Problem Set 11 Solutions

Problem 1: Robust Tracking Problem

(a) 1. Feasibility. The problem is feasible because no zero of the plant is a pole of the exosystem.

2. Preparation. We must find the state equations of the plant

& = Azx+ Bu, x e R"”
y = Cux.
and of the exosystem
w = Sw, w € RY
Ya = de.
In this case we have
r = z+u
= .
— 0 1 w
YT 1o oo
ye = [1 0]w.

3. Pole placement for K. We want to find K such that c(A + BK) = {—1}. We obtain K = —2.

4. Regulator equations. We must solve

IS = All+ BT
CIl = Cy

for the unknowns II € R"*% and I' € R'X9. This yields
m=[1 0], T=[-11].
Therefore the (non-robust) asymptotic tracking controller is:
u=Tw+K(z-Tlw)=1+1t—2z.

Note that this controller contains a feedforward and feedback piece.
5. Pole placement for G. We must find G such that

U<[ﬁ SO]‘{glM‘C Cﬂ)—{—la—z—:s},

where G; € R"™ and G5 € RY. Using the method of matching coefficients this yields

—24
G=| —-17
—6

[



6. Robust regulator. The robust regulator is

. [A+BEK+GiC B - KII) -
¢ = GO S -

P&+ K(& —116) .

G1Cy
GOy &+ Ge

u

This yields

. —25 25 1 —24
€ = | =17 17 1 |e+ | 17 |e

6 6 0 -6
w = [-2 1 1]e¢.

In transfer function form this is

U(s) 255+ 17s+6
T E(s) $2(s+8)

Notice that the internal model principle is satisfied because C(s) has a copy of the poles of the
exosystem.

1. Feasibility. The problem is feasible because no zero of the plant is a pole of the exosystem.

2. Preparation. We must find the state equations of the plant

& = Az+ Bu, r eR”
y = Cux.
and of the exosystem
w = Sw, w € RY
Ya = de.
In this case we have
T = z+u
= .
W= 0 =2 w
- 2 0
Ya — [1 O]UJ

3. Pole placement for K. We want to find K such that c(A + BK) = {—1}. We obtain K = —2.

4. Regulator equations. We must solve

IS = All+ BT
CIl = Cy

for the unknowns IT € R"*% and I' € R'*4, This yields
H:[l O], F:[—l —2}.
Therefore the (non-robust) asymptotic tracking controller is:
u=Tw+ K(z —Tlw) = w; — 2ws — 2.

Note that this controller contains a feedforward and feedback piece.



5. Pole placement for G. We must find G such that

U<[ﬁ SO]‘{EQM‘C Cﬂ)—{—l,—z—:s},

where G; € R™ and G5 € RY. Using the method of matching coefficients this yields

—4.8
G= 2.2
—4.6

6. Robust regulator. The robust regulator is

. A+ BK + GC B(F—KH)—Glcd
¢ = G C S— ooy | ST
u = F§2+K(§1—H€2).
This yields
. -5.8 58 —2 —4.8
¢ = 22 —22 -2 |&+ | 22 e
—4.6 6.6 0 —4.6
w o= [-2 1 -2]¢.

In transfer function form this is

U(s) 21s% — 11s + 38
E(s) s3+8s2+4s5+32°

Because the poles of this transfer function are {—8, £25}, the internal model principle is satisfied.



