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Abstract—This paper investigates a formation control problem
in which a group of kinematic unicycles is made to converge to
a desired formation with parallel heading angles and come to
a stop. A control law is presented which solves this problem
for almost all initial conditions in any given compact set. The
proposed control law is local and distributed, meaning that
each unicycle is only required to sense its relative displacement
measured in its own body frame, and the relative heading angle
with respect to each of its neighbours. No communication between
the unicycles is required. The sensing graph is assumed to be
connected, undirected and time-invariant. The idea used to solve
the above formation control problem is to rigidly attach to
the body frame of each unicycle an appropriate fixed offset
vector. Stabilizing the desired formation amounts to achieving
consensus of the endpoints of the offset vectors, and simulta-
neously synchronizing the unicycles’ heading angles. A control
law achieving this goal is constructed by combining a bounded
translational consensus controller with an attitude synchronizer.
As a special case, the proposed solution solves the full unicycle
synchronization problem, in which the unicycle positions are
made to converge to each other, while the unicycle headings are
made to align.

I. INTRODUCTION

This paper investigates a formation control problem for
kinematic unicycles. For almost all initial conditions in any
given compact set, the objective is to drive the unicycles to a
parallel formation, i.e., one in which the unicycles’ headings
are all parallel, and their relative displacement vectors take
on appropriate values corresponding to a desired geometric
pattern. Moreover, it is required that the unicycles come
to a stop when they meet the formation requirement. The
asymptotic roto-translation of the formation with respect to a

This research was supported by the National Sciences and Engineering
Research Council of Canada.

The authors are with the Department of Electrical and Com-
puter Engineering, University of Toronto, 10 King’s College Road,
Toronto, ON, M5S 3G4, Canada. ashton.roza@mail .utoronto.ca,
maggiore@ece.utoronto.ca, scardovi@scg.utoronto.ca

Note on Previous Publication. A preliminary version of this work has
appeared in the conference paper [1]. With respect to the preliminary version,
we present, in this submission, a significant amount of new material. Firstly,
the control problem in [1] studied formation control for the special class of line
Jformations and the unicycle heading angles were assumed to start in a common
half circle. In this paper, the result is extended to general formations where
the fixed, relative spacing between unicycles can be chosen arbitrarily and the
stability result is almost semiglobal. Secondly, compared to [1], this paper
provides a more detailed discussion of the control solution in Section IV-D
and of the simulation results in Section V. Finally, the proof presented in this
paper is complete whereas in [1], some details were excluded due to space
limitations. Naturally, there are strong similarities in the overlapping material
between the two papers, and the wording in parts of the introduction, the
notation, the unicycle modelling, and parts of the proof closely resembles, or
is at times identical to, analogous wording in the conference paper [1].

fixed frame depends on the initial conditions of the unicycles.

The utility of static formations is manifest in problems
where vehicles are required to distribute themselves over a
terrain in order, for instance, to form an antenna array or a
sensor network. More generally, the problem investigated in
this paper is a conceptual gateway to the problem of inducing
collective motions in formations.

A key requirement of the problem investigated is that the
unicycles can only sense their relative heading angles and
relative positions with respect to their neighbours in the sensor
graph, which is assumed to be undirected and connected.
Moreover, the unicycles cannot communicate with each other.
A feedback meeting these sensing requirements is called local
and distributed, and from a practical standpoint it has the
beneficial property that it can be implemented on each unicycle
using information deduced from a fixed on-board camera.
As we shall see in a moment, the problem investigated in
this paper, although basic, is essentially open, the sensing
restriction being the key challenge.

Previous work: The majority of the literature on formation
control focuses on single and double-integrator robot models.
A dominant approach for single-integrator formation control
is distance-based [2], [3], [4], where it is required that the
distances between robots take on desired values. Often in
this setting, the feedbacks are deduced from the gradient of
a potential function whose minimum specifies the desired
formation modulo roto-translation. This approach requires the
sensing graph to be infinitesimally rigid. Other approaches
define formations in terms of relative angles between neigh-
bouring robots, instead of distances, [5], [6], or in terms
of a complex Laplacian, [7], [8], [9]. In this latter case,
formations are defined modulo scaling and roto-translations.
Finally, formation flocking of double-integrators is considered
in [10], where the authors stabilize a formation and make
sure that all robots in the formation achieve a common final
velocity. See also [11].

A formation controller for single integrator robots can
be turned into a controller for kinematic unicycles if one
considers a point at a positive distance d in front of each
unicycle. These points behave like single integrators under an
appropriate choice of feedback, and can be driven to a desired
formation using the techniques above. However, although the
points converge to a formation, the unicycles themselves do
not. Choosing a small value of d reduces this error, but requires
large control inputs.

The most relevant literature to the work in this paper
concerns kinematic unicycles. The papers [12], [13] show that
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the only possible relative equilibria for unicycles with local
and distributed control laws correspond to either parallel or
circular motions. In [14], the problem of full synchronization
is considered in which both positions and attitudes of the
unicycles are synchronized using a discontinuous distributed
control. The communication graph is allowed to be time-
dependent and assumed to be initially connected. In [15], a
discontinuous controller is presented that stabilizes formations
with synchronized heading directions, but unicycles require a
common sense of direction. In [16], the authors discuss feasi-
bility conditions to achieve various formations of kinematic
unicycles. Time-dependent solutions are presented in each
case. For general geometric patterns, unicycles require a com-
mon sense of direction. Similarly, the solution in [17] is time
dependent and requires measurement of a common direction
in addition to the velocity input of a neighbouring unicycle,
which can only be obtained if the unicycles communicate
with each other. The special case of full synchronization can,
however, be achieved without a common sense of direction.
In [18], the authors present a local and distributed solution
for formation control using a leader-follower approach with
a hierarchical graph structure. In [19], a group of robots is
considered in which at least one follower robot can see a
leader that follows a desired path. The feedback law presented
in the paper attains the desired formation about the leader
in finite time. However, the formation is not invariant under
rotations, and the control law is not local and distributed.
In [20], a leader-follower approach is considered. The analysis
transforms the unicycle model into a system of double inte-
grators through dynamic feedback linearization. The desired
formation is attained for graphs containing a spanning tree,
but each follower robot requires access to the acceleration
of the leader through communication. In [21], each unicycle
estimates its own position using dynamic extension, requiring
communication among unicycles. The unicycles use these
estimated states to attain the desired formation globally. The
rotational control is time-dependent and oscillatory. Finally,
the work in [22] presents a local and distributed control
law making kinematic and dynamic unicycles converge to a
common circle with arbitrary desired ordering and spacing on
the circle.

Contributions of this paper: To the best of our knowledge,
the problem of stabilizing static parallel formations by means
of smooth, local and distributed feedbacks is to date open.
This paper presents an almost semiglobal solution to this
problem, i.e., a solution making the unicycles achieve the
desired objective for almost all initial conditions in any given
compact subset of their collective state space. This solution is
presented in Theorem 2.

The idea we employ to solve the formation control problem
is to attach to the body frame of each unicycle a fixed
offset vector in such a way that the problem of stabilizing
a parallel formation turns into that of achieving consensus
of the end points of the offset vectors, while simultaneously
synchronizing the heading angles. Accordingly, we combine a
uniformly bounded, globally convergent consensus controller
for kinematic integrators with an almost global consensus

controller for kinematic integrators on the n-torus. This latter
controller, a crucial component of our development, was
recently developed by Mallada-Freeman-Tang in [23].

A special case of the setup investigated in this paper is when
the formation is a point, in which case our solution achieves
full synchronization of the unicycles, a problem of note in its
own right. In this special case, our solution is to be compared
to the one in [14], which relies on discontinuous control, but
considers a more general class of sensor graphs than ours.

The results presented in this paper are an enhancement of
preliminary work we presented in the conference paper [1].
In [1], formations were limited to lie on a line, and it was
assumed that the unicycle headings would be initialized in a
common half-plane. In this paper, we extend the ideas in [1]
to general parallel formations and the final result is almost
semiglobal.

Organization of the paper: In Section II, we review basic
notions of set stability. In Section III, we formulate the for-
mation control problem. The solution to the formation control
problem is presented in Section IV. The main theorem of the
paper is Theorem 2, whose proof is presented in Section VI.
In Section V, we test the proposed feedbacks via numerical
simulation. Finally, in Section VII, we end the paper with some
concluding remarks.

Notation: Throughout the paper, we identify column vectors
v=[vy --- v,]" in R"® with n-tuples (vq,...,v,) in (R)".
If v, w are vectors in R?, we denote by v-w = v w their
Euclidean inner product. We denote by {ej,es} the natural
basis of R, by 1 the vector of ones in R”, by SO(2) the set
SO(2) == {M € R*>*2 : M~! = M7 det(M) = 1}, and
by S! the unit circle, which we identify with the set of real
numbers modulo 27. By S™ we denote the n-dimensional unit
sphere, and by T" the n-torus T" := S! x --- x S! (n times).
We denote n :={1,...,n} and k:n = {k,...,n}.

If (X, g) is a complete Riemannian manifold, d : X x X —
[0,00) is the associated Riemannian distance function on X,
andI" C X is a closed subset of X, then we denote by ||x||r =
infyer d(x, ) the point-to-set distance of x € X to I'. If
e >0, welet Bo(T') == {x € X : |x|lr < &} and by N (T)
we denote a neighborhood of T in X. If T = {iy,...,i,}
is an index set, the ordered list of elements (x;,,...,x;,) is
denoted by (z;);er.

II. PRELIMINARIES

We begin by reviewing the notion of asymptotic stability of
a closed set. Consider a forward complete smooth dynamical
system X : x = f(x) with state space a Riemannian manifold
X, and let ¢(¢, xo) denote the local phase flow on X’ generated
by Y. Let I' C X be a closed set that is positively invariant for
¥, i.e., such that, for all yo € T and all ¢ > 0, ¢(¢,xo) € T.

Definition 1. The set T' is stable for ¥ if for any € > 0,
there exists a neighborhood N(I') C X such that, for all
Xo € N(T), ¢(t, x0) € Be(T), for all t > 0 for which ¢(t, xo)
is defined. The domain of attraction of T for system X is the
set D(T) := {x0 € X : lims— 00 ||@(t, x0)|Ir = O}. The set T
is attractive for X if D(T') is a neighborhood of T. The set T
is globally attractive for ¥ if D(T') = X. The set T is locally



asymptotically stable (LAS) for X if T is stable and attractive.
The set T is globally asymptotically stable for X if T is stable
and globally attractive. A

Next we present two variants of the notion of asymptotic
stability of a closed set I': almost global and almost semiglobal
asymptotic stability.

Definition 2. The set I' is almost globally asymptotically
stable for X if T' is asymprotically stable for %, and X\ D(T)
has Lebesgue measure zero. A

Now consider a dynamical system 3(k) : x = f(x,k)
with state space a Riemannian manifold X, where £ € R
is a parameter (typically, a control gain), and f is a smooth
vector field on X. In what follows, Dy (T") denotes the domain
of attraction of a closed set I" for system X (k)

Definition 3. The set " is semiglobally asymptotically stable
with high-gain parameter k for (k) if for each compact set
K satisfying I’ C K C X, there exists k* > 0 such that for all
k > k*, T is asymptotically stable for (k) and K C Dy(T).
A

Definition 4. The set I" is almost semiglobally asymptotically
stable with high-gain parameter k for (k) if there exists a
set N C X\I' of Lebesgue measure zero such that for each
compact subset K satisfying T C K C (X\N), there exists
k* > 0 such that for all k > k*, T' is asymptotically stable
for ¥(k) and K C Dy(T). A

The difference between global asymptotic stability and
semiglobal asymptotic stability of a closed set I' is that with
the former, solutions converge to the set I' from all initial
conditions, while with the latter, the domain of attraction can
be made arbitrarily large within the state-space with increasing
choice of the control gain k. The difference between almost
global asymptotic stability and almost semiglobal asymptotic
stability is that with the former, solutions converge to the set
I with domain of attraction D(T") of full measure, while with
the latter, the domain of attraction approaches full measure
with increasing control gain k.

III. FORMATION CONTROL PROBLEM

We begin by modelling a group of n kinematic unicycles.
We fix an orthogonal frame Z = {i,, 4, } in R?, and attach to
unicycle ¢ an orthogonal body frame B; = {b;;, b;, } in such a
way that b;, is the heading axis of the unicycle. We pick the
frames so that their y-axes result from the counterclockwise
rotation of their z-axes by angle 7/2. We denote by x; € R?
the position of unicycle 7 in the coordinates of frame Z. The
unicycle’s attitude is represented by a rotation matrix [?; whose
columns are the coordinate representations of b;; and b;y in
frame Z. Letting 0; € S! be the angle between vectors i, and

b;z, we have
| cosb;

i |:Sin91‘

With these conventions, the model of unicycle ¢ is

— sin 91]

cos 0;

6]
2

T = u Rieq

01‘:(,01‘, iel’l,

where the pair (u;,w;), the linear and angular speeds of
unicycle 14, is the control input. We let = = (x;);cn and
0= (Hl)len

The relative displacement of robot j with respect to robot
1 1S x;; = x; — x; while the relative angles are given by
6;; = 0; — 0;. The rotation of robot j with respect to frame ¢
is defined by R} := (R;)”'R;, and it is a function of 6;;. If
v € R2 is the coordinate representation of a vector in frame Z,
then we denote by v’ := R v the coordinate representation
of v in body frame B;.

We define the undirected sensor graph G = (V,E), where
each node in the node set V represents a robot, and an edge
in the edge set £ between node ¢ and node j indicates that
robot 7 can sense robot j and vice versa. We assume that G
has no self-loops and is time-invariant. Given a node 1, its set
of neighbours N represents the set of vehicles that robot ¢ can
sense. If j € A;, then we say that robot j is a neighbour of
robot 4. If this is the case, then robot ¢ can sense the relative
displacement of robot j in its own body frame, i.e., the quantity
xt ;» as well as the relative heading angle 6;; between unicycles
¢ and j.

We now define the notion of local and distributed feed-
back. Define vectors y; = (zij)jeni> ¥i = (@};)jen:,
and @; = (0;;);en;. The relative displacements and angles
available to robot i are contained in the vector (¢, ;). A
local and distributed feedback for robot ¢ is a locally Lipschitz
function (y?, ;) = (u;,w;). Relative positions and angles can
be practically measured using cameras fixed on-board each
robot. In particular, robot ¢ can use its camera to observe tags
(e.g., AprilTags) attached to the body frames of its neighbors
to accurately compute, using detection software, its relative
position and orientation.

The objective of the formation control problem considered
in this paper is to design local and distributed feedbacks to
drive a group of unicycles, each modelled by (1), (2), to a
desired formation. A formation is a geometric pattern defined
modulo roto-translation by means of desired inter-agent dis-
placements. In this paper we consider parallel formations, i.e.,
formations in which the unicycles’ headings are parallel to
each other: 0;; =0 for all 7, € n.

To precisely define a parallel formation, we draw the
unicycles in formation with parallel headings, as in Figure 1,
and label the unicycles {1,...,n}. The roto-translation of
the formation in the drawing is irrelevant. The labelling of
the unicycles is done solely for the purpose of defining the
formation, and does not imply any attribution of priority to
the unicycles. We let &; denote the position of unicycle ¢ in
the drawing, and di, € R? denote the displacement of unicycle
1 relative to unicycle 1, measured in the frame of unicycle 1:
di, = R;'(%; — 71). The labelling of unicycles is chosen
such that unicycle 1 is at the front of the formation, i.e., it is
such that d}, - e; <0 forall i € 2:n.

We collect the above relative displacements in a vector
d = (di,)ic2.n. We will say that the vector d is a parallel
formation, and the set

Fi={d=(d})ican e RZ™" D :dl ., <0,ic2:n}
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Fig. 1: Parallel formation represented in terms of fixed relative
displacement vectors d1;, i € 2: 1 represented in frame B;.

represents the set of all parallel formations of n unicycles. A
formation specification d € F specifies a formation modulo
roto-translation because it is defined in terms of relative
displacements dj, expressed in the coordinates of frame Bj.

For a given parallel formation d € F, we define the
Sformation manifold T'(d) as,

['(d) = {(Zi,ei)ien eR?™ x T :

3
X1 :Rldh, 01; =0, i€2:n}. )

The formation manifold T'(d) is the subset of the unicycles’
collective state space on which the unicycles have parallel
headings, and their relative displacements meet the formation
specification. Now the problem investigated in this paper.

Formation Control Problem: Consider the collection of n
unicycles in (1)-(2), and an undirected, connected sensor graph
G. For any parallel formation d € F, find local and distributed
feedbacks (uf,w?) : (y!, i) — (u;,w;) rendering the forma-
tion manifold T'(d) almost semiglobally asymptotically stable
and such that (u},w;)|rq) = (0,0). A

The requirement (uj,w;)|r(a) (0,0) means that the
unicycles do not move when they are in formation.

IV. SOLUTION OF THE FORMATION CONTROL PROBLEM

In this section we present a class of feedbacks solving
the formation control problem stated above. Our solution
combines uniformly bounded consensus controllers for single-
integrators with Kuramoto-like consensus controllers on T"
developed recently by Mallada-Freeman-Tang in [23]. In Sec-
tion IV-A, we define a uniformly bounded consensus controller
for single-integrators. In Section IV-B, we review the rotation
control law by Mallada-Freeman-Tang in [23]. Finally, in
Section IV-C, we combine these two controllers to design the
unicycle control inputs u; and w;.

A. Single Integrator Consensus
Consider n single integrators on R2,
Z;i =v;, 1 €N, %)

where z; € R? and sensor graph as in Section III. A feedback

vi = fil(zij)jens) = Y aijM

JEN;

Zig ®)

[EXT

where z;; = 2z; — 2;, i a bounded integrator consensus
controller if a;; = aj; > 0 and f : R — R, the interaction
function, is a locally Lipschitz function satisfying:

Al: sf(s) > 0 for all s # 0, f(0) = 0, and there exist
¢1,¢2 > 0 such that |f(s)| > ¢; for all |s| > ca.

A2: sup|f(s)] < .

Each element (z;;/|z:;) f(]|zi;]|) of the sum in (5) is con-

tinuous at z;; = 0 because f(s) is a continuous function and

f(0) = 0 by assumption Al. We will omit the easy proof of

the fact that each f;((z:;);jen;) is Lipschitz continuous.
Examples of suitable interaction functions are f(s) =

tanh(s) and

S, if |s] <1
= 6
/() {s/|s| if [s] > 1. ©
In the latter case, feedback (5) reduces to
Ziis if |z <1
fillzig)jen) =4 7 o (7
e zij/zigll,  if [lzi]] > 1.

As we shall see in Section VI-A, feedback (5) globally
asymptotically stabilizes the consensus subspace {z € R?" :
zi = %5, Vi,j € n} for any connected, undirected sensor
graph G. We do not claim originality of this result.

B. Attitude Synchronization
Now consider a collection of rotational integrators

i =w;, i €m, ®)
where 1; € S'. A feedback

w; = gi((Yij)jeni>n) =i bijg(thij), ©
JEN;

where 1);; = 1; — ; is an attitude synchronizer if n; > 0,
bij = bj > 0, and g : S' — R is a continuously dif-
ferentiable interaction function satisfying the following three
assumptions [23]:
B1: sg(s) > 0 for all s € (—m,m)\0, g(0) = g(7) =0.
B2: ¢(s) is an odd function: g(—s) = —g(s) for s € (—m, 7).
B3: g(s) > 0, Vs € (—-"5,5%7) and g(s) < 0, Vs €

(77(7 771%1) U (ﬁv 71').
A sample interaction function satisfying B1-B3 is shown in
Figure 2.

Fig. 2: Tllustration of properties B1, B2 and B3.

The well-known Kuramoto model for attitude synchro-
nization of angles in S' with zero natural frequencies [24]
corresponds to the choice 17; = 1 and g(s) = sin(s), and
it satisfies properties B1-B2, but does not satisfy property
B3. In [23], Mallada-Freeman-Tang showed that a feedback



enjoying properties B1-B3 almost globally stabilizes the set
{ € T : ¢, = 4, Vi,j € n} for almost all gains
bi; = bj; > 0. The following result is a special case of
Theorem 2 in [23].

Theorem 1 ([23]). Consider system (8) with feedback (9)
satisfying assumptions BI-B3, and assume that the sensor
graph G is undirected and connected. There exists a set
Ny C (R>0)‘5‘ of Lebesgue measure zero such that for any
collection of gains (bij) (i jyee € (Rs0)I€N\Ny, and for any
n; >0, i € n, the set {p € T™ : ; = ¢, Vi,j € n} is
almost globally asymptotically stable.

The above result follows from Theorem 2 in [23]. In
particular, system (8) with feedback (9) satisfies the model
in equations (14)-(16) in [23] by letting x;(s) = s, letting
¢ be the identity function, and eliminating the integrator state
Yi-

The main difference here compared to the solution in [23,
Theorem 2] is that, in [23], each system has an additional
constant bias. The integrator state ; is used in [23] to
compensate for this bias. In this paper, system (8) has zero
bias, so the integrator state v; is not needed. Accounting for
this small difference, the proof of Theorem 1 follows from
minimal modifications to the proof of [23, Theorem 2].

C. Solution to the Formation Control Problem

In this section we present a solution to the formation
control problem. Let & > 0 be a design parameter, and
d= (d}l)ie{g,,_n} € F be a desired parallel formation. Define

o1 = @, 51 = 07

10
;= —di; el +a, B = —dj; (10

-e2, 1€2:nN.

Referring to Figure 3, attach the offset vector §; = a; R;e1 +
BiR;eo to the body frame of unicycle 4, and let Z; == x; + J;
be the endpoint of the offset vector in the coordinates of frame
Z. Define further

Lij = Tj — T,

i = (Rij)jens, 05 = (&)jen-

[ 6 = aibiy + Biby,

by.r

Fig. 3: Representation of the offset vector J;.

We now show that the formation control problem reduces to
synchronizing the unicycles’ heading angles and the endpoints

Z;. To this end, suppose that ¢;; = 0 and Z;; = 0 for all
1,7 € n. Then,

0= 2 = [(zi +6) — (z1 + 8]’
=2l + (6; — &)’
= JUlu - d%i = x%z - d%r

The last identity follows from the fact that R; = R;. We
conclude that §;; = 0 and #;; = 0 for all 7,5 € n implies
xi, = d};, so that the unicycles satisfy the parallel formation
requirement. Vice versa, it is clear that if the unicycles form
a parallel formation, then 6;; = 0 and #;; = 0 for all 7, j € n.

We have thus shown that the formation control problem
amounts to the simultaneous synchronization of the headings
6; and the endpoints z;. We now present feedbacks that do just
that. Let f;(-) be a bounded integrator consensus controller as
in (5), and g;(-) be an attitude synchronizer as in (9). The
feedbacks for unicycle ¢ are defined as follows,

ul(yl, i) = fi(40) - er + Biwi,

*(, i 1 ~i ' (1D
Wy (Yi, i) = o (fz(yz) cez + kgi(%n)) , LEM,
7
where k > 0 is a high-gain parameter, and n = (1, . ..
7; = 1/c;. Now the main result of this paper.

)

Theorem 2 (Main Result). Consider the collection of n
unicycles in (1), (2) with controller (11), where the functions
fi(+), gi(+) are defined in (5), (9) and enjoy properties Al, A2
and BIl-B3. Assume that sensor graph G is undirected and
connected. For any parameters a;; = aj; > 0 in (5) and
any parameters b;; = bj; > 0 in (9) satisfying (bij) (i jjee €
(R0)!¥\Ny, as in Theorem 1, there exists a* > 0 such that
for any parallel formation d = (di,)ic2.n € F, choosing
a > o* max;ea.n (—d}; - €1) in (10), the formation manifold
D(d) is almost semiglobally asymptotically stable with high-
gain parameter k.

The proof is presented in Section VI. Roughly speaking,
the theorem states that letting the offset & in (10) grow
proportionally to the length of the formation (the quantity
max; (—di, - e1)), and choosing k in (11) to be sufficiently
large, the controller (11) ensures that almost all initial condi-
tions in any given compact set are contained in the domain of
attraction of the formation manifold T'(d). Another property
of controller (11) is that (uf,w;)|, =0 for all i € n, and
therefore the unicycles come to a stop as I'(d) is approached,
as required in the statement of the formation control problem
in Section III. In the next section we further discuss the
controller (11).

D. Discussion of the Control Solution

As we mentioned earlier, the philosophy behind con-
troller (11) is to convert the formation control problem into a
synchronization problem in which we make the offset vectors
Z; and the heading angles 6; converge to one another. This is
illustrated in Figure 4, where the vectors Z;, ¢ € n all meet
at a common point at a distance & in front of the formation,
and all heading directions are aligned.



Fig. 4: Parallel formation where offset vectors &; meet at a
common point at a distance & in front of the formation.
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Fig. 5: Block diagram of the formation control system for
robot 7.

In (11), the terms containing fi(¢) aim to achieve con-
sensus on the endpoints of the offset vectors &;, while the
terms containing g;(y;,n) aim to achieve consensus on the
unicycle angles. It will be shown in Section VI that the choice
of (11) achieves both these, at times competing, objectives
simultaneously by making use of gradient properties of the
systems (4) and (8) with inputs (5) and (9) respectively.

The block diagram in Figure 5 summarizes the design of
feedbacks (u;,w;)icn. From its sensors, unicycle ¢ obtains
the vector (y!,¢;) of its heading and displacement relative
to its neighbours. These quantities can be measured locally in
unicycle ¢’s body frame using, for example, on-board cameras.
The offset extraction block takes as input the vector (y!, ;)

and outputs (7}, ¢;), where each component of ; = (&) e,
is computed as,
&l =l + ojRier + BiRies — [o; BT, (12)

This computation requires that, in addition to (yZ,;),
unicycle ¢ has access to the formation parameters (v}, 5;) jen;
of its neighbours. These quantities must be stored in memory
on-board unicycle ¢ before deployment. Moreover, in order to
compute :Ic;] in (12), unicycle ¢ must be able to identify its
neighbours so as to use, for each j € N, the appropriate
bias constants («a;, 3;). Such identification can be achieved,
for instance, by means of visual markers. A consequence of
using the constants (¢, ;) is that the unicycle feedbacks
are not identical and the formation is not invariant to a
relabelling of the agents. This is hardly surprising because, in
our formulation of the formation control problem, we allow
for general, non-symmetric formations.

An important property of the feedback in (11) is that it
is local and distributed, since u} and w} depend on (yi, ;).
As a consequence of this feature, the asymptotic position and

orientation of the formation with respect to the inertial frame
depend only on the initial configuration of the unicycles.

E. Special cases: Line formations and full synchronization

As a by-product of the formation control solution, we
present corresponding solutions for the special cases of parallel
line formations and full synchronization.

A parallel line formation is a parallel formation satisfying
d}; - e1 = 0 (and hence a; = @ for all i € 2:n). The set of
all such formations will be denoted LF. Clearly, LF C F. In
the case of full synchronization, the unicycles have the same
position and orientation with respect to the inertial frame, i.e.,
d}; =0 for all i € 2:n (and therefore o; = & and 3; = 0 for
all 7 € n). Full synchronization, therefore, corresponds to the
formation 0 € F. Examples of a parallel line formation and
full synchronization are illustrated in Figure 6.

According to Theorem 2, in both of these cases it suffices
that & satisfies the less strict condition & > 0. This is
advantageous, as it will be discussed in Section V that large
values of & can slow down the rate of convergence of the
unicycles to the formation. Arbitrarily choosing @ = 1, the
corresponding controller in (11) reduces to,

ul (yi i) = fi(97) - e1 + Biwi,

. i . (13)
wi (Y5, i) = fi(95) - e2 + kgi(@i,n), i €n,

in which, :%QJ = xzj + Réel —e1 + @-R;eg — Bieq and 1 =
(1,...,1). Since the values o; = & = 1 for all ¢ € n are equal,
unicycle 7 only needs to store the quantities (3;);jen; of its
neighbours on-board. The next corollary is a specialization of
Theorem 2 to parallel line formations.

b1 bia

(a) (b)

by

by 1

4 2

Fig. 6: (a) shows an example of a parallel line formation while
(b) shows an example of full synchronization, a special case
of a parallel line formation.

Corollary 1 (Parallel Line Formations). Consider the col-
lection of n unicycles in (1), (2) with controller (13), where
the functions f;(-), gi(-) are defined as in (5), (9) and enjoy
properties Al, A2 and BI1-B3. Assume that sensor graph G is
undirected and connected. For any parameters a;; = a;; > 0
in (5), any parameters b;; = b;; > 0 in (9) satisfying
(bij)(i,j)ee € (Rs0)!¥\Ny, as in Theorem 1, and any parallel
line formation d € LF, the formation manifold T'(d) is almost
semiglobally asymptotically stable with high-gain parameter
k.

In the special case of full synchronization, 5; = 0 for all
1 € n, and the controller in (13) reduces to
u:(yzlﬂoz) = fZ(y'Z) ‘€1,

oy i i . (14)
wi(Yispi) = fi(;) - e2 + kgi(wi, ), i €n,



in which, #}; = z{;4+ Rie; —ej and 1y = (1,...,1). Since the
«; and (; parameters are equal for all agents, unicycle i does
not need to store any parameters of its neighbours on-board,
the control inputs are identical for all unicycles, so that in this
case the configuration is invariant to relabelling of agents. This
is hardly surprising since the formation is symmetric in this
case. The controller in (14) can be viewed as an extension of
our previous result for unicycle rendezvous [25] (also closely
related to our work on rendezvous of underactuated rigid
bodies in three dimensions in [26]). In [25] the controller was
given as

ui (Wi, i) = i) Lfi(yi) - e,

wi(yi,pi) = —kfi(y;) - e2, i €,

in which f;(-) is a linear single-integrator consensus controller,
fily;) = Ejej\[i aijméj'

While the controller in (15) guarantees global rendezvous,
in which only the unicycle positions are synchronized, the
controller in (14) guarantees almost semiglobal full synchro-
nization where both positions and angles of the unicycles are
synchronized. The control inputs in (14) and (15) are similar in
structure. The main difference is that the full synchronization
controller in (14) has an additional term kg;(¢;,n) responsible
for aligning the unicycle heading angles, not required for
rendezvous. In fact, for unicycle i, (14) depends on (y!, ;)
while (15) depends only on .

V. SIMULATION RESULTS

This section presents simulations for a group of five uni-
cycles to illustrate our results and analyses the effect of the
choice of the feedback gains on the system behaviour. The
interaction function f(s) for the bounded integrator consensus
control is chosen as in (6) while the interaction function for
the attitude synchronizer is chosen satisfying assumptions B1,
B2 and B3 as in Figure 2. The sensing graph is cyclic with
connections as shown in Figure 7 and the desired triangular
formation is specified by («;)ic1.5 = (5,15, 15,25,25) (cor-
responding to & = 5) and (f;)ic1.5 = (0,5,—5,10,—10) as
illustrated in Figure 8. Let a;; = 30 and b;; = «; + o for all
j EM and N = ]./CEZ

G)\ P as=25 . 1 Bi= 10
) b,,f}f}},,,,,,‘: 525
of @ -
é) T N ll
—@ B N B
Fig. 7: Graph G under Fig. 8: Triangular formation

consideration in the sim-
ulation results.

specified by (@j)ic1:s =
(5,15, 15,25, 25) and
(Bi)ic1:5 = (0,5,—5,10,—10).

We have chosen random initial unicycle positions on a 40m
x 40m area with random initial angles. The corresponding
plot of a simulation run is shown in Figure 9. We observe that
the unicycles slow down rapidly as the formation is achieved,
and seem to drift a finite distance.

& 4 ‘
0 o/ ‘
20
E 40 B
= =
20 0
0 20
20
50 0 50 20 0 20 4 60
X (m) x(m)

Fig. 9: Simulation for a tri-
angle formation. Initial posi-
tions are indicated with o and
final positions are indicated
with X.

Fig. 10: Simulation result in
the presence of disturbances
and saturation.

TABLE I: Values of max;ca.n(||Z14||) and max;ca.n(|614])
at the simulation termination time (400s).

case | maXie2. n([[€14]]) (M) | maxica.n(]61:]) (rad)
(i) 0.2150 0.2001
(ii) 13.2168 0.2588
(iii) 7.1762 0.0998

Next, for the same formation considered in Figure 9, we
study the effect of increasing the gains @ and k. This is done
to illustrate potential drawbacks of the high-gain requirement
in Theorem 2. In Figure 11 we plot ||&1;|| versus time and 61,
versus time for all ¢ € 2:5 and for three different scenarios:
(i) nominal (@ = 5, k = 5), (ii) high & (& = 55, k = 5), (iii)
high k (& = 5, k = 50). Then in Table I we list the values
of max;ea.n(||£1:||) and max;ca.n(|01;]) at the simulation
termination time (400s) for each case.

We observe that the effect of increasing & (case (ii)), is a
slow convergence of both Z1; and #;; quantities for ¢ € 2:n
compared to case (i), clearly negatively affecting the system
response in all aspects. In case (iii), increasing the gain k
causes the rotational terms in (11), g;(¢;,n), to dominate
the translational terms, f;(¢¢). We can see in the simulation
results that while the rotational quantities 61; converge faster
than in case 1, this has been at the expense of significantly
slower convergence of the quantities #;; for ¢ € 2:n, so
much so that the overall performance of attaining formation
degrades significantly. This illustrates the conflict between the
translational and rotational terms, trying to accomplish the,
often, competing objectives of driving Z1; and 6,; to zero. For
optimal performance, one is required to balance the strength
of gains on the translational and rotational terms such as in
case (i).

We have also performed a simulation to study the effective-
ness of our control solution with sensor and input uncertainties
by applying:

e an additive random noise with maximum magnitude of

0.25m/s on the input u;;

o an additive random noise with maximum magnitude of
0.25rad/s on the input w;;

e an additive random noise with maximum magnitude of
0.25rad on the quantity g;((6;;);en;,n) accounting for
errors in measurements of relative headings;

« an additive random noise on the quantity f;(7) account-
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Fig. 11: Simulation results for 3 cases. (i) & = 5, k = 5; (ii)
a = 55, k = 5; (ili) & = 5, k = 50. For each case, there are
two plots: (a) ||Z1;]| versus time for ¢ € 2:5; (b) 0y, versus
time for ¢ € 2:5.

ing for errors in measurements of relative displacements
of the vehicles. The direction of this vector has been ro-
tated within 0.25 rad and the magnitude is scaled between
0.75 to 1.25 times the actual magnitude.

Each unicycle samples its input 100 times per second. More-
over, the inputs u; and w; are saturated by 5m/s and /2 rad/s
respectively. The result of the simulation, presented in Fig-
ure 10, suggests that the proposed control strategy is robust
with respect to perturbations and input saturations.

It is worth noticing that our control objective does not
take into account collision avoidance. For the same triangular
formation as before, we have run extensive simulations with
random initial unicycle positions on a 60m x 60m area with
random initial angles. Assuming unicycles have a 1m diameter,
we have observed that there is a collision in roughly 68 percent
of the 200 simulation trials run and that the colliding agents
are precisely those sharing common «; values. To avoid this,
one possible solution would be to design a high level collision
avoidance layer.

VI. PROOF OF THEOREM 2

We divide the proof of Theorem 2 in several steps. We
begin, in Section VI-A, by presenting preliminary results
regarding the bounded integrator consensus controller in (5).
Then in Section VI-B, we derive the closed-loop dynamics
in (£;,0;)ien coordinates. In Sections VI-C and VI-D, we
propose a Lyapunov function V' for the closed-loop system,
and carry out a Lyapunov analysis yielding the property
1%4 < 0. In Section VI-E, we show that, for sufficiently large
a > 0, the zero level set of V coincides with the formation
manifold T'(d) on a neighbourhood of T'(d). This result will
imply, via Lyapunov’s direct method, asymptotic stability of
I'(d). A further Lyapunov analysis is employed to show that
I'(d) is in fact almost semiglobally asymptotically stable with

high-gain parameter k. Each step of the proof will be presented
in its own subsection.

A. Properties of Bounded Integrator Consensus Controller

Lemma 1. Consider system (4) with feedback (5). Assume that
f(s) satisfies assumptions Al and A2 and the sensor graph G
is undirected and connected. For any parameters a;; = a;; >
0, the consensus set {z € R* : (Vi,j € n) z; = z;} is
globally asymptotically stable.

Proof. Consider system (4) with feedback (5). The feedback
fi in (5) for unicycle i points into the convex hull formed by
its neighbours. By Corollary 3.9 in [27] the group of unicycles
for system (4) achieves global consensus. (|

Lemma 2. If the sensor graph G is undirected and connected,
then for any parameters a;; = aj; > 0, system (4) with
feedback (5), where f(s) satisfies assumptions Al and A2,
is a gradient system, 2 = —N/V,(z), with nonnegative storage
function

(16)

Z Z a”/lzul

i=1jEN;

Moreover, V=1(0) = {z € R*" : (Vi,j €n) z; = z;}.

Proof. Assumption Al implies that the function z; +
fOHZ” r (s)ds is nonnegative, and it attains its global minimum
when z;; = 0. Since G is connected, V; attains a global
minimum when z;; = 0 for all 4,5 € n, and therefore V;
is positive definite. We now show the gradient property, i.e.,

(8/0z:)Vi = — fi(zi5)jen) |- We have
v, 1 d Izis1 |zij | Dzi;
azi N 5 Zj\/ a” 6||2”H (A f(S)dS 82’1']' TZl
I35l Ollzjill 0z
*3 Z “8“2]1” (/ f s dS) azﬁ 82’1

t3 Z G‘Jlf |Z]1H | ||)
Zji

JEN
Zij fl((zlj)jeN )T

1
:i al]f |Z’LJ|| ( ||>
JEN; “ij
D,

_ Z qu

JEN; ’LJH

O

Lemma 3. Assume G is undirected and connected, and
consider system (4) with feedback (5), where f(s) satisfies
assumptions Al and A2. For any parameters a;; = aj; > 0,
the following three properties hold:

(i) Ry fil(zij)jens) = fi((25)jen,) for all i, j, k € n.
(i) {z € R*™ : fi((zij)jen;) =0, Vi € n} = {z € R*" :
2 = zj, Vi,j € n}.

(iii) 32 fi() = 0.



Proof. To show (i), we use the fact that ||zf| = || R} "z =
|lzi;]]. Then,

JEN;

f’b(( Zj).]e-/\[ )

To show (ii), assume f;((zij)jen;) = 0 for all ¢ € n. Then
system (4) is at a fixed point. By Lemma 1, the set {z €
R?" : z; = z;, Vi,j € n} is globally asymptotically stable, so
it contains all fixed points. Therefore, z;; = 0 for all ¢, j € n.
Conversely, if z;; = 0 for all ¢,j7 € n, then it follows by
definition that f; = O for all ¢ € n. Finally, property (iii)
follows by summing over the functions f; in (5) and using the
identities Ajj = Qgjis Zij = —Zji- U

B. System dynamics in (Z;,0;)ien coordinates

To simplify the analysis, we consider new coordinates
(2,0) = (&,0;)icn under the diffeomorphism F : (z,0) —
(.@, (9) given by F((.Z‘i, Qi)ien) = (Z‘i + (5(91), Gi)ien. Comput-
ing the time derivative of &; yields,

0 — W
w; 0 ] (aier + Biea)
= u;Rie1 + ajw; Riea — Biw; Rieq
= (u; — Biwi) Rier + aiw; Riea,

from which we get

(éi = UiRiel + RZ |:

— Biw;)Rie1 + a;w; Rieo

1 € n.

17
0'& = Wi, ( )

Using Lemma 3(i) and the fact that the dot product is
invariant to rotations, i.e, R;lfi(gji) -e1 = fi(4i) - Riey, the
feedbacks in (11) can be expressed as follows:

= [fi(i) - Riex + Biwi,
& (fi(:) - Riea + kgi(wi,m)) -

, (18)
wi (y;s i) =

Substituting u; = u} (y!, ;) and w; = w}(y?, ¢;) from (18)
into (17) and using the fact that f;(9;) = (f(9;)- Rie1)Rie1 +
(f(9i)- Riea) Rieo yields the closed-loop system in (&, 6;)icn
coordinates,

& = fi(9i) + kgi(pi,n) Riea

1 R (19)
= (fi(9:) - Riea + kgi(wi,n)),

i € n.

Notice that the control inputs in (18) are defined precisely in
terms of (&,6) and so the equations of motion in (19) consti-
tute a dynamical system. The parallel formation manifold I'
in (3) in (Z,0) coordinates becomes,

R>" x T"

F::{(i',e)e :’jZli:O, Hli:O,iGn}.

(20)

C. Lyapunov analysis

From Lemma 2, system (4) is gradient with nonnegative
storage function V;. Inspired by [23], define a Lyapunov
function V,.(0) as,

ZZ%/ g(s)ds. 21)
i=1jeN;
Since G is connected, we have that V,, > 0 and V,71(0) =

{6 € T" : (Vi,k € n) 6; = 6,}. Next, combine V;(&) and
V,.(9) as follows:

V(%,0) = V(&) + kV,.(6).
Since V; aAnd V, are nonnegative, V is nonnegative and
V=10)=T.
Using (19), the time derivative of V(&) is given by,
= Z —fi- (fi + kgiR;e2)
i=1 (22)
= Z (= fill* = (fi - Riez)kgi) -

—g(6‘ji), we have

B 90;;
</0 g(s)ds) 20,

Since g(6;;) =

av, 1 0
r_ - Z biji
06; ~ 2 22" o0,

N /9” (s)ds | 2t @3)
”ae 9 | "5y,
JEN
= - Z bij9(0ij).
JEN;

Using the above, identity (9), and the fact that n; = 1/«;, we
obtain

ZZ

i=1jeN;

fz Ries + k}gl)

= —gi (fi- Riez + kgs) (24)
=1
=Y (=(fi- Riez)gi — kg?).
=1
Combining (22) and (24), we get
V=V, +kV,
= —|1£:l1? - Riez)(kgi) — (kgi)?
Z I1£il1% - ie2)(kgi) — (kgi)?) 05)

= Z (=IIfi - Riea|l® = || fi - Riez + kgs]|*) <0
=1

D. Lyapunov analysis in relative coordinates

To further simplify the stability analysis, we perform an-
other coordinate transformation with the intention of quotient-
ing out the dynamics of unicycle 1. More precisely, consider
the diffeomorphism

F:R? x T" — R2" 1) x R2 x T x ST,
F(i"e) = (iﬂ‘%ivéa ol)a



where 7 == (&1,)ic2:n, 0 == (01i)ic2:n. Using Lemma 3(i)
and the fact that f;(9;) - Riea = fi(§}) - R}ea, the dynamics
in (19) can be written in new coordinates as,

fﬂi = [fz 11) + kgi(pi, )RzleQ - fl(:‘)%) - kgl(@l,n)eﬂ

(
(L nah-arratum)

aq
) 1 R
014 = (fi(9}) - Ries + kgi(pi,n))
1
T (f1(91) - e2 — kg1 (1, m))
) (26)
i1 =f1(01) + kg1 (p1,n)e2 — wid;
) 1 R
01 =— (f1(91) - e2 — kgi(p1,m)) ,
aq
where 7 € 2:n, and for v € R we denote
x._ | 0 —wv
oo ]
We remark that §; = (Zj;)jen; (Z1; — T1;)jen

@i = (0ij)jen; = (01; — 01;)jen, and R} are functions
of the relative quantities (Z,6), and do not depend on the
absolute quantities &1 and 6. It follows that system (26) has
a decoupled subsystem with state (i,0) € R2("=1) x T7n-1,
Moreover, I'(d) in new coordinates is given by

{(j7i‘%79~791) :

which is also independent of absolute quantities #1 and ;.

Based on these considerations, the variables #1 and 6,
may be dropped, yielding a new dynamical system with
state (Z,0) € R2(™=1) x T7=1 Proving almost semiglobal
asymptotic stability of I'(d) for system (19) is equivalent to
proving that the equilibrium

= {(gz, f) = (0,0) € R2"=1) x ’]I‘(”‘l)}

2l =0, 0y =0, Vi€2:n}, 27)

(28)

is almost semiglobally asymptotically stable for the (Z,6)
subsystem.

We now return to the Lyapunov analysis of Section VI-C,
expressing V in relative coordinates (Z, 8). Using the fact that

2351 = 1By &1l = | Ry ' (@1 — 213)ll = [|21; — 21, and

0;; = 61; — 01;, we have
Vi(2,0) = Vt|(j 0)=F~1(z,3,0,01)
|‘9‘717 |
1 Z 3 %/ f(s)ds
i i=1 jEN; (29)
Vi(#,0) = Vil 0= r-1(3.01.6.600)

01;—014
- Z Z bl]/ g(s)ds.

i=1jEN;

The identities in (29) imply that V' can indeed be expressed in
terms of relative quantities (Z, 9) and in these coordinates it
is given by V (&, 0) := Vt(x 0) + kV,.(z,0). Since V=1(0) =
I, it follows that V=1(0) = T and therefore V is positive
definite at (&,0) = (0,0). For any ¢ > 0, the sublevel set

V. ={(z,0) e R2"=1 x T"=1 . V < ¢} is closed since V
is continuous. Next we show that V_ is bounded, and hence
compact. In the set V,

il

o | oy

forall i € n, j € N;. If ||Z;]| > co where ¢, is defined in Al,
then this implies that a;;c; (Hx” ||[—c2) < c where ¢; is defined
in A1 and therefore ||@;]| < (¢/c1aij) + co is bounded. Since
the undirected graph is connected, this proves boundedness of
(z, 9~). Moreover, using a standard result in [28, Proposition
8.16], the time derivative of V satisfies,

s<c¢

)

=F-1(z, a:1,0 01)
n

Z =I1£:(5i) - Riex|* —

i=1

1£:(5)) - Riex + kgi(ei,n)||?) -

Once again, since §i, ¢; and R} are functions of (Z,0),
V(#,0) is independent of #} and ;. In light of (25),
V < 0, with equality if and only if f;(j}) - Rle; = 0 and
fi(9}) - Rlea = —kgi(pi,n) for all i € n. Together, these

conditions imply that on the set E = {(z,6) : V(z,0) = 0}
it holds that

fi(9}) = —kgi(pi,n)R}ez, Vi€ n. (30)

E. Local asymptotic stability of r

In this section we show that there exists ¢ > 0 such that
En{(z,0) : |0 < e} = V-10) = T, implying that V/
is negative definite, and I is locally asymptotically stable by
Lyapunov’s direct method.

Let (%,0) € E be arbitrary. By Lemma 3(iii), we have
0=>", @) =R, fig:) = 0. Using (30), we
get —> 1" gi(pi,n)Rles = 0, and using (9), we get

- Zni Z bij9(0:;)Ries = 0.

i=1  jEN;
We have Rle; = [ —sin(f1;) cos(61;)] 7, so
~ - sin(91i)}
SN ST big(6: —0.

The first component of the above identity gives

Z”i Z bij9(0ij) sin(01;) = 0,

i=1  jJEN;

3D

which depends solely on relative angles 0. Expanding ¢g(s)
and sin(s) about s = 0, we get
9(s) = §(0)s + ha(s)s
sin(s) = s + ha(s)s,
where limg_,0hi(s) = 0 and lims_,g ho(s) = 0. Moreover,
g(0) > 0 by B3. Using the above identities in (31) we get

Zm Z bij [9

=1 jEN;
+h1(0;5)0:5601; + h1(055)h2(614)0:561:] = 0.

(0)03501; + g(0)ha(601:)0;;601 @)



Dividing by ¢(0), we have

im Z bi;0;561: [1 + ha(61;)
i=1  jEN;
hl(aij) hl(eij)hz(eu)] -0
9(0) 9(0) '

Ignoring, for now, higher order terms h;(6;;), ha(61;) in (33)
and substituting in 7; = 1/«;, we get

(33)

n

2(911‘/0@‘) Z bij[01j — 61:] = 0. (34)
i=1 JEN;
Define a weighted Laplacian matrix L by L(4,5) = —b;;

for i # j and L(i,i) = > ;cp, bij. Then L is a symmetric
Laplacian for the connected graph G, and therefore ker L =
span{1}. Next, let

M@ d) = D0 maxi(=dy; 1)
oy o —dy; e (35)
A=A, ),
and
D(X) == diag (X ) cn
The identity in (34) can now be rewritten as
1 ~ 0
— Tl D\ &,d)L || =0. 36
max; oy [O 0 ] (Ma, d)) [9} (36)

Letting

L(\) == PTD(\)LP, P = [Ojﬁ("‘“] :
(n—1)

identity (36) implies
6T L(\a,d))d = (37

d)
Denoting by M (\) := (L(\) 4+ L(A\)T)/2 the symmetric part
of L, identity (37) becomes

6" M(\a,d))d = 0. (38)

We will show that for large & > 0, M (A(&, d)) is positive
definite. Referring to the definition of A; in (35), note that

Ni(@,d) — 1 as a o0, (39)

max;(—d}; - e1)
and \;(@,d) = 1 when —d};-e; = 0 for all i € n. In light
of this observation, consider first the case in which A = 1,
so that D(\) = D(1) = I, the identity matrix. Then (36)

reduces to
0 6T]L B} >0,

with equality if and only if [0 éT] € span{l} (since
ker L = span{1}), which can occur only if § = 0. Owing to
the equivalence of (36) and (38), we have that 6T M (1)9 >0,
with equality holding if and only if §# = 0, and thus M (1)
is positive definite and, since M (A) is symmetric, all its
principal leading minors m;(A), ¢ € n, have the property that
m;(1) > 0, i € n. Since the functions m;(\) are continuous,
there exists € > 0 such that for all A € R"™ such that

A —=1| < e my(A) > 0, i € n. From (39), we deduce
that there exists a* > 0 such that
& ) _
—_— = [|AM(a,d) —1
max;(—d}; - e1) - @ d) I<e
= m;(Na,d)) >0i€n.

We have thus established the existence of a* > 0 such that, for
all @ > o* max;(—dj, - e1), the matrix M (\(@, d)) is positive
definite.

Now assuming that & satisfies the above bound so that
M (X(@,d)) is positive definite, we return to identity (33)
including higher-order terms, and rewrite it as

6" M(\a,d))d +r() =0,

where M (-) is as before and

0) = Zm Z bij0i;61i [h2(01:)

(40)

=1 jEN:
hi(0i;) | ha(0i)h2(61:)
49(0) 49(0)

We will show, using similar arguments to [29, Proof of
Theorem 6.1], that there exists ¢ > 0 such that in an e-
neighborhood of # = 0, identity (40) holds only if 6 = 0.

Condition (40) holds only if [|§T M (-)8|| = ||r(8)||. Suppose
for a moment that

@
-0 [|0T M(- )0||

Then for sufficiently small 6, ||7(8)|| < ||6T M (-)0||/2, and the
unique solution to (40) isﬂ~ = 0, as desired. To show that (41)
holds, express 0 as 6 = ||0||¢ where ¢ = (¢1;)ic2.n € S"Lis
a unit vector. Correspondingly, 61; = ||0]|¢y; for all i € 2:n.
One can then write,

0T M()0 =||0]2¢ " M ()¢,

r(@) =112 S" S biymiioni [ha(0r:)

(41)

i=1 jEN;
hy(6:5) hl(eij)hQ(ali)] G127 (7
+— + - = |0]|°h(0, ¢),
00 o 1611748, 6)
where h(-,-) has the property that lim;_, h(f,¢) = 0. Then,
(@) Ih (6, )l

PR TTTMOE] b s M)
since limj_,, h(f,4) = 0 and mingegn-1(¢ " M(-)¢) > 0
because M (-) positive definite and ¢ is a unit vector.

To summarize, there exists e > 0 such that if [|0]| < e,
then (33) is zero only if 6 =0, implying that g; = 0 for all
¢ € n. By (30) this implies that f; = 0 for all i € n and
therefore, by Lemma 3(ii), £; = &; for all 4, 7 € n. It follows
that EN (R2=D x {§:[|0]| < €e}) =T

To summarize our ﬁndlngs so far, we have shown that 1%
is positive definite, V-10) = {(z,0) = (0,0)} =T, and
V = 0 is negative definite on (R2"~1D x {f : ||§] < €}),
a neighbourhood of I. By Lyapunov’s stability theorem, the
equilibrium T is locally asymptotically stable for the (i,é)
subsystem.



F. Almost semiglobal asymptotic stability of r

Having established that for & > 0 sufficiently large, the
equilibrium is asymptotically stable for the (Z, é) subsystem,
we now prove that I' is almost semiglobally asymptotically
stable with high-gain parameter k. The idea is to show that,
for sufficiently large k, for almost all initial conditions in any
given compact set the solutions of the (Z, ) subsystem enter
in finite time and remain inside the set (R>("~1) x {6 : ||f]| <
€}) on which V is negative definite, which implies that they
converge to T'.

Rewrite the dynamics of the 6 subsystem in (26) as,

6 = kF(0) + A(7,6), 42)
where
_ 1
F;(0) = (a_gi(%n) - gl(wl,n))
R 1 . 1 N
Ai(#,0) = — fi@;) - Riea — — f1(31) - ea.
Q; (&3]
After the time scaling 7 = kt, system (42) reads as
~ - 1 ~
0 = F(0) + %A(i:,ﬁ), (43)

where prime denotes differentiation with respect to 7. In what
follows, we denote by 3(0) the nominal system ' = F(6),
and by X(k) the perturbed system (43).

The vector field F' coincides with the attitude synchroniza-
tion dynamics of the collection of rotational integrators in (8)
with feedback (9), expressed relative to integrator 1. Therefore,
by Theorem 1, the equilibrium # = 0 is almost globally
asymptotically stable for ¥(0). Let D(0) be the domain of
attraction of § = 0 for 3(0), a set of full-measure.

The term (1/k)A acts as a perturbation in (43). Since, by
assumption A2, the functions f;(9}) - Rles and f1(91) - eo
are uniformly bounded, the map A is uniformly bounded, i.e.,
there exists A > 0 such that sup|A| < A. The uniform
bound on the perturbation (1/k)A tends to zero as k — oo.

Since 6§ = 0 is asymptotically stable for 3(0), there exists
r > 0 and a C! positive definite Lyapunov function W :
B, (0) — R whose derivative along ¥(0), LpW : B,(0) — R,
is negative definite. We may assume, without loss of generality,
that » < e. Let ¢ > 0 be such that the sublevel set W = {0:
W () < ¢} is contained in B, (0) C B.(0), and let ¢ > 0 be
such that B.(0) C W, C B(0). Since LFW‘@WC <0, W
is positively invariant for 3(0). Moreover, letting
maxaw, ||OW/90]| «

A
Hlin(j-)vyc |LFW| ’

ko =

we have that for all k£ > kg it holds that LF+(1/k)AW|6WC <
0, and thus W, is positively invariant for the perturbed system
¥(k) in (43).

Let # € D(0) be arbitrary. Then the solution of X(0)
through 6 converges to 0, and let 7 > 0 be the first time when
such solution enters B/ (0). By continuity of solutions with
respect to initial conditions and bounded perturbations [30,
Theorem 3.4], there exists ¢ > 0 and kE > ko such that for
all k& > k, all solutions of (k) through initial conditions in

B,,(#) are contained in W, at time 7'. Since W, is positively

invariant for ¥(k) and contained in B.(0), all solutions of
Y (k) through B,,(f) enter in finite time and remain inside the
set B,(0), for all k& > k.

Let K C D(0) be an arbitrary compact set. The arguments
above yield an open cover of K by balls Bu(é) and associated
gains k, where p and & depend on 6. Taking a finite subcover,
we obtain points {0;,i € k} C T"~!, associated balls B,,, (6;),
and gains k;, i € k. Letting k* = max;cy k;, for all k > k*
all solutions of X(k) through points in K enter and remain
inside B.(0).

Returning to the (:E,é) dynamics, the & subsystem has no
finite escape times because V s proper and nonincreasing
along solutions. Then, from the results just obtained we have
that, for any compact subset K of D(0) (a set of full-measure
in T?~1), there exists k¥* > 0 such that, for all £ > k*, all
solutions of the (Z,6) subsystem through initial conditions
in R2»=1) x K enter in finite time and remain inside the
closed set R2("=1) x {@ : ||6]| < €}. For any ¢ > 0, the set
VoN(R2 =D % {f : [|0]| < €}) is compact because the sublevel
set f/c is compact. Since V is negative definite on this set, all
solutions through R2("~1) x K converge to I'. This proves that
I is almost semiglobally asymptotically stable.

VII. CONCLUSION

We have presented a class of local and distributed control
laws to drive a group of kinematic unicycles to a desired
parallel formation in which all unicycles have a common
heading direction and achieve a desired predefined spacing
between their positions. While converging to the formation,
the unicycles come to a stop. In our setup, the sensor graph
is assumed to be undirected and connected. As a special
case, we solved the full synchronization problem where both
the unicycle heading directions and positions coincide. The
formations in this paper are invariant under rigid translations
and rotations. We presented simulation results that validate the
results in this paper. Some drawbacks of the approach are the
requirement of a high-gain parameter and the assumption of
fixed, undirected graphs. In future work, one could consider
extending the current approach to directed, time-dependent
or state-dependent graphs and relax the high gain parameter
requirement.
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