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Abstract— Feedback-based optimization (FBO) provides a
simple control framework for regulating a stable dynamical
system to the solution of a constrained optimization problem
in the presence of exogenous disturbances, and does so without
full knowledge of the plant dynamics. However, closed-loop
stability requires the controller to operate on a sufficiently slower
timescale than the plant, significantly constraining achievable
closed-loop performance. Motivated by this trade-off, we pro-
pose an estimator-based modification of FBO which leverages
dynamic plant model information to eliminate the time-scale
separation requirement of traditional FBO. Under this design,
the convergence rate of the closed-loop system is limited only by
the dominant eigenvalue of the open-loop system. We extend the
approach to the case of design based on only an approximate
plant model when the original system is singularly perturbed.
The results are illustrated via an application to fast power
system frequency control using inverter-based resources.

I . I N T R O D U C T I O N

The growing complexity of modern engineered systems
— such as energy systems [1], [2], communication networks
[3], robotic teams [4], and supply chains [5] — has created
a need for flexible control paradigms capable of rejecting
disturbances, enforcing operating constraints, and optimizing
system performance. Common techniques achieving these
objectives include model (or data-driven) predictive control
[6]–[8], extremum seeking [9], and our focus here, feedback-
based optimization (FBO) [10], also known as online feed-
back optimization [11] or optimal steady-state control [12].

FBO operates by embedding simple optimization elements
directly into the controller for the dynamical system [10],
[13]–[20], in order to continuously steer the system toward
an optimal equilibrium [16]. FBO leverages real-time system
measurements, and uses only limited model information, in
particular the steady-state input-to-output mapping of the
plant. This can be viewed as a generalization of classical
integral control, shifting from reference tracking to direct
optimization of economic or operational objectives [10].

Despite these advances, a persistent challenge in FBO is
ensuring closed-loop stability when the physical plant and
the optimization dynamics operate on similar time scales.
Typical stability results (e.g., [10], [15]–[17], [21]) require a
separation of time scales between the plant and the controller,
which in practice is enforced by reducing the controller gain.
These results will be reviewed in Section II. Unfortunately,
this low-gain requirement leads to performance limitations,
and restricts the use of FBO to applications where either
(a) the dynamics are fast, or (b) slow control is acceptable;
such applications power systems [11], [16], [22] and building
automation [23].

The ability to operate an FBO controller on the same
timescale as the plant would improve transient performance
and broaden the range of practical FBO applications. This
motivates the study of (i) conditions under which FBO
stability can be guaranteed without timescale separation, and
(ii) the design of entirely new FBO methods. Pursuing the
first direction, the work in [24] removes the timescale sepa-
ration requirement by imposing, roughly speaking, a block-
diagonal dominance condition on the closed-loop Jacobian;
this condition guarantees global exponential stability for any
FBO gain. In a complementary result, the same authors
in [25] analyze monotone dynamical plants and establish
global convergence using a small-gain argument on steady-
state input–output maps. These conditions depend only on
steady-state sensitivities rather than full dynamic models.
However, the assumptions in [24], [25] may restrict their
general applicability. Regarding the second direction, to our
knowledge the only existing work is [12], which proposes
a design that does not require timescale separation but is
limited to quadratic objectives and lies somewhat outside the
current FBO literature.

Contributions: We develop here a new and generally
applicable FBO design for LTI systems to remove the
limitation of timescale separation. Our approach introduces
an estimator into the loop, based on a dynamic model of
the plant. The estimator generates a real-time prediction of
the plant’s idealized steady-state output, given the current
instantaneous value of the input. Remarkably, injecting this
estimate signal into a standard FBO design eliminates the
timescale separation requirement. Section III describes our
design procedure for the case where full plant model informa-
tion is available, along with a stability analysis demonstrating
the complete removal of timescale separation. To reduce the
procedure’s dependence on exact plant models, in Section III
we extend to the case of two-timescale system models,
wherein the proposed estimator is designed based only on the
slow timescale subsystem model. In this case, we provide
a corresponding theoretical result establishing stability as
long as the FBO controller is timescale separated from the
fast dynamics of the plant. The results are illustrated in
Section V through an application to power system frequency
control with inverter-based resources, where the EE-FBO
design significantly enhances closed-loop performance. Our
approach opens up a new direction in FBO design, where
incorporated model information can be traded off against
closed-loop performance in a systematic fashion.



I I . B A C K G R O U N D : F E E D B A C K - B A S E D
O P T I M I Z AT I O N V I A G R A D I E N T F L O W

Consider the LTI system given by

ẋ = Ax+Bu+ Ew

y = Cx
(1)

with state x(t) ∈ Rn, control input u(t) ∈ Rm, constant
disturbance w ∈ Rq and measured output y(t) ∈ Rp. As is
standard in FBO [10], we assume that the open-loop plant is
asymptotically stable, i.e., A is Hurwitz. As a consequence,
for any fixed input u(t) = ū, the state of (1) converges
towards the unique equilibrium value x̄ = −A−1(Bū+Ew),
and the equilibrium output is given by

ȳ = Πuū+Πww, (2)

where Πu := −CA−1B ∈ Rp×m and Πw := −CA−1E ∈
Rp×q . The problem of interest is to design a controller which
drives the output and control input of (1) towards the solution
of the equilibrium-constrained optimization problem

minimize
ū∈U

f(ū) + g(ȳ)

subject to ȳ = Πuū+Πww
(3)

where U ⊂ Rm is an input constraint set and f : Rm → R
and g : Rp → R are costs placed on the equilibrium input and
output values, respectively. We place the following technical
assumptions on the problem data.

Assumption 2.1 (Cost Assumptions): The set U is closed,
non-empty, and convex. The input cost function f is continu-
ously differentiable, µf -strongly convex, and its gradient ∇f
is globally ℓf -Lipschitz continuous, where µf , ℓf > 0. The
output cost function g is continuously differentiable, convex,
and its gradient ∇g is globally ℓg-Lipschitz continuous. □

Assumption 2.1 can be significantly relaxed (e.g., [21])
but is appropriate for our purposes here. Under Assumption
2.1, for each w ∈ Rq the problem (3) possesses a unique
minimizer (ū⋆, ȳ⋆). Note that the linear equality constraint
in (3) can be eliminated, yielding the unconstrained problem

min
ū∈U

f(ū) + g(Πuū+Πww), (4)

which may then be solved from any initial condition u(0)
via the projected gradient flow

τ u̇ = PU

(
u− η

(
∇f(u) + ΠT

u∇g(Πuu+Πww)
))

− u (5)

where η, τ > 0 are tuning parameters, and PU denotes the
Euclidean projection onto U [26]. We adopt the continuous
(Lipschitz) projection formulation [15], which preserves feasi-
bility while avoiding the discontinuities of classical projected
dynamical systems [27]. For appropriately chosen η, the
algorithm (5) is unconditionally stable, and its convergence
rate can be increased arbitrarily by decreasing τ .

A feedback controller can be obtained from (5) by replac-
ing the steady-state output value ȳ = Πuu+Πww with the
measured output value of y(t), yielding the controller

τ u̇ = PU

(
u− ηΦ(u, y)

)
− u, (6)

where

Φ(u, y) := ∇f(u) + ΠT
u∇g(y). (7)

An advantage of the controller (6)–(7) is that it requires only
the DC gain Πu of the plant (1) as model information. The
following result can be proved via small-gain or singular
perturbation methods (e.g., [21], [28]).

Theorem 2.1 (Low-Gain Stability of FBO): Assume
that A is Hurwitz, that Assumption 2.1 holds, and select
η ∈ (0, 2µf/(ℓf+ℓg∥Πu∥22)2). Then (i) for each w ∈ Rq , the
closed-loop system (1), (6) possesses a unique equilibrium
point (x̄, ū⋆) with corresponding output ȳ⋆, and (ii) there
exists τ⋆ > 0 such that the equilibrium point is globally
exponentially stable for all τ > τ⋆.

In contrast with the underlying pure gradient flow (5) on
which the controller (6) is based, stability of the closed-
loop system (1), (6) is not unconditional, and the minimum
theoretical value τ⋆ of τ guaranteeing stability can be very
large, leading to poor closed-loop performance.

I I I . E S T I M AT O R - B A S E D P E R F O R M A N C E
E N H A N C E M E N T O F F B O

In light of the unconditional stability of the gradient flow
(5), one way to understand the poor achievable performance
of the controller (5) is simply that the measured output
y(t) used in the controller (5) differs from the steady-state
value ȳ = Πuu + Πww during transients. It is this steady-
state output value the gradient flow “expects” to receive,
and this discrepancy leads to the performance limitation. To
remedy this problem, further model information can be used
to produce an estimate ˆ̄y of the steady-state output, which
can be fed into the controller (5). We next describe how this
can be achieved via an estimator if the dynamic model (1)
is available.

A. Estimator Design Based on Full Plant Model

Since the disturbance w is constant, it is described by the
simple differential equation ẇ = 0. Appending this to the
model (1), we obtain the augmented system[

ẋ
ẇ

]
=

[
A E
0 0

]
︸ ︷︷ ︸
:=Aaug

[
x
w

]
+

[
B
0

]
︸︷︷︸
:=Baug

u, y =
[
C 0

]︸ ︷︷ ︸
:=Caug

[
x
w

]
.

(8)
To design an estimator for the augmented model (8), we
require detectability of (Aaug,Baug), which since A is
Hurwitz is ensured by the following assumption.

Assumption 3.1 (Non-Resonance): The matrix
[
A E
C 0

]
has rank n+ q, i.e., full column rank.

Our proposed estimator-enhanced feedback-based optimiza-
tion (EE-FBO) design, replacing (6), is



[
˙̂x
˙̂w

]
= Aaug

[
x̂
ŵ

]
+Baugu− L(y − ŷ) (9a)

ŷ = Caug

[
x̂
ŵ

]
(9b)

ˆ̄y = Πuu+Πwŵ (9c)

τ u̇ = PU

(
u− ηΦ(u, y − (ŷ − ˆ̄y))

)
− u, (9d)

where L ∈ R(n+q)×p is an estimator gain to be designed,
η, τ > 0, and Φ is as defined in (7). Figure 1 shows a block
diagram of the design.

ẋ = Ax+Bu+ Ew

y = Cx

Estimator

τ u̇ = PU

(
u− ηΦ(u, y − (ŷ − ˆ̄y))

)
− u

w

y

ŷ, ˆ̄y

u

Fig. 1: Feedback-based optimization with an estimator. The esti-
mator predicts output and its steady state, feeding these into the
controller.

The estimator generates two predictions: (i) the current
output ŷ in (9b), and (ii) the steady-state value ˆ̄y in (9c)
that would occur if u and ŵ were constant. The estimated
deviation from the steady-state is calculated as ŷ − ˆ̄y, which
is subtracted from the true measurement y in the gradient
control law (9d).

B. Stability Analysis
We now study the stability of the closed-loop system (1),

(9). The following technical result will be useful in the
subsequent analysis and in Section IV; see Appendix I for
the proof.

Proposition 3.1 (Projection Algorithm): Let U ⊂ Rm

be a closed non-empty convex set, let π : Rm×Rp×Rn2 →
Rm, and consider the dynamics

u̇ = PU (u− ηπ(u, v, e))− u, (10)

where η > 0 and (v, e) are external input signals. Suppose
that π is (i) µ-strongly monotone and L-Lipschitz continuous
in u, uniformly in (v, e), and (ii) L′

v-Lipschitz in v and L′
e-

Lipschitz in e, uniformly in the other arguments. Denote by
u∗ ∈ U the unique solution to u∗ = PU (u

∗ − π(u∗, 0, 0)).
Then for η < 2µ/L2, (10) is exponentially input-to-state

stable (ISS) with respect to the equilibrium u∗, and the ISS
gains γv→u and γe→u with respect to v and e can be taken
as

γv→u =
ηL′

v

1− ρ
, γe→u =

ηL′
e

1− ρ
, (11)

where ρ =
√

1− 2ηµ+ η2L2 ∈ (0, 1).

We can now state the first main result, showing that the
design (9) removes the tuning limitations of (6).

Theorem 3.2 (Unconditional Stability of EE-FBO):
Assume that A is Hurwitz and that Assumptions 2.1 and
3.1 hold. Select η ∈ (0, 2µf/(ℓf + ℓg∥Πu∥22)2), and select
L such that Aaug + LCaug is Hurwitz. Then (i) for each
w ∈ Rq, the closed-loop system (1), (9) possesses a
unique equilibrium point (x, x̂, ŵ, u) = (x̄, x̄, w, ū⋆) with
corresponding output ȳ⋆, and (ii) the equilibrium point is
globally exponentially stable for all τ > 0.

Proof of Theorem 3.2: Applying the PBH test [29, Theorem
14.2] and using Assumption 3.1, it is straightforward to
show that (8) is detectable, and thus L can be selected
such that A := Aaug + LCaug is Hurwitz. Define the error
variables ζ̃ :=

[
x− x̂ w − ŵ

]T
, and ỹ := y− ŷ. In the new

coordinates, the estimator dynamics (9a)–(9c) become

˙̃
ζ = Aζ̃

ỹ = Caugζ̃

ˆ̄y = Πuu+Πw(w − w̃).

(12)

and the controller (9d) similarly becomes

τ u̇ = PU
(
u− η(∇f(u) + ΠT

u∇g(ỹ + ˆ̄y))
)
− u

= PU
(
u− η(∇f(u) + ΠT

u∇g(Πuu+Πww + ṽ))︸ ︷︷ ︸
:=Fw(u,ṽ)

)
− u

(13)
where ṽ := Cζ̃ =

[
C −Πw

]
ζ̃. As shown in Figure 2,

the closed-loop system (1), (12), (13) is a cascade, with
the estimator error dynamics (12) driving the gradient flow
controller (13), which in turn drives the plant (1).

˙̃
ζ = Aζ̃

ṽ = Cζ̃
τ u̇ = Hw(u, ṽ)

ẋ = Ax+Bu+ Ew

y = Cx

w w

ṽ u

Fig. 2: Block diagram of closed-loop system in error coordinates,
where Hw(u, ṽ) = PU (u− ηFw(u, ṽ))− u.

Since A is Hurwitz, the unique equilibrium of (12) is ζ̃ =
(x̃, w̃) = (0, 0), with corresponding equilibrium value of ṽ
also being zero. Equilibria of (13) are then determined by

0 = PU
(
ū− Fw(ū, 0)

)
− ū. (14)

Under Assumption 2.1, u 7→ Fw(u, 0) is µf -strongly mono-
tone and (ℓf + ℓg∥Πu∥22)-Lipschitz, and thus by Proposition
(3.1), (14) possesses a unique solution in U . Moreover,
under Assumption 2.1, (14) is precisely the (necessary and
sufficient) KKT condition for optimality of (4), and thus
the global optimizer ū⋆ ∈ U is the unique solution of (14).
Finally, since A is Hurwitz, x̄ = −A−1Bū⋆−A−1Ew is the
unique equilibrium of the plant with corresponding output ȳ⋆.
This shows statement (i). Since (12) and (1) are exponentially



stable linear systems, to show global exponential stability of
the three-system cascade, it suffices (e.g., [30, Lemma 4.7])
to show that (13) is (exponentially) input-to-state stable with
respect to its equilibrium point ū⋆, which now follows from
Proposition 3.1. This shows (ii) and completes the proof. □

Theorem 3.2 requires no limitations on the tuning param-
eter τ , which can be arbitrarily small. As shown in Figure 2,
the closed-loop system of (1) and (9) has the form of a three-
system cascade when expressed in certain error coordinates.
An important implication is that the slowest convergence
rate among the estimator, controller, and plant will determine
the closed-loop convergence rate. Therefore, if the estimator
and the controller are designed to be sufficiently fast, the
convergence rate of the closed-loop system will equal the
convergence rate of the open-loop plant which is a significant
improvement over the baseline FBO design (6).

C. Model-Information vs. Performance Trade-Offs in FBO

The above analysis highlights a trade-off between the
amount of model information used and the tuning limitations
(i.e., the achievable control performance) of the design. On
one end of the spectrum, the traditional FBO approach (6)
relies only on the equilibrium mapping (DC gain) of the
LTI system; this simplifies design, but imposes limitations on
closed-loop tuning, leading to degraded transient performance.
In contrast, the estimator-enhanced FBO scheme (9) exploits
more comprehensive model information to generate real-time
estimates of the plant output and the unmeasured disturbance.
By incorporating this additional information, the controller
can more accurately predict and compensate for transient
deviations, eliminating the tuning restrictions in traditional
FBO. and enabling improved transient performance.

Recognizing this trade-off motivates the exploration of
intermediate FBO designs that incorporate partial dynamic
model information, such as reduced-order models capturing
dominant dynamics. In Section IV, we explore this by
designing an estimator based on a reduced-order plant model
tailored for two-timescale systems. This design illustrates one
possible compromise between model information used and
improvement in FBO control performance.

I V. E S T I M AT O R - B A S E D F B O F O R
T W O - T I M E S C A L E S Y S T E M S

A. Estimator Design Based on Reduced Plant Model

In this section, we assume the plant is described by the
two-timescale LTI model [31][

ẋ1

εẋ2

]
=

[
A11 A12

A21 A22

] [
x1

x2

]
+

[
B1

B2

]
u+

[
E1

E2

]
w

y =
[
C1 C2

] [x1

x2

]
,

(15)

where ε > 0, with slow state x1(t) ∈ Rn1 , fast state
x2(t) ∈ Rn2 , control input u(t) ∈ Rm, measured output
y(t) ∈ Rp, and where w ∈ Rq is a constant disturbance.
We again assume that the open-loop plant is stable, i.e.,
blkdiag(In1 , εIn2)

−1A is Hurwitz, and additionally that A22

is Hurwitz.

For the two-timescale system (15), a standard reduced
model can be derived which captures the dynamics of the
slower timescale of the system. In particular, when ε is small,
the fast states converge to the quasi steady-state values

x̄r
2 = −A−1

22 A21x1 −A−1
22 B2u−A−1

22 E2w, (16)

which upon substitution into the x1 dynamics lead to the
reduced model

ẋr
1 = A0x

r
1 +B0u+ E0w

yr = C0x
r
1 +D0u+Q0w,

(17)

where

A0 := A11 −A12A
−1
22 A21, B0 := B1,

C0 := C1 − C2A
−1
22 A21, D0 := −C2A

−1
22 B2,

E0 := E1 −A12A
−1
22 E2, Q0 := −C2A

−1
22 E2.

(18)

Since blkdiag(In1 , εIn2)
−1A and A22 are Hurwitz,

Tikhonov’s Theorem implies that A0 is Hurwitz [30,
Theorem 11.1]. Furthermore, it is straightforward to
establish that the DC gain matrices Πu and Πw of (15) can
be equivalently expressed using the reduced model as

Πu = D0 − C0A
−1
0 B0, Πw = Q0 − C0A

−1
0 E0. (19)

We now assume that only the reduced model (17) is
available for estimator design, rather than the full system
model (15). Following the approach fo Section III, we
consider the augmented model[

ẋr
1

ẇ

]
=

[
A0 E0

0 0

]
︸ ︷︷ ︸

:=Aaug0

[
xr
1

w

]
+

[
B0

0

]
︸ ︷︷ ︸
:=Baug0

u

yr =
[
C0 Q0

]︸ ︷︷ ︸
:=Caug0

[
xr
1

w

]
+D0u,

(20)

and mirroring Assumption 3.1, we require a non-resonance
condition. We record this and the previous stability assump-
tions for convenience.

Assumption 4.1 (Two-Timescale System Assumptions):
The matrices blkdiag(In1

, εIn2
)−1A and A22 are Hurwitz,

and

rank

[
A0 E0

C0 0

]
= n1 + q. (21)

The proposed EE-FBO design is

[
˙̂xr
1
˙̂w

]
= Aaug0

[
x̂r
1

ŵ

]
+Baug0u− L0(y − ŷr) (22a)

ŷr = Caug0

[
x̂r
1

ŵ

]
+D0u (22b)

ˆ̄y = Πuu+Πwŵ (22c)

τ u̇ = PU

(
u− ηΦ(u, y − (ŷr − ˆ̄y)

))
− u, (22d)

where L0 ∈ R(n1+q)×p is an estimator gain to be designed,
η, τ > 0, and Φ is as in (7).



B. Stability Analysis

We can now state the second main result, concerning
stability of the closed-loop system (15),(22).

Theorem 4.1 (Reduced Model EE-FBO): Under
Assumptions 2.1 and 4.1, select η ∈ (0, 2µf/(ℓf +
ℓg∥Πu∥22)2), and select L0 such that Aaug0 + L0Caug0

is Hurwitz. Then (i) for each w ∈ Rq, the closed-
loop system (15), (22) possesses a unique equilibrium
(x1, x2, x̂

r
1, ŵ, u) = (x̄1, x̄2, x̄1, w, ū

⋆) with corresponding
output ȳ⋆, and (ii) there are constants ε∗, c > 0 such
that if ε ∈ (0, ε∗), then the equilibrium point is globally
exponentially stable for all τ > τ∗(ε) := cε

ε∗−ε .

Theorem 4.1 states that the minimum stabilizing value
for the controller time constant τ can be expressed in terms
of the parameter ε, which describes the fast timescale of
the plant dynamics. In particular, the condition τ > τ∗(ε)
imposes a timescale separation between the FBO controller
and the fast plant dynamics, but not necessarily between the
FBO controller and the slow plant dynamics. As ε → 0, we
recover the unconditional stability result of Theorem 3.2.

Proof of Theorem 4.1: The arguments regarding exis-
tence/uniqueness of the equilibrium are as in the proof of
Theorem 3.2, and are omitted for brevity. Under Assumption
4.1, it is straightforward to show that (20) is detectable, and
thus L0 = col(L1, L2) can be selected such that A :=
Aaug0 + L0Caug0 is Hurwitz. Writing the plant (15) in new
coordinate defined as x2 7→ e2 = x2−x̄r

2, where x̄r
2 is defined

in (16), we obtain

ẋ1 = A0x1 +A12e2 +B0u+ E0w,

εė2 = A22e2 + ε(M1x1 +M2e2 +M3u+M4w +M5u̇),

y = C0x1 + C2e2 +D0u+Q0w.
(23)

where

M1 := A−1
22 A21A0, M2 := A−1

22 A21A12,

M3 := A−1
22 A21B0, M4 := A−1

22 A21E0, M5 := A−1
22 B2.

and (A0, B0, C0, E0, D0, Q0) are the reduced model param-
eters from (18). Using e2 and defining the estimation error
ζ̃ = (x̃1, w̃) := (x1 − x̂1, w − ŵ), the estimator dynamics
(22a)–(22c) become

˙̃
ζ = Aζ̃ + Ge2
ỹ = [C0 Q0 ] ζ̃ + C2 e2

ˆ̄y = Πu u+Πw ŵ = Πu u+Πw (w − w̃),

G :=

[
A12 − L1C2

−L2C2

]
(24)

and the controller (22d) accordingly becomes

τ u̇ = PU (u− ηFw(u, ṽ, e2))− u (25)

where

Fw(u, ṽ, e2) = ∇f(u) + ΠT
u ∇g

(
ȳ + ṽ + C2e2

)
ṽ = Cζ̃,

with ȳ = Πuu+Πww and where C :=
[
C0 D0 −Πw

]
. The

closed-loop system (23)–(25) now has the structure shown
in Figure 3, and we proceed via small-gain arguments.

˙̃
ζ = Aζ̃ + Ge2
ṽ = Cζ̃

τu̇ = Hw

(
u, ṽ, e2

) ẋ = Ax+Bu+ Ew

y = Cx

w

ṽ u

e2

ṽ

Fig. 3: Block diagram of the interconnected estimator, controller,
and plant, where Hw(u, ṽ, e2) = PU (u− ηFw(u, ṽ, e2))− u.

Since A is Hurwitz, the estimator (24) has finite L2-
gain from input e2 to output ṽ which we denote by γe2→ṽ.
The assumptions of Proposition 3.1 hold with µ = µf ,
L = ℓf +ℓg∥Πu∥22, L′

v = ℓg∥Πu∥2, L′
e = ℓg∥Πu∥22∥C∥2, and

the controller block (25) has finite L2-gains γṽ→u, γe2→u as
defined in (11). It follows that the cascade of the estimator
and controller has a (squared) L2-gain from e2 to (u− ū∗, ṽ)
bounded by γ2 := γ 2

e2→ṽ

(
1 + γ 2

ṽ→u

)
+ γ 2

e2→u. Returning to
the plant (23), by Assumption 4.1 there exist P0, P22 ≻ 0
and α0, α22 > 0 such that

P0A0 +AT
0P0 ⪯ −α0In1

P22A22 +AT
22P22 ⪯ −α22In2 .

With ũ := u − ū∗ and the composite storage function
V (x1, e2) := xT

1P0x1 + eT2P22e2, tedious but routine cal-
culations show that the (squared) L2-gains of (23) from ũ
and ṽ to e2 are upper bounded by

γ2
u→e2

:=
β + κ1

τ
α22

ε − α− κ2

τ

, γ2
ṽ→e2

:=
κ3

τ
α22

ε − α− κ2

τ

where α, β > 0 and κ1, κ2, κ3 > 0 depend on the Lyapunov
variables and plant parameters, but are independent of ε and
τ , and where τ > κ2

α
ε

α22/α−ε . Setting κ = max{κ1, κ2},
global exponential stability of the equilibrium now follows
from the small-gain theorem [30, Theorem 5.6]

γ2 ·
β + κ

τ
α22

ε − α− κ2

τ

< 1

which yields the stated condition

τ > τ∗(ε) :=
cε

ε∗ − ε

where ε∗ := α22

α+γ2β and c = (γ2κ + κ2)/(α + γ2β). This
inequality implies the previous inequality on τ , and completes
the proof of (ii). □

Remark 4.1 (The Case of B2 = 0): If B2 = 0 in the
two-timescale model (15), the control input does not directly
influence the fast dynamics. In this case, a similar analysis
shows that statement (ii) of Theorem 4.1 can be strengthened
to the following: there exists ε∗ > 0 such that if ε ∈ (0, ε∗),
then the equilibrium point is globally exponentially stable
for all τ > 0. Put differently, in this case, the unconditional
stability result of Theorem 3.2 persists as long as there is
sufficient timescale separation internal to the plant. □



V. A P P L I C AT I O N T O FA S T F R E Q U E N C Y C O N T R O L
O F P O W E R S Y S T E M S U S I N G I B R S

We demonstrate and compare the performance and stability
of three control approaches — traditional FBO, EE-FBO with
the full plant model, and EE-FBO using a reduced-order
plant model — on an application problem of power system
frequency control using inverter-based resources (IBRs). The
set-up follows that in [32]. The plant is a small-signal
lumped mechanical frequency dynamics model of a single-
area transmission system with N fast acting dispatchable
IBRs, and a constant unknown power lumped imbalance,
given by

2H∆ω̇ = −D∆ω +∆Pm −∆Pu +
∑N

i=1
∆Pibr,i

(26a)

TR∆Ṗm = −∆Pm −R−1
g (∆ω + TRFH∆ω̇) (26b)

τi∆Ṗibr,i = −∆Pibr,i + ui, i ∈ {1, . . . , N}, (26c)

where ∆ω [p.u.] is the frequency deviation, ∆Pm [p.u.] is
mechanical power change, ∆Pu is the unmeasured constant
disturbance, ∆Pibr,i is the IBR power change, and ui is the
IBR power change set-point. The parameter 2H = 26.3083
[s] is the inertia constant, D = 0 [p.u.] is the load damping,
TR = 10 [s] is the reheat time constant, Rg = 0.05 [p.u.] is
the generator droop constant, FH = 0.64 is the fraction of
total power generated by the pressure turbine. We consider
N = 2, with IBR time constants and τ1, τ2 = 0.3 [s].
Unless stated otherwise, all quantities are on the system
base Sbase = 567.5 MW and frequency base fbase = 60 Hz
(ωbase = 2πfbase).

The control objective is to maintain the frequency de-
viation y = ∆ω within prescribed bounds [y, y] =
[−0.01, 0.01] while minimizing a cost of IBR power usage
and satisfying the power command limits (u1, u2) ∈ U =
[−20MW, 20MW]2. This is encoded through the objective
functions

f(u) = 1
2∥u∥

2, g(y) = 1
210

5 max{0, y − y, y − ȳ}2.

The resulting function Φ from (7) used in all controllers takes
the form Φ(u, y) = u+ 105Sy,ȳ(y), where

Sy,ȳ(y) =


y − y, y < y

0, y ≤ y ≤ ȳ

y − ȳ, y > ȳ.

For the EE-FBO methods, the required estimators are
designed using the standard linear-quadratic estimation (LQE)
method. In particular, for the full-model EE-FBO we take

Q = diag(10−2, 10−2, 102, 102, 106), R = 1,

where the states correspond to those in (26) plus the dis-
turbance ∆Pu. For the reduced-model EE-FBO, the IBR
dynamics (26c) are fast and are eliminated as described in
Section IV; the LQE estimator for the resulting reduced model
with states (∆ω,∆m,∆Pu) is designed using weights

Q = diag(10−2, 10−2, 106), R = 1.

We simulate the closed-loop response under the three
methods across a range of tuning parameters τ with a load
change of ∆Pu = 40 [MW] occurring at t = 5 [s]. As shown
in Figure 4a, with small τ in the traditional FBO method,
the response is unstable and shows sustained oscillations.
To eliminate the oscillations, τ must be increased (Figure
4b), leading to slow regulation of the frequency and a low
frequency nadir. In contrast, both the reduced-model EE-
FBO (Figure 4c) and the full-model EE-FBO (Figure 4d)
maintain stability even at small τ , allowing for a significantly
improved transient response. In particular, the reduced-model
EE-FBO shows only slightly degraded performance compared
to the full model EE-FBO, thus achieving a reasonable
trade-off between performance and model information used.
These results confirm that EE-FBO methods can remove the
traditional speed limitations present in FBO, and improve
closed-loop performance.

V I . C O N C L U S I O N

We have presented an approach which addresses the
timescale separation limitation of traditional FBO design. The
key idea is to design an estimator based on model information,
use it to generate an estimate of the systems’s steady-state
output, and integrate this estimate into the traditional FBO
controller. We established rigorous stability results for (i) the
case of estimator design based on a full dynamic model, and
(ii) the case of estimator design based on an approximate
dynamic model when the plant itself is singularly perturbed.
In either case, the achievable closed-loop convergence rate is
limited only by the dominant eigenvalue of the plant and the
designed estimator. A frequency control case study showed
significant performance gains over FBO, with the reduced-
model design achieving performance close to that of the full-
model design. Our work points towards a spectrum of possible
FBO designs, which trade off model information against
achievable control performance. Future work will consider
robust and data-driven estimator designs that further reduce
reliance on explicit plant models, extensions to nonlinear
systems, and more comprehensive application of the results
to problems in energy systems and robotics.
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A P P E N D I X I
P R O O F S

Proof of Proposition 3.1: Let Tv,e(u) = PU (u−ηπ(u, v, e)).
The dynamics can be written as

τ u̇ = Tv,e(u)− u = T0,0(u)− u+ [Tv,e(u)− T0,0(u)].

By standard arguments [33, Theorem 12.1.2], for η < 2µ/L2

the map T0,0(u) is a contraction map on the complete space
(U , ∥ · ∥2), and thus

∥T0,0(u)− T0,0(u
′)∥2 ≤ ρ∥u− u′∥2

for any u, u′, where ρ =
√
1− 2ηµ+ η2L2 ∈ (0, 1). By

Banach’s fixed-point theorem [30, Theorem B.1], there exists



a unique ū∗ ∈ U such that

ū∗ = T0,0(ū
∗) = PU

(
ū∗ − η π(ū∗, 0, 0)

)
.

This ū∗ is thus the unique equilibrium of u̇ = T0,0(u) − u.
With V (u) = 1

2∥u− ū∗∥22, routine calculations show that

V̇ = −(1− ρ)∥u− ū∗∥22 + (u− ū∗)T(Tv,e(u)− T0(u))

≤ −2(1− ρ)V + ∥u− ū∗∥2∥Tv,e(u)− T0,0(u)∥2
Using non-expansiveness of projections, we have

∥Tv,e(u)− T0,0(u)∥2 ≤ ∥u− ηπ(u, v, e)− (u− ηπ(u, 0))∥2
≤ ηL′

v∥v∥2 + ηL′
e∥e∥2

so

V̇ ≤ −2(1− ρ)V + ηL′
v∥u− ū∗∥2∥v∥2 + ηL′

e∥u− ū∗∥2∥e∥2
≤ −2(1− ρ)V

+
(
ceV + η2

2ce
(L′

v)
2∥v∥22

)
+

(
cvV + η2

2cv
(L′

e)
2∥e∥22

)
for any cv, ce > 0. Collecting terms, we find that

V̇ ≤ −[2(1−ρ)−cv−ce]V +
η2L′

v
2

2cv
∥v∥22+

η2L′
e
2

2ce
∥e∥22. (27)

We must choose cv + ce < 2(1− ρ). Therefore, choosing
ce = cv = (1 − ρ)/2 and by comparison [30, Lemma 3.4],
the inequality now implies the ISS bound

∥u(t)− ū∗∥2 ≤e−
1
2 (1−ρ)t∥u(0)− ū∗∥2

+
ηL′

v

1− ρ
sup
s≥t

∥v(s)∥2 +
ηL′

e

1− ρ
sup
s≥t

∥e(s)∥2,

which shows the result. □


