x0)− x0‖ ≤ Mti.

Therefore{φµ(ti,x0)−x0

ti
} is a bounded sequence and there exists a convergent subsequence (with

indices relabeled) such thatlimi→∞
φµ(ti,x0)−x0

ti
=: v. Sinceφµ(ti, x0) ∈ P, by the definition of

the Bouligand tangent cone,v ∈ TP(x0) [7]. Now we showv ∈ Y(x0).

We have
φµ(ti, x0)− x0

ti
=

1

ti

∫ ti

0

[
Aφµ(τ, x0) + Bµ(τ) + a

]
dτ . (6)

Let y0 := Ax0 + Bµ(0) + a ∈ Y(x0) and y(τ) := Aφµ(τ, x0) + Bµ(τ) + a ∈ Y(φµ(τ, x0)).
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By the upper semicontinuity ofx 7→ Y(x), given ε > 0, there existsδ > 0 such that if

‖x0 − φµ(τ, x0)‖ < δ, then ‖y0 − y(τ)‖ < ε. This implies, fori sufficiently large and for all

τ ∈ [0, ti], ‖y0 − y(τ)‖ < ε. This can be rewritten as: fori sufficiently large and∀τ ∈ [0, ti],

y(τ) = y0 + p(τ) for some functionp(τ) satisfying‖p(τ)‖ < ε. Thus, for i sufficiently large
1
ti

∫ ti
0

y(τ)dτ = y0+ 1
ti

∫ ti
0

p(τ)dτ . However
∥∥∥ 1

ti

∫ ti
0

p(τ)dτ
∥∥∥ ≤ 1

ti

∫ ti
0
‖p(τ)‖dτ < ε. We conclude,

for i sufficiently large, 1
ti

∫ ti
0

[
Aφµ(τ, x0) + Bµ(τ) + a

]
dτ ∈ Y(x0) + εB. Using (6), for i

sufficiently large we haveφµ(ti,x0)−x0

ti
∈ Y(x0) + εB. SinceY(x0) is a closed subset ofRn,

v ∈ Y(x0)+ εB, and sinceε is arbitrary,v ∈ Y(x0). We conclude thatv ∈ Y(x0)∩TP(x0) 6= ∅,

x0 ∈ P \ F0. SinceTP(x0) = C(x0), x0 ∈ P \ F0, it follows that the invariance conditions are

solvable atx0 ∈ P \ F0.

Now considervi ∈ F0. If vi ∈ O, then the invariance conditions are solvable by selecting

ui ∈ Rm such thatAvi + Bui + a = 0. Instead supposevi 6∈ O. Suppose by the way of

contradiction thatY(vi) ∩ C(vi) = ∅. ThenY(vi) and C(vi) are non-empty disjoint polyhedral

convex sets inRn. By Corollary 19.3.3 in [18], they are strongly separated. So, there exists

ε > 0 such thatinfy∈Y(vi),z∈C(vi) ‖y − z‖ > ε. By the upper semicontinuity ofx 7→ Y(x), there

existsδ > 0 such that if‖x − vi‖ < δ, thenY(x) ⊂ Y(vi) + ε
2
B. As P is a simple polytope,

by Remark 4.1(i)vi ∈ F0 is the intersection of exactlyn edges, and by Remark 4.1(ii)n− 1 of

these edges are contained inF0. Let vivj be the edge that is not contained inF0. By definition

of a simple polytope,vivj is the intersection of exactlyn− 1 facets. Sincevivj is not contained

in F0, the n− 1 facets are the restricted facets atvi. We conclude∀x ∈ [vi, vj), C(x) = C(vi).

Let x̄ ∈ (vi, vj) ∩ {x ∈ Rn : ‖x− vi‖ < δ}. We haveC(x̄) = C(vi), andY(x̄) ⊂ Y(vi) + ε
2
B.

Therefore,C(x̄) ∩ Y(x̄) = ∅, a contradiction.

Example 4.2:We return to Example 4.1 and identify the defect to be thatP is not simple -

vertexv1 is contained in four facets. This makes the solvability of the invariance conditions at

v1 not necessary for solvability of RCP by open-loop controls.

We explore a second necessary condition for solvability of RCP, this time for general poly-

topes and for continuous state feedbacks. This rather intuitive necessary condition targets the

appearance of equilibria at vertices ofOP . We know that equilibria inP can only appear in

OP . Moreover, for a vertexoi ∈ VO and for anyui ∈ Rm, Aoi + a + Bui ∈ B. That is, velocity

vectors at anyoi ∈ VO are only drawn fromB. From [11] it follows that if RCP is solvable by

continuous state feedback, thenB ∩ C(oi) 6= ∅ for oi ∈ VO. The next result says that, moreover,
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the zero vector cannot be the only element ofB ∩ C(oi).

Theorem 4.2:If P P−→ F0 by a continuous state feedback, thenB∩C(oi) 6= 0 for all oi ∈ VO.

Proof: Let u(x) be a continuous state feedback that achievesP P−→ F0, and definey(x) :=

Ax + a + Bu(x). Clearly,y(x) 6= 0 for all x ∈ P. Suppose by the way of contradiction that for

oi ∈ VO, B ∩ C(oi) = 0. Sincey(oi) 6= 0 and necessarilyy(oi) ∈ B, we gety(oi) /∈ C(oi). That

is, y(x) violates the invariance conditions atoi. By Proposition 3.1 of [11], RCP is not solved

usingu(x), a contradiction.

Finally, we introduce a third necessary condition for solvability of RCP onP by continuous

state feedback. Define

cone(OP) :=
⋂

o∈VO

C(o) .

In particular,B ∩ cone(OP) is the cone of directions inB that simultaneously satisfy the union

of all invariance conditions at all vertices ofOP .

In the following theorem it is shown that for single input systems the conditionB∩cone(OP) 6=

0 is necessary for solvability of RCP by continuous state feedback. This condition appears to

provide the analogous condition for polytopes as a seemingly related condition for simplices

for existence of affine feedbacks. Given a simplexS, let cone(S) be the tangent cone toS at

the vertex not containing the exit facetF0. In [5] it is shown that if the invariance conditions

are solvable andB ∩ cone(S) 6= 0, thenS S−→ F0 by affine feedback. For polytopes, while

we will indirectly useB ∩ cone(P) 6= 0 as a sufficient condition for solvability by PWA (see

Remark 6.1), the similarity with the simplex condition is more in form and less in content. This

is because the simplex conditionB∩cone(S) 6= 0 is used as a sufficient condition for solvability

of RCP by affine feedback, but it is not necessary. Instead, for polytopes, and therefore also

for simplices, and for single input systems, the conditionB ∩ cone(OP) 6= 0 is necessary. The

distinction is that while the simplex condition describes a propitious geometric situation when

a control direction points into the simplex, the polytope condition is much deeper - it regards

a topological obstruction to reach control by continuous state feedback. Finding the multi-input

version of this condition is challenging and remains an open problem in the area.

Theorem 4.3:Consider the system (1) defined on a polytopeP. Supposem = 1 andOP 6= ∅.

If RCP is solvable by continuous state feedback, thenB ∩ cone(OP) 6= 0.

Proof: Let u(x) be a continuous state feedback that achievesP P−→ F0, and definey(x) :=
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x1

x2

o2 
o1 

Fig. 2. B ∩ cone(OP) = 0

Ax+ a+Bu(x). Since the invariance conditions (3) are necessary for solvability by continuous

state feedback,u(x) satisfies (3). LetOP = co {o1, . . . , oq} and suppose by way of contradiction

B∩cone(OP) = 0. If q = 1, thenB∩C(o1) = 0. This contradicts Theorem 4.2. Instead suppose

q > 1 and w.l.o.g.0 6= b := Ao1 + Bu(o1) + a ∈ B ∩ C(o1). Then there existsk ∈ {2, . . . , q}

such thatb 6∈ C(ok). Consider the segmento1ok. Sinceo1ok ⊂ O, y(x) ∈ B for all x ∈ o1ok.

Thus there exists a continuous functionc : Rn → R such thaty(x) = c(x)b for x ∈ o1ok, with

c(o1) > 0 and c(ok) ≤ 0. By the Intermediate Value Theorem, there existsx∗ ∈ o1ok ⊂ P such

that c(x∗) = 0. The closed-loop system has an equilibrium inP, a contradiction.

Example 4.3:Consider the system

ẋ =

 1 −10

1 −10

x +

 1

1

 +

 1

−1

u .

The polytopeP, shown in Figure 2, has verticesv1 = (0, 0), v2 = (1, 0), v3 = (1, 1), and

v4 = (0, 1). The exit facet isF0 = co {v1, v2}. We find by direct computation thatO = {x | x1−

10x2 = −1}, depicted as a dashed line in Figure 2. It can be verified thatOP = co {o1, o2},

where o1 = (0, 0.1) and o2 = (1, 0.2), and also the invariance conditions are solvable. The

subspaceB is shown in the figure attached atv1. We know that inOP the only velocity vectors

available to the closed-loop system are vectors inB. To achieve the invariance conditions at
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o1 ∈ OP , the velocity vectorb ∈ B, shown in Figure 2, must be selected. On the other hand,b

violates the invariance conditions ato2. At o2 the velocity vector−b ∈ B must be selected to

achieve the invariance conditions. It is clear that there does not exist a non-zero vector inB that

satisfies the invariance conditions at botho1 ando2 simultaneously. That is,B ∩ cone(OP) = 0.

By Theorem 4.3, RCP is not solvable by continuous state feedback.

V. FROM SIMPLICES TO POLYTOPES

It is known that for simplices, RCP is solvable by affine feedback if and only if two conditions

hold: (a) the invariance conditions (2) are solvable, and (b) there is no closed-loop equilibrium in

the simplex [12], [19]. The no-equilibrium requirement can also be expressed as a so-calledflow

condition, which gives an equivalent numerical test [19]. We are interested to obtain the most

immediate extension of this result for polytopes. First, we restrict our attention to continuous

piecewise affine (PWA) feedback. Assuming PWA feedback, the invariance conditions remain

necessary conditions for solvability of RCP on polytopes [11]. Instead, the flow condition is

no longer necessary for solvability on polytopes. Indeed the statement that there is no closed-

loop equilibrium is no longer equivalent to existence of a flow condition when dealing with

general polytopes, because the equivalence relies on the convexity of the closed-loop vector

field. Convexity is preserved with affine feedback, but it may not be with PWA feedback. On

the other hand, the flow condition affords useful properties; particularly that trajectories exit the

polytope in an orderly way. In this section we begin an exploration of the extent to which results

for simplices carry over to polytopes. Guided by these insights, we formulate in Section VI a

restricted version of RCP: we incorporate the requirement of a flow condition into the problem

statement, and we call this restricted problemmonotonic reach control.

Let T be a triangulation of polytopeP. A point x ∈ P lies in the interior of precisely one simplex

in T whose vertices are, say,v1, . . . , vk. Then x =
∑k

i=1 λivi, whereλi > 0 and
∑

i λi = 1.

Coefficientsλ1, . . . , λk are called thebarycentric coordinatesof x. Given a state feedbacku(x)

on P, we sayu is a piecewise affine feedbackif for any x ∈ P,

x =
∑

i

λivi =⇒ u(x) =
∑

i

λiu(vi) ,

where theλi are barycentric coordinates ofx. It is easy to show thatu(x) is a continuous state

feedback onP [17].
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x1

x2

o1 

o2 

(a)

x1

x2

o1 

o2 

(b)

Fig. 3. Two triangulations ofP. (a) T is a triangulation with respect toO, and (b)T is not.

Remark 5.1:If u(x) is a piecewise affine feedback onP, then for eachn-dimensional simplex

Sk ∈ T, there existKk ∈ Rm×n andgk ∈ Rm such thatu(x) takes the form

u(x) = Kkx + gk , x ∈ Sk .

We sayT is a triangulation ofP with respect toO if T is a refinement of a subdivision of the

point setV ∪ VO such thatOP is a union of simplices inT.

Example 5.1:Consider the polytope in Figure 3. In Figure 3(a)OP = co {o1, o2} is a 1-

dimensional simplex inT, so we sayT is a triangulation with respect toO. In Figure 3(b)OP

cannot be expressed as a union of simplices inT, soT is not a triangulation with respect toO.

Suppose we are given a triangulationT of P with respect toO and we are givenu(x), a

piecewise affine feedback defined onT which satisfies the invariance conditions ofP. Define

bi := Aoi + Bu(oi) + a ∈ B ∩ C(oi) , i ∈ IO . (7)

If we want to exclude closed-loop equilibria inP, then we only need to concentrate on the

behavior of the closed-loop vector field inOP . A basic result of convex analysis says that there
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are no closed-loop equilibria inOP if there is a flow condition onOP .

Lemma 5.1:Let {b1, . . . , bq | bi ∈ B} be such that0 6∈ co {b1, . . . , bq}. Then there exists

β ∈ B such that

β · bi < 0 , i = 1, . . . , q .

Proof: Let W1 := 0 andW2 := co {b1, . . . , bq}. Note that bothW1 andW2 are compact,

convex sets, and by assumptionW1 ∩ W2 = ∅. By Corollary 11.4.2 in [18], there exists a

hyperplaneH separatingW1 andW2 strongly. Letξ be the normal vector toH pointing to the

side containingW1. Then,ξ · bi < 0 for i = 1, . . . , q. Now let ξ = β + η, whereβ ∈ B and

η ∈ Ker (BT ). Then we have

ξ · bi = β · bi < 0 , i = 1, . . . , q ,

as desired.

The condition that0 6∈ co {b1, . . . , bq} can be related to the existence of closed-loop equilibria

in P.

Theorem 5.2:Consider the system (1) defined on a polytopeP. Let T be a triangulation of

P with respect toO, u(x) be a piecewise affine feedback defined onT, andbi be as in (7). If

0 6∈ co {b1, . . . , bq}, then the closed-loop system has no equilibrium inP.

Proof: Let x ∈ OP , and without loss of generality, supposex =
∑k

i=1 λioi, whereλi are the

barycentric coordinates ofx such thatλi > 0 and
∑k

i=1 λi = 1. Let β ∈ B be as in Lemma 5.1.

SinceOP is a union of simplices inT, andy(x) := Ax + Bu(x) + a is affine on each simplex,

we have

β · y(x) = β ·
( k∑

i=1

λiy(oi)

)
=

k∑
i=1

λi(β · bi) < 0 .

Thus,y(x) 6= 0 for all x ∈ OP . Sincey(x) 6= 0 for all x ∈ P \ OP , the result is obtained.

The previous theorem gives a general condition in order that the closed-loop system has no

equilibrium in P. In [5], two geometric sufficient conditions were presented to guarantee that

there are no closed-loop equilibria in a given simplex. The first condition was thatB∩cone(S) 6=

0, where, as mentioned before, cone(S) is the tangent cone to simplexS at the vertex not

containing the exit facetF0. The second condition was that there is a set of linearly independent

vectors{b1, . . . , bq | bi ∈ B ∩ C(vi)}, where it is assumed thatv1, . . . , vq are the vertices of
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S ∩ O. We would like to translate these two geometric conditions for simplices to the more

general setting of polytopes. This is a straightforward exercise whose outcome is Lemmas 5.3

and 5.4 below.

First, the conditionB ∩ cone(OP) 6= 0, introduced in Section IV, has analogies with the

statement for a simplexS thatB ∩ cone(S) 6= 0 (see the discussion before Theorem 4.3).

Lemma 5.3:SupposeB ∩ cone(OP) 6= 0. Then there exists{b1, . . . , bq | bi ∈ B ∩C(oi)} such

that 0 6∈ co {b1, . . . , bq}.

Proof: Select any0 6= b ∈ B∩cone(OP) and setbi = b for i ∈ IO. Since cone(OP) ⊂ C(oi),

we havebi ∈ B ∩ C(oi) for all oi ∈ VO. Clearly 0 6∈ co {b1, . . . , bq}.

Next, consider the condition for a simplexS that there is a linearly independent set of vectors

{b1, . . . , bq | bi ∈ B ∩C(vi)}. Removing the restriction that vertices ofOP are vertices ofP, we

have the following analogous condition for polytopes.

Lemma 5.4:Suppose there exists a linearly independent set of vectors{b1, . . . , bq | bi ∈

B ∩ C(oi)}. Then0 6∈ co {b1, . . . , bq}.

Proof: If 0 ∈ co {b1, . . . , bq}, then{b1, . . . , bq} are linearly dependent.

The previous two conditions provide the analogy for polytopes of the related geometric

conditions for simplices. Then based on Theorem 5.2, both of the previous conditions imply there

is no closed-loop equilibrium inP, assumingP is triangulated with respect toO. Unfortunately,

in contrast with the situation for simplices, a no-equilibrium condition is not enough to deduce

that RCP is solved. The primarily obstacle is that convexity of the closed-loop vector field is

lost using general PWA controls. Consequently, the no closed-loop equilibrium condition is no

longer equivalent to the existence of a flow condition (which guarantees that trajectories exit).

For this reason we bring in the flow condition explicitly in the problem statement; this approach

is developed in Section VI.

We conclude this section by showing that solvability of RCP on polytopes by any class of

controls is inextricably linked to what happens onOP . In particular, if RCP is not solved by

some control strategy, it is because some trajectory encirclesOP , approachesOP , or remains

onOP .

Lemma 5.5:Suppose there existsx0 ∈ P and an open-loop controlu(t) such that the as-

sociated (unique) solutionφu(t, x0) of (1) satisfiesφu(t, x0) ∈ P for all t ≥ 0. DefineA =

co {φu(t, x0) | t ≥ 0}. ThenA ∩OP 6= ∅.
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Proof: The setA is by construction convex and compact. Suppose by way of contradiction

that A ∩ OP = ∅. SinceA is convex and compact, the image ofA under the affine map

x 7→ Ax + a, denotedW1 is also convex and compact. Also,W1 ∩ B = ∅. For suppose there is

a pointx ∈ A such thatAx + a ∈ B. Thenx ∈ OP , a contradiction. Thus,W1 ∩ B = ∅. Note

that bothW1 andB are convex sets, and thatW1 is bounded. By Corollary 11.4.2 in [18], there

exists a hyperplaneH separatingB andW1 strongly. This impliesB is parallel toH sinceB

is a subspace. Letξ ∈ Rn be the normal vector toH pointing to the side containingB. Then

ξ ∈ Ker (BT ) and

ξ · (Ax + Bu + a) = ξ · (Ax + a) < 0 , x ∈ A , u ∈ Rm .

AsA is compact andξ · (Ax+a) is continuous inx, there isε > 0 such thatξ · (Ax+Bu+a) =

ξ · (Ax + a) < −ε for all x ∈ A. In particular,

ξ · (Aφu(t, x0) + Bu(t) + a) < −ε , ∀ t ≥ 0 .

Integrating both sides of this equation we get

ξ · φu(t, x0) < ξ · x0 − εt , ∀ t ≥ 0 . (8)

This contradicts the compactness ofP. We concludeA ∩OP 6= ∅.

VI. M ONOTONIC REACH CONTROL PROBLEM

The previous section identified issues concerning existence of equilibria onOP and the

relationship between failure to solve RCP and behavior of trajectories with respect toOP .

However, clear necessary and sufficient conditions for solvability are not obtained. This is because

a no-equilibrium condition (in addition to solvability of invariance conditions) is not known to

be sufficient to solve RCP on polytopes. Instead, we study a more restrictive form of the problem

which does lead to the natural analog of results for simplices. These necessary and sufficient

conditions for solvability are examined under various assumptions on the placement ofOP . We

also make comparisons with the main results for simplices to better understand the limits of

those results when dealing with polytopes.

Problem 6.1 (Monotonic Reach Control Problem (MRCP)):Consider system (1) defined on

P. Find a state feedbacku(x) such that:
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(i) for every x0 ∈ P there existT ≥ 0 and γ > 0 such thatφu(t, x0) ∈ P for all t ∈ [0, T ],

φu(T, x0) ∈ F0, andφu(t, x0) /∈ P for all t ∈ (T, T + γ).

(ii) There existsξ ∈ Rn such that for allx ∈ P, ξ · (Ax + Bu(x) + a) < 0.

The new condition (ii) is called aflow condition, and the problem is called “monotonic” because

trajectories flow through the polytope in a common sense with respect to a foliation of parallel

hyperplanes with normal vectorξ. We write P P−→ F0 monotonically if properties (i)-(ii) of

Problem 6.1 hold.

Now we investigate necessary and sufficient conditions for solvability of MRCP under as-

sumptions on the placement ofO with respect toP. The first result whenOP = ∅ is based on

the following technical lemma.

Lemma 6.1:Consider the system (1) defined on a compact, convex setA. If A∩O = ∅, then

there existsβ ∈ Ker (BT ) such that

β · (Ax + Bu + a) < 0 , ∀x ∈ A , ∀u ∈ Rm .

Proof: SinceA is compact and convex, the image ofA under the affine mapx 7→ Ax + a,

denotedW1 = A(A)+ a is also compact and convex. Also,W1∩B = ∅. For suppose not. Then

there is a pointx ∈ A such thatAx + a ∈ B. Then x ∈ O, by definition, which contradicts

A ∩ O = ∅. Note that bothW1 andB are convex sets, and thatW1 is bounded. By Corollary

11.4.2 in [18], there exists a hyperplaneH separatingB andW1 strongly. This impliesB is

parallel toH sinceB is a subspace. Letβ be the normal vector toH pointing to the side

containingB. Then,β ∈ Ker (BT ) and β · (Ax + a) < 0 for all x ∈ A. Sinceβ · B = 0, the

result follows.

Theorem 6.2:Consider the system (1) defined on a polytopeP, and supposeOP = ∅. Then

P P−→ F0 monotonically by piecewise affine feedback if and only if the invariance conditions

(2) are solvable.

Proof: (=⇒) Follows from the necessity of the invariance conditions [11]. (⇐=) Select

the controlui ∈ Rm for each vertexvi ∈ V to satisfy the invariance conditions (2). Form a

triangulationT of P. Using the method of [11], one can find uniqueKi andgi corresponding to

the affine feedbacku(x) = Kjx+ gj on each simplexSj ∈ T such thatu(vi) = ui, i = 1, . . . , p.

We obtain the piecewise affine closed-loop systemẋ = (A + BKj)x + (a + Bgj). (Note that
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sinceP ∩ O = ∅, the closed-loop system has no equililbria inP.) By Lemma 6.1 there exists

β ∈ Ker (BT ) such that

β · (Ax + Bu(x) + a) = β · (Ax + a) < 0 , ∀x ∈ P .

By the same argument expressed in (8) all trajectories exitP. Moreover, by the convexity of

Ax + Bu(x) + a on each simplex ofT, conditions (2) imply (3). By Lemma 3.1 trajectories in

P exit throughF0. Thus,P P−→ F0 monotonically by piecewise affine feedback.

In [5] necessary and sufficient conditions for solvability of RCP on simplices were obtained

based on the assumption thatOP is a face of the simplex. The same assumption for polytopes

makes possible a straightforward generalization to polytopes for solvability of MRCP.

Assumption 6.1:PolytopeP and system (1) satisfy the following condition:OP is a κ-

dimensional face ofP, where0 ≤ κ ≤ n. In particular,

OP = co {v1, . . . , vq} ,

wherevi is a vertex ofP, and letVO := {v1, . . . , vq}.

Theorem 6.3:Consider the system (1) defined onP and suppose Assumption 6.1 holds. Then

P P−→ F0 monotonically by piecewise affine feedback if and only if

(i) The invariance conditions (2) are solvable.

(ii) There exists{b1, . . . , bq | bi ∈ B ∩ C(vi)} such that0 6∈ co {b1, . . . , bq}.

Proof: (=⇒) Let y(x) := Ax+Bu(x)+a, whereu(x) is the PWA feedback achievingP P−→

F0 monotonically. Sinceu(x) is a continuous state feedback, the invariance conditions are solv-

able [11]. Now suppose that condition (ii) does not hold. This implies0 ∈ co {y(v1), . . . , y(vp)}.

On the other hand, by the assumption thatP P−→ F0 monotonically, there existsξ ∈ Rn such

that ξ · y(vi) < 0 for i ∈ I. This implies0 and co{y(v1), . . . , y(vp)} are strongly separated, a

contradiction.

(⇐=) For each vertexvi ∈ V \ OP , select a controlui ∈ Rm to satisfy the invariance

conditions (2). Forvi ∈ VO, selectui ∈ Rm such thatAvi + Bui + a = bi ∈ B ∩ C(vi). Form a

triangulationT of P. Using the method of [11], one can find uniqueKj andgj corresponding to

the affine feedbacku(x) = Kjx+gj on eachn-dimensional simplexSj ∈ T such thatu(vi) = ui,
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i = 1, . . . , p andy(vi) = bi, i = 1, . . . , q. We obtain the piecewise affine closed-loop system

ẋ = (A + BKj)x + (a + Bgj) =: y(x) , x ∈ P .

We show a flow condition holds onP. First, by Lemma 5.1, a flow condition holds for the

closed loop vector fieldy(x) := (A + BKi)x + Bgi + a at vertices ofOP . That is, there exists

β1 ∈ B such that

β1 · y(vi) = β1 · bi < 0 , i = 1, . . . , q .

Next letP ′ := co {vi | vi ∈ V \VO}. Note that becauseOP is a face ofP, P ′∩O = ∅. According

to Lemma 6.1, there existsβ2 ∈ Ker (BT ) such that for allx ∈ P ′, β2 · (Ax + Bu(x) + a) < 0.

Define

β = αβ1 + (1− α)β2

for someα ∈ (0, 1). Considervi ∈ VO. Using the fact thatβ2 · bi = 0, we have

β · y(vi) = αβ1 · y(vi) < 0 .

Next considervi ∈ V \ VO. We have

β · (Avi + Bui + a) = αβ1 · (Avi + Bui + a) + (1− α)β2 · (Avi + a) .

The termβ1 ·(Avi+Bui+a) is a constant of unknown sign, whereas we knowβ2 ·(Avi+a) < 0.

Therefore it is possible to selectα sufficiently small so thatβ · (Avi + Bui + a) < 0 for all

vi ∈ V \ VO. We conclude that for allvi ∈ V , β · y(vi) < 0.

Now let x ∈ P, and without loss of generality, supposex =
∑k

i=1 λivi, whereλi are the

barycentric coordinates ofx such thatλi > 0 and
∑k

i=1 λi = 1. Sincey(x) is affine on simplices

of T, we havey(x) =
∑k

i=1 λiy(vi). Therefore, forx ∈ P,

β · y(x) =
k∑

i=1

λiβ · y(vi) < 0 .

By the same argument expressed in (8) all trajectories exitP, and by Lemma 3.1 they do so

throughF0. Thus,P P−→ F0 monotonically by piecewise affine feedback.

Remark 6.1:Lemmas 5.3 and 5.4 provide sufficient geometric conditions for condition (ii) of
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Theorem 6.3. These provide the analog to the results for simplices appearing in [5].

Finally, we consider the general case whenOP ∩P◦ 6= ∅. To illustrate the approach we study

only single-input systems. Starting from Theorem 4.3, we create a monotonic flow by “pushing”

a vector b ∈ B ∩ cone(OP) onto each of the vertices ofP while preserving the invariance

conditions. We show that if MRCP is solvable, then it is solvable by thisb-extremal solution.

This then leads to a design procedure for constructing the appropriate controls, to be developed

in Section VIII.

Let y ∈ Rn and define the index set

Iy := {i ∈ I | y ∈ C(vi)} .

That is, Iy is the index set of vertices for which the velocity vectory satisfies the invariance

conditions of that vertex. By Theorem 4.3,B ∩ cone(OP) 6= 0 is a necessary condition for

solvability of RCP whenm = 1, so we assume we have such ab ∈ B ∩ cone(OP). For the

indicesi 6∈ Ib, let ui be such thatyi := Avi+Bui+a ∈ C(vi) contains the maximalb component.

Sinceb 6∈ C(vi) and m = 1, the maximum exists and is unique, and it corresponds to one or

more invariance conditions evaluating to zero atvi. Given a triangulationT of P, let u(x) denote

any PWA feedback such thatu(vi) = ui, i 6∈ Ib.

The following result tells us that ab-extremal controller, in the sense just described, can always

be selected to solve MRCP, if it is solvable by PWA feedback. The second condition (ii) below,

presently less meaningful, will be seen to provide a useful tool in the algorithmic solution of

MRCP, to be developed in Section VIII.

Theorem 6.4:Consider the system (1) defined on a polytopeP. Supposem = 1 andOP 6=

∅. SupposeT is a triangulation andu(x) an associated PWA control such thatP P−→ F0

monotonically usingu(x). Then there exist0 6= b ∈ B ∩ cone(OP), u(x), andyi as above such

that:

(i) P P−→ F0 monotonically usingu(x),

(ii) 0 /∈ co {b, yi | i /∈ Ib}.

Proof: Since u(x) is a continuous state feedback solvingP P−→ F0, u(x) satisfies the

invariance conditions [11]. LetOP = co {o1, . . . , oq}. Defineb = Ao1 + Bu(o1) + a ∈ B. Then

we must haveAoi + Bu(oi) + a = αib with αi > 0 for i = 1, . . . , q. Otherwise, by the same
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argument as in the proof of Theorem 4.3, there is an equilibrium inP usingu(x). We conclude

b ∈ B ∩ cone(OP). SinceP P−→ F0 monotonically usingu(x), there existsξ ∈ Rn such that

ξ · (Ax + Bu(x) + a) < 0 , x ∈ P .

In particular,ξ · (Ao1 + Bu(o1) + a) = ξ · b < 0. Now defineu(x) := u(x) + w(x), where

w(x) is determined byBw(x) = c(x)b, such that the positive PWA functionc(x) ≥ 0 associated

with T arises from assigning the maximalb component at verticesvi, i 6∈ Ib, without violating

invariance conditions. Also setc(vi) = 0, i ∈ Ib. Then the invariance conditions still hold, and

for x ∈ P,

ξ · (Ax + Bu(x) + a) = ξ · (Ax + Bu(x) + a) + ξ · c(x)b < 0 . (9)

We concludeP P−→ F0 monotonically usingu(x). By equation (9) and the fact thatξ · b < 0,

we obtain (ii).

Theorem 6.4 suggests a design procedure to synthesize a PWA controlu(x) to achieveP P−→

F0 monotonically. The procedure is simply to inject the largest possibleb ∈ B ∩ cone(OP)

component in any vertex withi 6∈ Ib, and to use a sufficiently largeb component for vertices

with i ∈ Ib. We present an algorithm in Section VIII.

VII. A RBITRARY TRIANGULATION AND MRCP

In the previous section we studied MRCP and, while the results are centered on PWA feedback,

they did not depend on the particular choice of triangulation. Indeed, the effect of the flow

condition is to allow a solution that does not depend on the choice of triangulation. This is a

useful feature if the triangulation is performed by a standalone software not adapted to control

problems. An intuition emerges that the role of the flow condition is precisely to provide this

invariance to triangulation. In this section we explore the extent to which this intuition is correct.

For this we formulate a version of RCP under arbitrary triangulations. Byarbitrary triangulation

of P we mean any triangulation ofP with the property that ifv ∈ P is a vertex of a simplex

belonging toT, thenv is a vertex ofP. We show that MRCP by PWA feedback and RCP under

arbitrary triangulations are equivalent in a generic sense.

Problem 7.1 (RCP by Arbitrary Triangulations):Consider the system (1) defined onP. Find

a control assignmentui, i ∈ I, such that for an arbitrary triangulationT of P, the associated
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PWA feedbacku(x) with u(vi) = ui, i ∈ I, achievesP P−→ F0.

A set ofp > n points inRn are ingeneral positionif no n+1 of them lie in a common affine

hyperplane. The convex hull of any set of points in general position inRn is called ageneric

polytope[6]. For a generic polytope, all (proper) faces are simplices. A polytope whose faces

are simplices is called asimplicial polytope.

Theorem 7.1:Consider the system (1) defined on a generic polytopeP. MRCP by PWA

feedback is solvable if and only if RCP by arbitrary triangulations is solvable.

Proof: (=⇒) By the same argument as at the end of the proof of Theorem 6.3, for any

choice of triangulation and associated PWA feedback,P P−→ F0.

(⇐=) Supposeui, i ∈ I, is a control assignment such that for any triangulationT of P, the

associated PWA feedbacku(x) with u(vi) = ui, achievesP P−→ F0. Let yi := Avi + Bui + a,

i ∈ I. We claim0 6∈ co {y1, . . . , yp}. Suppose not. By Caratheodory’s Theorem [18] and w.l.o.g.

there existα1, . . . , αk with 1 ≤ k ≤ n + 1 such that

0 =
k∑

i=1

αiyi , αi > 0 ,
∑

i

αi = 1 .

Let x =
∑k

i=1 αivi ∈ P. Since{v1, . . . , vk} are in general position, one can apply the placing

triangulation [13] to the ordered point setV = {v1, . . . , vp} such thatS := co {v1, . . . , vk} is a

simplex of the resulting triangulationT. Let u(x) be the PWA feedback associated withT such

that u(vi) = ui. Sinceu(x) is affine onS,

Ax + Bu(x) + a =
k∑

i=1

αi

(
Avi + Bu(vi) + a

)
=

k∑
i=1

αiyi = 0 .

That isx is an equilibrium of the closed-loop system, so RCP is not solved using this triangu-

lation, a contradiction. We conclude0 6∈ co {y1, . . . , yp}. By the same argument as in the proof

of Lemma 5.1, there existsξ ∈ Rn such thatξ · yi < 0, i ∈ I. By the same argument as at the

end of the proof of Theorem 6.3, we haveP P−→ F0 monotonically by PWA feedback.

VIII. A LGORITHM FOR MRCP

In this section we present an algorithm for solving MRCP by PWA feedback for single-input

systems. It is assumed thatOP 6= ∅, for if OP = ∅, then Theorem 6.2 provides a solution.

Also, if OP is a face ofP, then Theorem 6.3 provides a solution. The algorithm, inspired by
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Theorem 6.4, is easily explained in words: for a single input system, there are only two control

directionsb,−b ∈ B. Chooseb ∈ B∩cone(OP) (step1). At all those verticesvi whereb /∈ C(vi),

we inject a maximalb component into the vector field by choice of controlui (step2). If MRCP

is solvable, then Theorem 6.4 tells us that such an extremal solution exists. A flow condition

must hold with extremal control values; that is, we can find a candidateξ ∈ Rn for Problem 6.1

(step3). Then we useξ to select control values at the remaining verticesvi whereb ∈ C(vi)

(step4). If ξ cannot be found, then the procedure is repeated with−b ∈ B ∩ cone(OP)( step5).

Theorem 8.1 shows that this procedure is sound and complete.

Algorithm 1:

1. Select0 6= b ∈ B ∩ cone(OP).

2. For eachi /∈ Ib, solve the LP forui ∈ R:

max
u∈R

b · (Avi + a + Bu)

subject to: Avi + a + Bu ∈ C(vi) (10)

3. Solve the LP forξ ∈ Rn:

ξ · (Avi + a + Bui) < 0 , i /∈ Ib (11a)

ξ · b < 0 . (11b)

4. If (11) is solvable, then for eachi ∈ Ib, solve the LP forui ∈ R:

ξ · (Avi + a + Bui) < 0 (12a)

Avi + a + Bui ∈ C(vi) . (12b)

5. If (11) is not solvable, select−b ∈ B ∩ cone(OP) and repeat steps2− 4 after replacingb

by −b.

6. Form a triangulationT of P using only vertices ofP. Construct an affine feedbacku(x) =

Kjx + gj for eachn−dimensional simplexSj ∈ T such thatu(vi) = ui, i = 1, · · · , p.

Theorem 8.1:Consider the system (1) defined on a polytopeP. Supposem = 1 andOP 6= ∅.

MRCP is solvable by PWA feedback if and only if Algorithm1 terminates successfully.

Proof: (⇐=) Suppose the algorithm terminates successfully. It is required to show that the
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PWA feedbacku(x) calculated in step6 solves MRCP onP. From (10) and (12b),u(x) satisfies

the invariance conditions (2). From (11a) and (12a), a flow condition holds at the vertices of

P. By the same argument as at the end of the proof of Theorem 6.3 (withβ replaced byξ),

P P−→ F0 monotonically by the PWA feedbacku(x).

(=⇒) Suppose that MRCP is solvable by PWA feedback. By way of contradiction, we

show that if Algorithm 1 does not terminate successfully, then MRCP is not solvable by PWA

feedback. Let’s consider all the cases where the algorithm does not terminate successfully. Let

yi := Avi + Bui + a, i = 1, . . . , p.

1. The algorithm terminates in step 1 ifB ∩ cone(OP) = 0. By Theorem 4.3, MRCP is not

solvable by continuous state feedback.

2. The algorithm terminates in step 2 if either (10) is not solvable, but then by Proposition 3.1

in [11], MRCP is not solvable by continuous state feedback. Alternatively, for somei /∈ Ib,

the maximum does not exist under the constraint (10). Becausei /∈ Ib, b /∈ C(vi) so there

exists j ∈ J(vi) such thathj · b > 0. Then we have that theb-component inBu can be

made arbitrary large, while alsohj · (Avi + Bu + a) ≤ 0. This is clearly impossible.

3. The algorithm terminates in step4 if the LP is not feasible. As above, if (12b) is not

solvable, then MRCP is not solvable by continuous state feedback. Instead, suppose (12a)

is not achievable simultaneously with (12b). This can’t happen becauseξ · b < 0 and

b ∈ C(vi), i ∈ Ib, so any sufficiently largeb-component added to a velocity vector already

satisfying (12b) solves the LP.

4. The algorithm terminates in step5 if either for every0 6= b ∈ B ∩ cone(OP) the LP

problem in step3 is not solvable. Equivalently, by a result analogous to Lemma 5.1, for

every0 6= b ∈ B ∩ cone(OP), 0 ∈ co {b, yi | i /∈ Ib}. Then by Theorem 6.4(ii), MRCP is

not solvable by PWA feedback. Alternatively, the LP problem in step2, or 4 is not solvable

(using−b). By a similar argument to the previous two points, MRCP is not solvable by

continuous state feedback.

Remark 8.1:Indeed if (12b) is satisfied usingu′i, then it can be easily verified that a control

that satisfies (12) is calculated as follows. Fori ∈ Ib, let ci > max(0,− ξ·(Avi+a+Bu′i)

ξ·b ). Select

ui = u′i + w(vi), wherew(vi) is determined byBw(vi) = cib.

Remark 8.2:One advantage of Algorithm1 is that it can be used for general polytopes. Also,
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in Algorithm 1 the number of LP problems does not exceed2p + 2.

IX. EXAMPLES

We give several examples motivating why new research is needed on reach control for

polytopes and illustrating some of the findings of the paper.

Example 9.1:In the first example we show that using simplex-based methods for reach

control, RCP is solvable for one triangulation but not for another. However, MRCP is solvable

using any triangulation, thereby illustrating Theorem 7.1. Consider the system

ẋ =

 −2 1

−1 1

x +

 0

−1

 +

 1

−1

u .

The polytope is shown in Figure 4. The vertices ofP are:v1 = (0, 0), v2 = (1, 0), v3 = (1, 1),

andv4 = (0, 1). We find by direct computation thatO = {x | − 3x1 + 2x2 = 1}, depicted as a

dashed line in Figure 4. It can be easily verified thatOP = co {o1, o2}, whereo1 = (0, 1/2) and

o2 = (1/3, 1). The control objective is to achieveP P−→ F0 by PWA feedback using existing

simplex methods in the literature. Suppose we triangulateP as in Figure 4(a). Then the control

objective splits asS1
S1−→ F0 by affine feedback andS2

S2−→ F by affine feedback. We study the

invariance conditions ofS1 at v4. We haveAv4 + a = (1, 0), thus for any choice of control the

invariance conditions ofS1 are always violated atv4. Consequently,S1
S1−→ F0 is not achievable.

Instead, suppose we triangulateP as in Figure 4(b). The control objective is againS1
S1−→ F0 by

affine feedback andS2
S2−→ F by affine feedback. We choose the control values at the vertices

to beu1 = 4, u2 = 0, u3 = 0, u4 = 2. The corresponding velocity vector,yi, at each vertexvi is

shown in Figure 4(b). Based on these selected control values at the vertices, one can construct

a PWA feedback such that the control objective based on existing simplex methods is achieved

[11].

Now we show MRCP is solvable. We choose the same control values at the vertices as above.

Let ξ = (0, 1). It can be verified thatξ · (Avi + Bui + a) < 0, for i = 1, . . . , 4. TriangulateP

using any triangulationT and construct the associated PWA feedbacku(x) based on the control

values at the vertices [11]. For instance, if the second triangulation in Figure 4(b) is selected,
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x1

x2

o1 

o2 

(a)

x1

x2

o2 

o1 

(b)

Fig. 4. Two triangulations ofP for Example 9.1.

then we obtain the following PWA control law:

u(x) =


[
−4 0

]
x + 4 , x ∈ S1[

−2 −2
]
x + 4 , x ∈ S2 .

Since the invariance conditions ofP are satisfied, we getP P−→ F0 monotonically. Notice

the result holds even if the first triangulation were selected.

Example 9.2:In the previous example simplex methods could be used to solve RCP, although

there was an advantage to the solution via MRCP, since it was valid for any triangulation. Now

we consider an example where simplex methods fail for any choice of triangulation, but MRCP

is solvable. Consider the system

ẋ =


1 1 −2

1 −3 −2

0 0 −1

x +


0

1

0

 +


0

0

1

u .

The polytope is shown in Figure 9.2. The vertices ofP are: v1 = (1, 0, 0), v2 = (1, 1, 0),

v3 = (1, 0, 1), v4 = (0, 0, 0), andv5 = (0, 1, 0).
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(a) (b)

Fig. 5. Two triangulations ofP for Example 9.2.

First, we check if the problem is solvable using simplex methods. There are two possible

triangulations ofP, shown in Figures 9.2 and 5.

For the first triangulation the control objective isS1
S1−→ F0 by affine feedback andS2

S2−→

F = S1 ∩ S2 by affine feedback. We examine the invariance conditions ofS1 at v4. We have

Av4 + Bu4 + a = (0, 1, u4). The normal vectors to facetsF3 andF1 in S1 areh3 = (0, 0,−1),

and h1 = (−0.5774, 0.5774, 0.5774) respectively. The invariance conditions ofS1 at v4 yield

h3 · (Av4 + Bu4 + a) ≤ 0 and h1 · (Av4 + Bu4 + a) ≤ 0. That is, u4 ≥ 0 and u4 ≤ −1.

Thus, RCP is not solvable by simplex methods using this triangulation. Now we try the second

triangulation in Figure 5. We examine the invariance conditions ofS1 at v3. In this case, we have

Av3 + Bu3 + a = (−1, 0,−1 + u3), h2 = (−0.7071,−0.7071, 0), andh2 · (Av3 + Bu3 + a) > 0

for all u3 ∈ R. Again, RCP is not solvable by simplex methods using this triangulation.

Now we study solvability of MRCP. Select control valuesu1 = 0, u2 = 0, u3 = −20, u4 = 0,

andu5 = 0. It can be verified they satisfy the invariance conditions ofP. Let ξ = (−1,−0.01, 1).

One can then verify thatξ · (Avi + Bui + a) < 0 for all i = 1, . . . , 5. TriangulateP using any

triangulationT and construct the associated PWA feedbacku(x) based on the control values at

the vertices [11]. For instance, if the first triangulation in Figure 9.2 is selected, then we obtain

the following control law:

u(x) =


[

0 0 −20
]
x , x ∈ S1[

0 0 −20
]
x , x ∈ S2 .
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x1

x2

o2

o1

Fig. 6. Polytope for Example 9.3

Since the invariance conditions ofP are satisfied, we getP P−→ F0 monotonically.

Example 9.3:In this example we study a case whereOP ∩P◦ 6= ∅, and we use Algorithm1

to solve MRCP. Consider the system

ẋ =

 2.1 2.5

1 1

x +

 0

1

 +

 1

1

u

The polytope is shown in Figure 6. The vertices ofP are:v1 = (0, 0), v2 = (1, 0), v3 = (1, 1),

andv4 = (0, 1). We find by direct computation thatO = {x | 1.1x1 + 1.5x2 = 1}, depicted as

a dashed line in Figure 6. Clearly,P◦ ∩O 6= ∅. It can be easily verified thatOP = co {o1, o2},

whereo1 = (0, 2/3) and o2 = (0.90909, 0). By definition, cone(OP) is the cone of directions

that simultaneously satisfy the union of the invariance conditions at all the pointsoi ∈ OP . So,

in this example cone(OP) = {y ∈ R2 | h1 · y ≤ 0}, whereh1 = (−1, 0) as shown in Figure 6.

Now we follow the steps of Algorithm1 to solve MRCP by PWA feedback.

Step 1: Let b := (1, 1) ∈ B. It can be easily verified thath1 · b < 0. So,0 6= b ∈ B ∩ cone(OP).

Note: It can be verified thatIb = {1}. As seen in Figure 6,b dips intoC(v1).

Step 2: For the verticesv2, v3, andv4: we solve at each vertex a LP problem to obtainu2, u3,

andu4 respectively. We getu2 = −2.1, u3 = −4.6, andu4 = −2. As seen in the figure, certain
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invariance conditions evaluate to zero at these vertices.

Step 3: We solve the LP problem. The problem is feasible, and we getξ = (−2.01, 0.01).

Step 4: For v1, we solve the LP. We obtainu1 = 0.0075.

Note: The control valueu1 can also be calculated as shown in Remark 8.1. Letu′1 = 0. It

can be easily verified thatu′1 satisfies the invariance conditions atv1. We must selectc1 >

max(0,− ξ·(Av1+a+Bu′1)

ξ·b ) = 0.005. Let c1 = 0.0075. Then, we findu1 = 0.0075.

Step 6: We form a triangulationT of P consisting of two simplicesS1 = co {v1, v2, v3} and

S2 = co {v1, v3, v4}. The corresponding piecewise affine feedback is:

u(x) =


[
−2.1075 −2.5

]
x + 0.0075 , x ∈ S1[

−2.6 −2.0075
]
x + 0.0075 , x ∈ S2 .

The example shows that the method of pushingb works even ifb does not point to the exit

facetF0. Also, we did not need to push a large amount ofb at v1. It turns out that a small push

(c1b, c1 > 0.005) is enough to construct a flow condition onP. This small push is important. If we

selectc1 = 0, it can be verified that0.090909(Av1+Bu(v1)+a)+0.90909(Av2+Bu(v2)+a) = 0,

so a flow condition cannot be achieved onP.

X. CONCLUSION

In this paper we have extended the results in [5] for reach control on simplices to general

polytopes. First, we have translated the geometric sufficient conditions for constructing a flow

condition on simplices in [5] to analogous conditions for polytopes. Then, we have formulated

the monotonic reach control problem (MRCP) in which we incorporate the requirement of a

flow condition into the problem statement. Finally, we have obtained intrinsic necessary and

sufficient conditions for solvability of MRCP by PWA feedback analogous to the conditions

in [5]. One advantage of MRCP is that it allows a solution that can be implemented using

any triangulation. Indeed, we have shown that RCP by arbitrary triangulations and MRCP are

equivalent for generic polytopes. Our future research will explore solvability of RCP on polytopes

when neither simplex-based methods nor a monotonic solution is available.
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