Problem Set 2 Solutions

Problem 1
The equilibrium point is
1
x=|-1
_5
Ty — 1
Set ox = |xo + % ,ou=u—1,0y=y—1+ % Then, the linearized system is
T3+ 2
o [-1 0 0 1
ox=10 =2 1|dx+ |0]du
-1 e 0 1
y=1[1 1 0]éx.
Problem 2
1. f(t) = 3t%e~t - 1(t). Use PT7 twice:
6
F(s)= .
) =Grp

2. f(t) =sintcost-1(t). Note that sintcost = 1/2 sin(2t). Then,

1
F(s) = ———.
3. f(t) =sin(t—3)-1(¢). Note: you cannot use P5 here! Rather, write f(t) = sint cos3-1(t)—costsin 3-1(¢)

so that: )
cos 3 sin3d - s

Fs) = =282 39S
(5) s24+1 s2+1

4. f(t) =sin(t — 3) - 1(¢ — 3). Here you should use P5:

5. f(t) = tsin(t — 3)1(¢). Use the identity sin(t — 3) = sint cos3 — costsin3 and P7:

cos3 - 2s N sin3(s? +1) —sin3 - 2s?
(s24+1)2 (s241)2

F(s) =

6. f(t) = (t —3)e!=31(t). You can’t use P5 here. Rather, write f(t) = te'e 31(t) — 3efe31(t) and use
P7:




7. f(t) = (t — 3)e!~31(t — 3). Here you should use P7 first and then P5:

8. f(t) =te * + 2tcost. Since

1
(s+a)?
§2 — 2

(52 4 a?)?

L{te™ "} =
L{tcosat} =

hence

L{te™" + 2tcost} = L{te” "} + L{2t cost}
1 s?—1
+
(s+a)?  (s2+1)?

9. f(t) =t>+ e sinbt.

L{t* + e “sinbt} = L{t*} + L{e ' sinbt}
T
83 (s+a)2+b?

Problem 3
L F(s) = iy aitersy- Write ay as as
Fo)= qtiators
Compute:
s 4+s+1 1
a; = m s—=—1 - 2’
s2+s+1
az = (s+1)(s+3)ls=—2 =
s2+s+1 v
as = m s=—3 - 57
so that

2. F(s)= ((Sﬂi;r%) e~ ®. Using the solution to the previous problem and P5, we immediately get

£(t) = (%utl) — 37200 4 geg(t1)> 1(t—1).

3. F(s) = <—. Use P5:
f(t) =21t — 2).

4. F(s) = &—. Write F(s) = 67:81 and use P5:

f)=e-1(t—1).



1 N &
CE R
F(s) s(s+1§?s+10)
E—l{L} = E—l{l — i 4 i}
s(s+1)(s+10) s s+1 s+10
= {1 + %e‘t + %e_mt}l(t)
F(s) = m

- F(s) = ooty Write

2(s+2) A N Bs+C
(s+1)(s2+4) s+1 s2+4
Therefore,
_2(s42) _2
244 |, 5
and

A +4)+ (Bs+O)(s+1) =2(s +2)
= (A+ B)s* + (B + C)s + (C + 4A4) = 0s* + 25 + 4.

Now, equate the coefficients to obtain

(Check: C+4A=24+38=4)

Since
s a

L{COS at} = m, E{sin at} = m,

we have

A B
L1 + Bs+C = Ae ' 4 Bcos2t + gsith,
s+1 s2+4+4 2

_ 2(s+2) 2 _ 2 6 .
L L b=t C 2t + - 2t.
{(s+1)(52+4)} 56 5cos + 5sm



Problem 4

Given F(s) = %, find limg—, 1 oo f(2).
Let us try to employ the Final Value Theorem. This says that, IF the limit lim;—, 4 f(¢) exists and is
finite, then it is given by
lim sF(s) = lim 287_82 = 0.
s—0 s—0 (S — 1)(8 + 2)
We now need to find out whether the limit exists and is finite. It turns out that the limit isn’t finite and so
the Final Value Theorem predicts the wrong limit value! Note, indeed, that if we write the partial fraction

expansion of F(s) we get
A B

s—1 + s+2°
We don’t need to find A and B for the purpose of solving this problem. Taking the inverse Laplace transform
of F(s) above we get

F(s)=

f(t) = Ae'1(t) + Be ?"1(¢),

where 1(t) denotes the unit step function. Now, it is clear that lim;, o f(t) = oco.

Problem 5
1.
§+20+5y = e '1(t)
y(0) =9(0) =
1 1
Y —
=) <s+1> <s2+25+5)
- [l el
s+ [(s+1+2))(s+1-2j)
— C1 C2 C3
N s+1+8+1+2j+s+1—2j
=1 1 _1 _ 1 1 _ 1 w1
C1=9; 5,7 27 5 55~ "8 @B=CG="3%
1 1 | .
y(t) = [Zet —ge T - ge(lJrQJ)t] 1(t)
1 -t 1 —t —2jt 25t
= Z[e —ge (e e 1)
1



j-y = 1)
y(0)=9(0) = 1
U
Y (s) —s—1-Y(s) = é
(s=1)Y(s) = s—l—é—i—l
0
_ s2+s+1
Yis) = s(s2—1)
- s2+s+1
os(s+1)(s—1)
C1 C2 C3

s s+1 s-—1

C1 = —1 Cy = 1_%72) = % c3 = %
i3
1 3
y(t) = —1+§e_t+§et 1(t)
3.
y @ +4y® 1 8y + 8yW) 4y = 3a + 4u, u = 1(t)
y(0)= ... =y (0) =0
3544 1
Y(s) = Z
() st +453 4+ 852 +8s+4s
_1 3s+4
$[(s+1)2+ 1]
k C1 C2 dl d2
==+ -+ — + -+ :
s s+1+4j (s+1+44)2 s+1—-35 (s+1-j)2
1 1 1 1 1 1 1 1
aTTyTY 2Tyl aTasTyt) RTae= oty

1 1 . 1 1 ; 1 1 ; 1 1 ;
)= |1 L2 2 et A N G )12 22 et a2 ) eI 1
y(t) [+< ) 4j>6 —I—(4 2])6 t{-gtq7)e t{-gtgi)te (t)
1
= [1 —e ! (cost—i— §sint+tcost+tsint)] 1(t)

4.+ 9+ 3y(t) = 0;y(0) = ,y(0) = 5.

LLj(t) +9(t) + 3y(t) = 0}
= 5%Y(s) —sa— B +sY(s) —a+3Y(s) =0



_a(s+1)+p

Y =
(s) s2+s5+3
B A N A
- 54+0.5+51.6583  s+0.5— j1.6583
= a(s+1)+ 8

s+0.5— j1.6583| _ o5 .1 583
= (0.5 4 50.1508) + j0.3015.3

A* = a(0.5 — j0.1508) — j0.30153

y(t) = [(0.5 4 j0.1508) + 50.30153]e ~(0-5+71.6583)¢
+ [@(0.5 — 50.1508) — j0.30153])e~(0-5-91.6583)¢
= e 2 {arcos(1.6583t) + (0.30150 4 0.6030.3) sin(1.6583t) }1(t)



