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Abstract— We consider the problem of direct data-driven
predictive control for unknown stochastic linear time-invariant
(LTT) systems with partial state observation. Building upon our
previous research on data-driven stochastic control, this paper
(i) relaxes the assumption of Gaussian process and measurement
noise, and (ii) enables optimization of the gain matrix within the
affine feedback policy. Output safety constraints are modelled
using conditional value-at-risk, and enforced in a distributionally
robust sense. Under idealized assumptions, we prove that our
proposed data-driven control method yields control inputs
identical to those produced by an equivalent model-based
stochastic predictive controller. A simulation study illustrates the
enhanced performance of our approach over previous designs.

I. INTRODUCTION

Model predictive control (MPC) is a widely used technique
for multivariate control [1], adept at handling constraints
on inputs, states and outputs while optimizing complex
performance objectives. Constraints typically model actu-
ator limits, or encode safety constraints in safety-critical
applications, and MPC employs a system model to predict
how inputs influence state evolution. Both deterministic and
stochastic frameworks have been developed to account for
plant uncertainty in MPC. While Robust MPC [2] approaches
model uncertainty in a worst-case deterministic sense, work
on Stochastic MPC (SMPC) [3] has focused on describing
model uncertainty probabilistically. SMPC methods optimize
over feedback control policies rather than control actions,
resulting in performance benefits when compared to the naive
use of deterministic MPC [4], and accommodate probabilistic
and risk-aware constraints.

The system model required by MPC (and SMPC) is
sometimes obtained from identification, making MPC an
indirect design method, since one goes from data to a
controller through an intermediate modelling step [5]. In
contrast, data-driven or direct methods seek to compute
controllers directly from input-output data, showing promise
for complex or difficult-to-model systems [6]. Accounting
for constraints in control, Data-Driven Predictive Control
(DDPC) methods were developed, including Data-Enabled
Predictive Control (DeePC) [7]-[9] and Subspace Predictive
Control (SPC) [10], both of which have been applied in
multiple experiments [11]-[13]. For deterministic LTI systems
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in theory, both DeePC and SPC produce equivalent control
actions as from MPC.

Real-world systems often deviate from idealized determinis-
tic LTI models, exhibiting stochastic and non-linear behavior,
with noise-corrupted data. To address these challenges, data-
driven methods must account for noisy data and measurements.
For instance, in SPC applications, required predictor matrices
are often computed using denoising techniques [10]. Regular-
ized and distributionally robust DeePC were also developed
for stochastic systems [7]-[9]. Unlike in the deterministic
case, however, these stochastic adaptations of DeePC and
SPC lack theoretical equivalence to model-based MPC.

Recognizing this gap, some recent advancements in DDPC
have aimed to establish equivalence with MPC methods
for stochastic systems. The work in [14], [15] proposed a
DDPC framework for stochastic systems, and their method
performs equivalently to SMPC if stochastic signals can be
exactly expressed by their Polynomial Chaos Expansion. This
paper builds in particular on our previous work [16], where
we proposed a data-driven control method for stochastic
systems, without estimation of disturbance as required in
[14], [15], and established that the method has equivalent
control performance to SMPC when offline data is noise-free.

Contribution: This paper contributes towards the continued
development of high-performance DDPC methods for stochas-
tic systems. Specifically, in this paper we develop a stochastic
DDPC strategy utilizing distributionally robust conditional
value-at-risk constraints, providing an improved safety con-
straint description when compared to our prior work in [16],
and providing robustness against non-Gaussian (i.e., possibly
heavy-tailed) process and measurement noise. Additionally,
in contrast with the fixed feedback gain in [16], we consider
control policies where feedback gains are decision variables
in the optimization, giving a more flexible parameterization
of control policies. As theoretical support for the approach,
under technical conditions, we establish equivalence between
our proposed design and a corresponding SMPC. Finally, a
simulation case study compares and contrasts our design with
other recent stochastic and data-driven control strategies.

Notation: Let M be the pseudo-inverse of a matrix M.
Let ® denote the Kronecker product. Let S% (resp. S% )
be the set of g x ¢ positive semi-definite (resp. definite)
matrices. Let col(My, ..., M) (resp. Diag(My, ..., My))
denote the vertical (resp. diagonal) concatenation of matrices
/ vectors My, ..., My. Let Zjqp) := [a,b] NZ denote a set of
consecutive integers from a to b, and let Z, p) := Zq,p—1]-
For a RY-valued discrete-time signal z; with integer index ¢,
let 21, 4,1 denote either a sequence {zt}?:tl or a concatenated



vector col(zy,,...,2,) € RIE2=t1+1) where the usage is
clear from the context; similarly, let 2[, 1,) = 2}, ¢,—1]-
A matrix sequence {M,}!2, , and a function sequence
{m(-)}i2,, are denoted by M, 4, and [, ¢,] respectively.

II. PROBLEM SETUP

Consider a stochastic linear time-invariant (LTI) system

Ty = Az + Bug +wy, Yy = Cxy + Dug +vp (1)

with input v, € R™, state x; € R", output y, € R?, process
noise w; € R™, and measurement noise v; € RP. The
system (A, B,C, D) is assumed as a minimal realization,
but the matrices themselves are unknown and the state x;
is unmeasured; we have access only to the input u; and
output y; in (1). The probability distributions of w; and vy
are unknown, but we assume that w; and v; have zero mean
and zero auto-correlation (white noise), are uncorrelated, and
their variances ¥ € S% and ¥V € Sﬁ_ . are known. The
initial state xo has given mean £, and variance ¥* and is
uncorrelated with the noise. We record these conditions as

]E[[Iz'ff“ =0, E[[I&] [%;]T] = [dtsozw 532“]7 @
Elzo] = py, Var[zo] = 3%, E[xo [%]f}T] =0, 3

with ;s the Kronecker delta. Assume (A, X") is stabilizable.

In a reference tracking control problem for (1), the objective
is for the output y; to follow a specified reference signal
ry € RP. The trade-off between tracking error and control
effort may be encoded in an instantaneous cost

Ji(ur,ye) = lye = rellg + luel % )

to be minimized over a time horizon, with user-selected
parameters Q) € S, and R € S, . This tracking should be
achieved subject to constraints on the inputs and outputs. We
consider here polytopic constraints, which in a deterministic
setting would take the form E [Zi] < f for all t € N>q, and

for some fixed matrix £ € R9*(™+P) and vector f € RY.
We can equivalently express these constraints as the single
constraint h(u, y:) < 0, where

Wlug, ye) = maXieqr gy €f (W] = fir 9

with e; € R™*P the transposed i-th row of E and f; € R
the i-th entry of f. For the system (1) which is subject to
(possibly unbounded) stochastic disturbances, the determin-
istic constraint h(us,y:) < 0 must be relaxed. Beyond a
traditional chance constraint P[h(us, y¢) < 0] > 1 — a with
a violation probability « € (0, 1), a conditional value-at-risk
(CVaR) constraint is more conservative; the CVaR at level
a of h(ug,y,;) is defined as the expected value of h(uy,y:)
in the - 100% worst cases, and takes extreme violations
into account. With the noise distributions unknown, we must
further guarantee satisfaction of the CVaR constraint for all
possible distributions under consideration. Let D denote a
joint distribution of all random variables in (1) satisfying (2)
and (3), and let the ambiguity set D be the set of all such
distributions. The distributionally robust CVaR (DR-CVaR)

constraint [17], [18] is then
suppep D-CVaRq [h(ut, y:)] <0, 6)

where D-CVaR,[z] is the CVaR value of a random variable
z € R at level « given distribution D.

If the system matrices A, B,C,D were known, this
constrained tracking control problem subject to (6) can be
approached using SMPC, as described in Section III-A. Our
objective is to develop a data-driven control method that
produces equivalent control inputs as produced by SMPC.

III. STOCHASTIC MODEL-BASED AND DATA-DRIVEN
PREDICTIVE CONTROL

We introduce a model-based SMPC framework in Section
III-A and propose a data-driven control method in Section
III-B, with their theoretical equivalence in Section III-C.

A. A framework of Stochastic Model Predictive Control

We focus here on output-feedback SMPC [19]-[21] which
typically combines state estimation and feedback control. The
formulation here broadly follows our prior work [16], but
we now consider a DR-CVaR constraint in place of chance
constraints, and we will allow optimization over the feedback
gain. This SMPC scheme merges the established works on DR
constrained control [17], [18] and output-error feedback [22],
while the combined framework is part of our contribution.

1) State Estimation: SMPC follows a receding-horizon
strategy and makes decisions for N upcoming steps at each
control step. At control step ¢t = k, we begin with prior
information of the mean and variance of state zj, namely

Elzk] = py, Var[zy] = X%, @)

where the mean pj, is computed from a state estimator to
be described next; at the initial step k = 0, g = pi; is a
given parameter as in (3). For simplicity of computation, we
let >* in (3) and (7) be the steady-state variance through the
Kalman filter, as the unique positive semi-definite solution

to the associated discrete-time algebraic Riccatti equation
(DARE) (8a), with observer gain L € R"*? in (8b).

Y= (A - LLO)T AT 4 2% (8a)

Ly == AYXCT (x0T +x2v) 7! (8b)
Estimates Z; of future states over the desired horizon are
computed through the observer, with innovation vy € RP,

Ve ' =Yg — Ciy — Dut, t e Z[k,k-i-N) (9a)
Teq1 1= A%y + Buy + Livy, t € Zigk+N) (9b)
Tp = py, (9c)

where we utilize in (9b) the observer gain L in (8b) so that
(9) is equivalent to the steady-state Kalman filter. While the
noise here is potentially non-Gaussian, the Kalman filter is
the best affine state estimator in the mean-squared-error sense,
regardless of the distributions of x, w;, v+ once their means
and variances are specified as in (2) and (7) [23, Sec. 3.1].

At the control step with condition (7), we can predict future



states and outputs by simulating the noise-free model,

Tiq1 = Az + Biiy, te Z[k,kJrN) (10a)
Uy = CZy + Dy, t € Lk, k+N) (10b)
Ty o= 1 (10¢)

with nominal inputs @, as decision variables to be optimized,
and with resulting nominal states X, and nominal outputs .

2) Feedback Control Policies: Our prior work [16] was
based on an affine feedback policy uw; = @, — K (& — T¢)
with a fixed feedback gain K. Here we investigate control
policies where the feedback gain is a time-varying decision
variable. However, the naive parameterization

(TR ﬂt — Kt(ft — ft)

(11

leads to non-convex bilinear terms of the decision variables
u and K3, as ¢, T; depend on U 4y via (9), (10). Thus, we
instead apply an output error feedback control policy [22]

(12)

where the nominal input %; and feedback gains M € R™*P
are both decision variables, with innovation v in (9a). The
policy parameterization (12) contains within it the policy (11)
as a special case: indeed, for a sequence of gains KT, x4 ),
the selection for all s, € Z 14n),s <1

M} « (A— BK;_1)(A— BK;_5)---(A— BK,)L,

reduces (12) to (11). Crucially, (12) leads to jointly convex
optimization in decision variables %, M}, as we will see next.

With the estimator (9) and policy (12), both input u,; and

output y; of (1) can be written as affine functions of the
decision variables, through direct calculation, with % in (10),

[Z:] - [%ﬂ + Ak, tE L pyny (13)

where n = col(xr — pf, Wikt N)s Vi k4ny) € R s
a vector of uncorrelated zero-mean random variables of
dimension n,, := n+nN +pN, and matrix A; € R(m+p)xny
is linearly dependent on the gain matrices M as

A
A

U < ﬂ—t(y[k,t)) = ’L_l/t + Zi;i Mts Vg

At =

07"/ mn,
}MAMJr[ X] LE Zyrrny,  (14)

A
Atfkr

where M € R™N*PN g a concatenation of M}

My
My, Mt
M = . - , (15)
k ' k+.1 i k+N—1
Mk+N—1 Mk+N71 Mk+N71

and where AY € Rm*mN AY ¢ RpxmN AA ¢ RPX"n and
AM ¢ RPN*1 are independent of both decision variables %
and M/, with expressions available in Appendix A.

3) Deterministic Formulation of Cost and Constraint:
Given (13), col(u,y;) has mean col(@;,J:) and variance
A:X"A], since m;, has zero mean and the variance 7 :=
Diag(¥*, Iy ®@X", Iy®@XY) € S'" via (2) and (7). Then, the
constraint (6) can be equivalently written as a second-order
cone (SOC) constraint of the decision variables @ and M.

Lemma 1 (SOC Expression of DR-CVaR Constraint). With

h(ug, yt) as in (5), for t € Zjg k4N, (6) holds iff
2(%>%H(ZTI)%A361M2 <—ef [%:] +fi 1€ 2Zp,g. (16)

Proof. Substituting (13) into (5), h(u,y:) can be written as
h(ug,ye) = max el Ay, + €] col(Ty, ) — fi,
i€{l,...,q}

gees

where the random variable 7, has zero mean and variance
3. According to [18, Thm. 3.3], (6) holds if and only if
there exist 6, € R and ©, € Si”“ satisfying the LMIs
0 > af; + Trace[©, Diag(%", 1)]
On,y xny, Ae;
eiAe el col(@, §i) — fi — O
From [24, Thm. 1], these LMIs are feasible in (6;, ©;) if and
only if (16) holds, which completes the proof. ]

O, = 1€ Lpg)-

SMPC problems typically consider the expected cost
fi,jv “YE[J;(ut, y;)] summing (4) over the horizon, which

is equal to a deterministic quadratic function of # and M/,
k+N— - . 1 1
i [, 5) + |IDiag(R, Q)7 A(S7)3 ], (17)
given the mean and variance of col(uw,y;) and given that
E[||z]13] = |E[2]||3 + |52 Var[z]2 |2 for any random vector
z and fixed matrix S; || - ||r denotes the Frobenius norm.
4) SMPC Optimization Problem and Algorithm: Using the

cost (17) and reformulation (16) of constraint (6), we have
the SMPC problem as a second-order cone problem (SOCP)

minimize (17) s.t. (16) for ¢ € Zy k+n), (10),(14), (1)

which problem has a unique optimal solution when feasible,
since (17) is jointly strongly convex' in @ and M.

The nominal inputs % and gains M, determined from (18)
complete the parameterization of control policies 7 14 n)
in (12), and the upcoming N, control inputs u[ x4 n.) are
decided by the first N. policies 7 x4 n,) respectively, with
parameter N € Z nj- The next control step will be set
as ¢t = k + Nc, and the state mean pj, n in (7) will be
iterated as the estimate T4y, via (9); we let the nominal
state T4, via (10) be a backup value i, . of pf, . that
ensures feasibility of (18) at the new control step [19]. The
entire SMPC control process is shown in Algorithm 1.

B. Stochastic Data-Driven Predictive Control (SDDPC)

We develop in this section a data-driven control method,
which consists of an offline process for data collection and
an online process that makes real-time control decisions.

1) Use of Offline Data: In data-driven control, sufficient
offline data is required to capture the system’s behavior. Here
we explain how we collect data and use it to calculate some
quantities required in our control method. We first consider
noise-free data and then address the case of noisy data.

Consider a deterministic version of the system (1)

Ti41 = A(ﬂt + But, Yt = CiCt + .D'U/t. (19)

I'Strong convexity in  is clear from the first term; strong convexity in My
can be shown by noting that a sub-matrix of col(Jk, ..., Tkt N—1) With

Ji == Diag(R, Q)'/2A¢(£™M)/2 is JLMUTR, where J := Iy @ R'/?
and Jr := (Ipny — Z(AL)(In ® LL))(In ® (2¥)'/?) are non-singular.



Algorithm 1 Distributionally Robust Optimized-Gain Stochas-
tic MPC (DR/O-SMPC)
Input: horizon lengths N, N, system matrices A, B, C, noise
variances X", %", initial-state mean ., cost matrices
@, R, constraint coefficients F, f, and CVaR level «.
1: Compute ¥*, L, via (8) and AHLN)’ AEB’N), Aﬁ]’N), AM
through Appendix A.
Initialize the control step £ <— 0 and set pf < pi,;.
Solve x4y and My from problem (18).
If (18) is infeasible then Set ;1 <— p3, and redo line 3.
for ¢ from k to k+ N, — 1 do
Input us < 7 (V1)) in (12) to the system (1).
Measure y; from the system (1).
Compute v; via (9).
Set (1 n.s Hiorn,) 88 (Zktne, it ) in (9), (10).
Set k < k + N.. Go back to line 3.

R AN A R ol

._
=

By assumption, (19) is minimal; let L € N be such that the
extended observability matrix O := col(C,CA4,...,CAL=1)
has full column rank. Let uf, ;1. yf} 5, be a Tq-length
trajectory of input-output data collected from (19). The input
sequence u< is assumed to be persistently exciting of order
K4 :=L+1+n,ie, its associated K 4-depth block-Hankel

matrix Hg, (u‘[i1 .]) € RmEax(Ta=Kat1) " defined as

d d d
Uy U2 UTy—Kq+1
d d d
d | U2 u3 UTy—Kq+2
HKd (u[LTd]) = . . . 5
d d d
UKy UYKg+1 Uty

has full row rank. We formulate data matrices U; € R™Lxh,
Uy € Rm*P Yy, € RPEXP and Yy, € RPXP of width h :=
T4 — L by partitioning associated Hankel matrices as

U Y;
{Uﬂ = HL+1(UFLT‘1]), {Y;

The data matrices in (20) will now be used to represent a
quantity T' € RP*(mL4PL) related to the system (19),

(20)

= HL+1(yﬁ,Td])'

t
— e L] [Im

r-[r nvi=fee caf[lg ol ey

with C := [AL71B, ..., AB, B] the extended controllability

matrix and G := Toep(D,CB,...,CAL=2B) the impulse-

response matrix; Toep denotes the block-Toeplitz matrix

M,

Toep(M, ..., My,) == | Mz Ml .

My - Moy M,

Lemma 2 (Data Representation of I' and D [16]). If system

(19) is controllable and the input data u‘[il ] is persistently

exciting of order L + 1 + n, then, given the data matrices in

(20), the matrix T defined in (21) and matrix D in system

(19) can be expressed as [Ty, Ty, D] = Y col(Uy, Yy, Us)T.

With Lemma 2, the matrices I'; D are represented using
offline data collected from system (19), and will be used as
part of the construction for our data-driven control method.

In the case where the measured data is corrupted by noise,
as will usually be the case, the pseudo-inverse computation
in Lemma 2 is numerically fragile and does not recover the

desired matrices I', D. A standard technique to robustify this
computation is to replace the pseudo-inverse W' of W :=
col(Uy, Y1, Us) in Lemma 2 with its Tikhonov regularization
(WTW + AI,)~*WT with a regularization parameter \ > 0.

2) Auxiliary State-Space Model: The SMPC approach of
Section III-A uses as sub-components a state estimator, an
affine feedback law and a DR-CVaR constraint. We now
leverage the offline data as described in Section III-B-1 to
directly design analogs of these components based on data,
without knowledge of the system matrices.

We begin by constructing an auxiliary state-space model
which has equivalent input-output behavior to (1), but is
parameterized only by the recorded data sequences. Define
auxiliary signals x;, w; € R™ of dimension n,,x := mL +
pL 4 pL? for system (1) by

ut_L,t) OmLx1
o OpLx1
Xy 1= Wy = 2 22
t yth,t) ) t OpL(L—l)Xl ( )
Plt—L,t) Pt
where y; = y; — vy € RP is the output excluding mea-

surement noise, and p; := OQw; € RPL stacks the system’s
response to process noise w; on time interval [t+1, ¢+ L]. The
auxiliary signals x;, w; together with wu,, y;, v; then satisfy
the relations given by Lemma 3.

Lemma 3 (Auxiliary Model [16]). For system (1), signals
Uy, Ye, V¢ and the auxiliary signals x;, w, in (22) satisfy
xt41 = Axy + Bug +wy,  yr = Cx¢ + Dug + v (23)
with A € R"wXnax B € R7%auX™  C € RP*"aux gjyen by
A= COI(OmLXnaux: Op(Lfl) X Naux ? C7 OpL2 Xnaux)
+ Diag(Dy,, Dp, Dpr), with Dy := [quq
B:= COI(Om(L—l)Xma I, Op(L—l)va D, OpLQXm)a
C .= [Fu, Fy, F— FyE] ,
with matrices T'y, 'y in (21), and zero-one matrices E :=
Toep(OpoL7 Sl, ey SL—l) and F = [SL, SL—l, ey 51]
composed by S; := [0, (j—1)p, Ip, Opx (L—j)p) Jor § € Zp 1)

)

Tqr-1) ] ,

The output noise v; in (23) is precisely the same as in
(1); w, appears now as a new disturbance of zero mean and
the variance X" := Diag(0(y,,,—pL)x (no—pL)s 2°), Where
Y= O0xvOT e SﬁL is the variance of p;. The matrices
A B, C, D in (23) are known given offline data described
in Section III-B-1, since they only depend on I'y,I'y, D
which are data-representable via Lemma 2. Hence, the
auxiliary model (23) can be interpreted as a data-representable
realization of the system (1).

3) Data-Driven State Estimation, Feedback and Constraint:
The auxiliary model (23) will now be used for both state es-
timation and constrained feedback control purposes. Suppose
we are at a control step ¢t = k in a receding-horizon process.
Similar to (7), auxiliary state x; has condition E[x;] = p
and Var[x;| = X%, where pf is known from the state
estimator to be introduced next; at the initial time &£ = O,
the initial mean p}; is a parameter; the variance X is the



unique positive semi-definite solution to DARE (24a),
¥ =(A-LC)ZAT + 2% (24a)
L := AX*CT(CZ*CT +x)~! (24b)
given (A, C) detectable and (A, 3") stabilizable [16, Lemma

5]. The state estimator for the auxiliary model (23) is
analogous to (9), with observer gain L € R™*P in (24b),

vy =y — CXy — Duy, te Z[k‘,k-{-N) (25a)
)A(t_;'_l = Axy + Buy + Livy, te Z[k’kJ’,N) (25b)
Ry 1= gk (25¢)

where X; is the estimate and v; is the innovation. The output-
error-feedback policy (12) in SMPC is now extended as 7(+),

(26)

where the nominal input #; € R™ and gain matrices M} €
R™*P are decision variables. Let X; € R and §; € R? be
the resulting nominal state and nominal output as

g = T (V) = Tr + Z’;;k Mfv,

i1 := AX + By, t € Zk kN> (27a)
yi = CXy + Dy, L€ Zik kN> (27b)
Rp 1= W (27¢)

The SOC formulation of constraint (6) is similar to (16),
252 =i e, < —l[§] + fis i €20 @9)

with matrices 3" := Diag(X*, Iy @ 3V, Iy @ V) € Si”'a”x

and A; € RUMHP)XMnave with n, a0y := Naux + NauN + pN,

U
A = |:At—k:|MAM + |:0mXAn7]-aux}

29
AY, ab, @9)

where AY € RN AY € RP*mN - AR € RPX™rau and
AM ¢ RPN X7nau can be found in Appendix A, and where
M € RMN>PN 5 a concatenation of M} as in (15).

4) SDDPC Optimization Problem and Algorithm: With the
results above, we are now ready to mirror the steps of getting
(18) and formulate a distributionally robust optimized-gain
Stochastic Data-Driven Predictive Control (SDDPC) problem,

miyi}\zn}ze (31) s.t. (28) for ¢ € Zj 1 n), (27),(29) (30)

where the quadratic cost function is analogous to (17) as
T (@, 31) + | Diag (R, Q)F A(ZM)E 2], (31)

Problem (30) has a unique optimal solution if feasible,
similar as problem (18). The solution (@, M;) finishes
parameterization of the control policies ;4 n) via (26),
where the first V. policies are applied to the system. At
the next control step ¢ = k + N, the state mean pj , » is
iterated as the estimate Xy, via (9), with a backup value
Wiy . of wi, . equal to the nominal state Xy n, via (10).
The method is formally summarized in Algorithm 2.

C. Theoretical Equivalence of SMPC and SDDPC

We establish theoretical results in this section, starting by
an underlying relation between the means of xj and Xg.

Lemma 4 (Related Means of xj, and xj, [16]). If u} is the

Algorithm 2 Distributionally Robust Optimized-Gain Stochas-
tic Data-Driven Predictive Control (DR/O-SDDPC)

Input: horizon lengths L, N, N, offline data u?,y9, noise
variances X*,3%", initial-state mean g, cost matrices
@, R, constraint coefficients E, f, and CVaR level a.
1: Compute I and D as in Section III-B-1 using data u4, y9,
and formulate matrices A, B, C as in Section III-B-2.
2: Compute 3¥*, L via (24) and AH),N)’AE),N)’A@),N)’
AM through Appendix A.

3: Initialize the control step & <— 0 and set puf < pi:.

4: Solve Uy 1) and My from problem (30).

5: If (30) is infeasible then Set p} < py, and redo line 4.
6: for t from k to £+ N. — 1 do
7
8
9

Input uy < 74 (V[i,4)) in (26) to the system (1).
Measure y; from the system (1).
Compute v; via (25).

10: Set (U5, s Mg n,) 38 (Rpt N, Xegnv, ) in (25), (27)
11: Set k < k + N.. Go back to line 4

mean of xy, and p}, is the mean of Xy, then they satisfy
H)]; = q)orig ﬁl:a N)]; = Paux ﬁ;c( (32)

for some [} € R™LAMLAY) yohere matrices Dorig, Paux are

I
(I)orig = [C, AL7 Cw]7 D,y 1= I: gL o 1g§0:|7
L

with the matrices C, O, G defined in Section II1I-B-1 and C,, :=
[AL=1 . A L), G = Toep(Opxn, C,CA,...,CAL=2).

As we assume (32) holds, the SMPC and SDDPC problems
will have equal feasible and optimal sets.

Proposition 5 (Equivalence of Optimization Problems). If
the parameters (i}, py, satisfy (32), then the optimal (resp.
feasible) solution set of SDDPC problem (30) is equal to the
optimal (resp. feasible) solution set of SMPC problem (18).

Proof. We first claim that, for all @ and M}, we have

T =i, ASTAT = AZTAT (33)

for ¢ € Z, x4 Ny, which is explained in Appendix B. Given
(33), the objective function (17) of problem (18) and objective
function (31) of problem (30) are equal, and the constraint
(16) in problem (18) and constraint (28) in problem (30) are
equivalent. Thus the problems (18) and (30) have the same
objective function and constraints, and the result follows. M

We present in Theorem 7 our main theoretical result, saying
that our proposed SDDPC control method and the benchmark
SMPC method will result in identical control actions, under
idealized conditions in Assumption 6.

Assumption 6 (SDDPC Parameter Choice w.r.t. SMPC).
Given the parameters in Algorithm 1, we assume the pa-
rameters in Algorithm 2 satisfy the following.

(a) L is sufficiently large so that O has full column rank.
(b) Data ud, y? comes from the deterministic system (19); the
input data u9 is persistently exciting of order L 4 1 + n.



(c) Given X% in Algorithm 1, the parameter >* in Algorithm
2 is set equal to OXVOT.

(d) Given p; in Algorithm 1, the parameter pi;; in Algorithm
2 is selected as ®u/i%; for some X, € RmEtntnl
satisfying 1, = Qorigitiy;. (Such Y, always exists
because @iz has full row rank.)

Theorem 7 (Equivalence of SMPC and SDDPC). Consider
system (1) with initial state xo and a specific noise realization
{ws, v 152, and consider the following two processes:

a) decide control actions {us}$2, by executing Algorithm 1;
b) decide control actions {u;}2 by executing Algorithm 2,
where the parameters satisfy Assumption 6.

Then, the state-input-output trajectories {xy,us,ys}i2, re-
sulting from process a) and from process b) are the same.

Proof. The proof is similar to the proof of [16, Thm. 9],
requiring Proposition 5 and the fact that both problems (18)
and (30) have unique optimal solutions if feasible. |

While in practice Assumption 6 may not hold, noisy offline
data can be accommodated as discussed in Section III-B-1,
and X” becomes a tuning parameter of our SDDPC method.

IV. NUMERICAL CASE STUDY

In this section, we numerically test our proposed method
on a batch reactor system introduced in [25] and applied in
[14], [26]. The system has n = 4 states, m = 2 inputs and
p = 2 outputs, and the discrete-time system matrices with
sampling period 0.1s are

1.178 001 511 -.403 | .004 -.087
~051 661 -.011 .061 | .467 .001
A|B | | o7 .33 .560 .382 |.213 -.235
C = 0 .335 089 .849 | 213 -.016
1 0 1 1
0 1 0 0

The process/sensor noise on each state/output follows the
t-distribution of 2 DOFs scaled by 10~#, which is a heavy-
tailed distribution. Control parameters are reported in TABLE
I. We collected offline data of length Ty = 600 from the
noisy system, where the input data was the outcome of a

PI controller U(s) = |:2+01/s 7})/8

signal of noise power 102, In the online control process,
the reference signal is r, = [0,0]" from time Os to time 30s,
alternates between [0,0]" and [0.3,0]T from 30s to 60s, and
is 7, = [0.5,0]" from 60s to 90s. With our proposed SDDPC
method, the first output signal is in Fig. 1; the signal remains
around 0.4 from 60s to 90s because of the safety constraint
specified in TABLE 1.

For comparison purposes, we implemented the simulation
with different controllers. In addition to distributionally robust
optimized-gain (DR/O) SMPC and SDDPC in this paper, we
applied the SMPC and SDDPC frameworks from [16], which
use chance constraints and a fixed feedback gain (CC/F).
To observe separate impacts of using the DR constraint and
optimized gains, we also implement SMPC and SDDPC
with DR constraints and a fixed feedback gain (DR/F). We
also compare to DeePC, SPC and deterministic MPC as

}Y(s) plus a white-noise

Output #1

4 Output Signal
ELE e Reference Signal
- 1% | —-—- Constraint Bound |+
I I I I I I I I

0 10 20 30 40 50 60 70 80 90
Time (sec)
Fig. 1. The system’s first output signal with DR/O-SDDPC.

benchmarks. The model used in MPC methods is identified
from the same offline data in the data-driven controllers.
The simulation results are summarized in TABLE II. We
evaluate (i) the controllers’ tracking performance through the
tracking cost from Os to 60s and (ii) the controllers’ ability
to satisfy constraints according to the cumulative amount
of constraint violation between 60s and 90s, when the first
output signal hits the constraint margin. When the reference
signal is constant (0s—30s), SMPC and SDDPC tracked better
than other methods, aligning with the observation in [16].
Comparing DR/F and CC/F methods, the controllers with DR
constraints achieved lower amounts of constraint violation
(60s—90s), while the tracking performance is slightly worse
during 30s—60s when the reference signal has frequent step
changes. Comparing DR/O and DR/F methods, we observe
that the methods with optimized gain achieved lower tracking
costs when the reference signal changes frequently (30s—60s).

V. CONCLUSIONS

We proposed a Stochastic Data-Driven Predictive Control
(SDDPC) method that accommodates distributionally robust
(DR) probability constraints and produces closed-loop control
policies with feedback gains determined from optimization.
In theory, our SDDPC method can produce equivalent
control inputs with associated Stochastic MPC, under specific
conditions. Simulation results indicated separate benefits of
using DR constraints and optimized feedback gains.

APPENDIX A. DEFINITION OF AY, AY, AR AM

The matrices AY € R™X™mN AY ¢ RPXmN AR ¢ RPX1
for i € Zjg, ) and AM € RPN X" in (14) are what follows,
col(Ag, LAY _1) = InN

col(AY,...,A%_) :==Z(A) (Iy ® B)

col(Af, ..., AN_1) = [O(A),Z(A), I,n]

AM = [0(AL), Z(AL), Iy — E(AL) (Iy ® Ly)]
where we let O(A) := col(C,CA,...,CAN~1) ¢ RPNxn,
Z(A) := Toep(Opxn, C, CA,...,CAN=2) ¢ RPN*nN and
similarly define ©(A(),E(AL) with AL := A — L .C.

The matrices AY, AY, A%, AM in (29) are computed (with
underlying ©(A), E(A), A|) in the same way as above, with
A, B,C, L ,n replaced by A, B, C, L, n,u, respectively.



TABLE I
CONTROL PARAMETERS

L=5N=15 N.=5
Q=10%I,, R=In
E=Intp® [—11]
f=[1.15.1.4.4.4.4"T

Time horizon lengths
Cost matrices
Safety constraint coefficients

CVaR level®* a=0.3

Variance of v; for SMPC/SDDPC XV =5 x 10771,
Variance of p; for SDDPC 3P = 10_7IpL
Variance of w; for SMPCP w = OtzrofT

2q is used as the risk bound for chance constrained controllers.
PO is obtained given the identified model (A, B, C, D) in SMPC.

TABLE 11
SIMULATION RESULT STATISTICS

Total Tracking Cost Cumulative Violation

Controller

Os to 30s  30s to 60s from 60s to 90s
DR/O-SDDPC? 0.02 64.2 0
DR/F-SDDPC 0.02 68.9 0
CC/F-SDDPC 0.02 64.9 0.03
DR/O-SMPC 0.02 64.2 0
DR/F-SMPC 0.02 68.0 0
CC/E-SMPC 0.02 64.9 0.01
deterministic MPC 0.09 64.6 0.20
SPC 0.18 65.5 2.23
DeePC 0.18 64.7 0.19

DR - distributionally robust constrained, CC — chance constrained,
O — with optimized feedback gain, F — with fixed feedback gain.

APPENDIX B. PROOF OF (33)

Proof. The relation ; = ¥y, in (33) was established in [16,

Claim 7.7]. The other relation in (33) is equivalent to
A =AY, AV (AMT = AMz(AM)T
AL =AY, ANLINAR )T = AL EN(AR )T

via the definitions of A; and A; in (14) and (29). Given the
definitions in Appendix A, the above relations are implied by
1) CAYB = CA‘B for q € Z n)»

2) CAIYX(CA™)T = CAIZX(CA")T for q,r € Zio,nys

3) CAITV(CA™)T = CAIZV(CA")T for q,7 € Zio,n—2)
4) CAIS(CA]T = CAIEX(CA])T for q,r € Zj, N,

5) CAIS(CA!)T = CAIS¥(CAY)T for q,7 € Zio N2,
6) CAELL = CAELL for g € Z[O’N,Q],

where the relations 1)-6) can be shown given the equalities

APD,, = PAD,,, B =3B, L. =®L,,
A(I)aux = (bauxAva B= (baux§7 LL = q)auxZL»
CPD,y = CPuy, XV =0XVO', XX =OX*PT,

established with some matrices P, Z, B , ZL according to [16,

Claim 5.1, Claim 7.1, Claim 7.4]. [ |
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