Data-Driven Predictive Control:
Equivalence to Model Predictive
Control Beyond Deterministic Linear
Time-Invariant Systems

by

Ruiqi Li

A thesis
presented to the University of Waterloo
in fulfillment of the
thesis requirement for the degree of
Doctor of Philosophy
in
Electrical and Computer Engineering

Waterloo, Ontario, Canada, 2024

© Ruigi Li 2024



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner: Tyler H. Summers
Associate Professor, Dept. of Mechanical Engineering,
University of Texas at Dallas

Supervisor: Stephen L. Smith
Professor, Dept. of Electrical and Computer Engineering,
University of Waterloo

Supervisor: John W. Simpson-Porco
Assistant Professor, Dept. of Electrical and Computer
Engineering, University of Toronto

Internal Member: Christopher Nielsen
Professor, Dept. of Electrical and Computer Engineering,
University of Waterloo

Internal Member: Michael Fisher
Assistant Professor, Dept. of Electrical and Computer
Engineering, University of Waterloo

Internal-External Member: Kirsten Morris
Professor, Dept. of Applied Mathematics, University of
Waterloo

11



Author’s Declaration

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis,
including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

111



Abstract

In recent years, data-driven predictive control (DDPC) has emerged as an active re-
search area, with well-known methods such as Data-enabled Predictive Control (DeePC)
and Subspace Predictive Control (SPC) being validated through reliable experimental re-
sults. On the theoretical side, it has been established that both DeePC and SPC methods
can generate equivalent control actions as one can obtain from Model Predictive Control
(MPC), for deterministic linear time-invariant (LTI) systems. However, similar results do
not yet exist for the application of DDPC beyond deterministic LTI systems. Therefore, the
objective of our research is to generalize this theoretical equivalence between model-based
and data-driven methods for more general classes of control systems.

In this thesis, we present our contributions to DDPC for linear time-varying (LTV)
systems and stochastic LTI systems. In our first piece of work, we developed Periodic
DeePC (P-DeePC) and Periodic SPC (P-SPC) methods, which generalize DeePC and SPC
from LTI systems to linear time-periodic (LTP) systems, as a special case of LTV systems.
Theoretically, we demonstrate that our P-DeePC and P-SPC methods have equivalence
control actions as produced from MPC for deterministic LTP systems, under appropriate
tuning conditions. As an intermediate step in our theoretical development, we extended
certain aspects of behavioral systems theory from LTI systems to LTP/LTV systems. This
includes extending Willems’ fundamental lemma to LTP systems and the defining the
concepts of order and lag for LTV systems.

In our second piece of work, we proposed a control framework for stochastic LTI sys-
tems, namely Stochastic Data-Driven Predictive Control (SDDPC). Our SDDPC method
theoretically achieves equivalent control performance to model-based Stochastic MPC, un-
der idealized conditions of appropriate tuning and noise-free offline data. This method,
which applies to general linear stochastic state-space systems, serves as an alternative to
the data-driven method previously proposed by Pan et al., which also achieved theoretical
equivalence to Stochastic MPC but was limited to a narrower class of systems. Beyond
the theoretical assumption of noise-free offline data, we performed our SDDPC method
in simulations with practical noisy offline data. The simulation results demonstrated that
our SDDPC method outperforms benchmark methods, achieving lower cumulative tracking
cost and lower rate and amount of constraint violation.
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Chapter 1

Introduction

1.1 Background

1.1.1 Model-Based Control and Data-Driven Control

Control design methods can broadly be classified into model-based methods and data-driven
methods. Model-based design methods rely on a parametric representation (or a model) of
the system, which may come from first-principles modeling or from system identification
— a process of building a system model from recorded input-output data. Data-driven
control, on the other hand, produces a control strategy directly from recorded historical
data, with no requirement on system models. Note that the scheme of system identification
followed by model-based control can also be considered as a data-driven control process,

Input-Output System Control

Data System Model Model-Based Policy
Identification Control

Indirect Data-Driven Control

Input-Output Control
Data (Direct) Data-Driven Control Policy

Figure 1.1: Direct and indirect data-driven control.



and is sometimes called indirect data-driven control [1]. Direct data-driven control, on
the contrary, refers to data-driven methods with no model identified. See Figure 1.1 for a
summary of those terms. Going forward, we use the term “data-driven control” to refer to
“direct data-driven control”. As modern systems of interest become increasingly complex
and difficult to identify, direct data-driven control techniques become preferable, and have
attracted significant research interest in recent years [2, 3]. A comprehensive survey of
early data-driven control methods can be found in [4].

1.1.2 Model Predictive Control

Model Predictive Control (MPC) [5] is a particular model-based design method which has
been widely used in industrial applications, such as autonomous driving [0], autonomous
flight [7], mobile robots [¢] and smart energy systems [9]. The MPC framework typically
uses a receding horizon of prediction and planning, and at each planning step the future
control decisions over the considered horizon are solved from an optimization problem. A
main benefit of MPC, comparing to other classical model-based control methods such as the
classical Linear-Quadratic(-Gaussian) Regulator (LQR/LQG), is the ability to incorporate
input and state/output constraints, which typically model actuator saturation and safety
constraints, respectively. Despite this applicational benefit, MPC requires a parametric
system model for prediction of the future trajectory, and the modeling process is sometimes
expensive, as discussed above.

For stochastic systems, work on Stochastic MPC (SMPC) [10, 11, 12] has focused
on modelling the uncertainty in systems probabilistically. SMPC methods optimize over
feedback control policies rather than control actions, resulting in performance benefits
when compared to the naive use of deterministic MPC [13]. Additionally, SMPC allows
the use of probabilistic constraints, useful for computing risk-aware controllers. Another
MPC method dealing with uncertainty is Robust MPC (RMPC) [11], which attempts to
conservatively guard against the worst-case deterministic uncertainty.

1.2 Motivation for Data-Driven Predictive Control

Although data-driven control methods show promise for complex or difficult-to-model sys-
tems, early works on data-driven control did not adequately account for constraints on
inputs and outputs (see examples in [1]). This observation leads to the development of
Data-Driven Predictive Control (DDPC), a type of data-driven control method which can



Data-Driven Model-Based
Control Methods Control Methods
considering DDPC MPC
constraints in control
not considering early data-driven classical LQR/LQG,
constraints in control control methods [] classical H, control

Table 1.1: A classification of some multivariate control methods.

incorporate input-output constraints as considered in MPC. As such, DDPC possesses
both the benefit of MPC for handling constrained control and the aforementioned benefit
of data-driven control over model-based control; see Table 1.1 for a comparison of DDPC,
MPC and early data-driven control.

In predictive control, the future trajectory of the system should be predicted at each
planning time step. In the MPC framework, the future trajectory is produced by a system
model, while DDPC methods should generate the future trajectory with solely data. As
such, DDPC methods can be viewed as derived from MPC where the parametric system
model is replaced by a non-parametric, data-based representation of the system. Vari-
ous approaches exist for constructing such data-based system representation, resulting in
different types of DDPC methods, which we will introduce in the next section.

1.3 An Overview of Data-Driven Predictive Control

DDPC methods can be categorized based on different data-based representations of the
dynamic system, where the data-based representations are used to predict the future tra-
jectory in the control process. Below, we highlight some of the most common DDPC
frameworks.

Subspace Predictive Control (SPC) [15, 16] is a DDPC framework, where a data-based
prediction matrix is obtained through a subspace identification approach and is used to
predict the future trajectory of the system, so that the need for a parametric model is

eliminated. Research on SPC dates back to [17, 18] and has since been applied to control
problems of complex systems such as airplanes [19] and nuclear reactors [20].
Learning-based predictive control [21, 22] is also a prominent DDPC framework, where

the system dynamics is captured by a neural network trained by input-output data. This



control approach has gained significant attention due to the advancements in reinforcement
learning.

Another class of DDPC methods is grounded in behavioral systems theory [23, 241].
In the behavioral approach, a dynamical system is characterized by the set of all possible
input-output trajectories it can produce, referred to as the system’s behavior [25, 26, 27, 28

, 30]. Of particular note, for a finite-dimensional discrete-time deterministic linear time-
invariant (LTI) system, this behavior can be represented using a data matrix constructed
from historical input-output data collected from the system — a result now known as
the fundamental lemma [31]. By leveraging the fundamental lemma in the behavioral
framework, a data matrix is sufficient to reflect the system’s dynamics. This approach
has led to the development of data-driven tracking controllers [32], data-driven feedback
controllers [33, 34, 35, 36] and behavior-based DDPC methods. Notable examples of the
latter include the work in [37] and the Data-enabled Predictive Control (DeePC) framework
[38, 39, 10]. DeePC has been successfully applied to the control of power systems [11, 12],
motor drives [13], quad-copters [11] and excavators [15]. Other behavior-based DDPC
methods were designed to ensure closed-loop stability [16, 47, 48, 19].

Equivalence between DDPC and MPC

On the theoretical front, it has been proved that DeePC and SPC, as DDPC methods,
can produce the same control actions as those obtained from MPC, for deterministic linear
time-invariant (LTT) systems [38, 15, 50]. This result establishes a theoretical equivalence
between the DDPC methods and the MPC framework in the idealized deterministic LTI
case. For data-driven control methods, achieving performance on par with model-based
control is the best possible outcome, because data-driven control cannot outperform model-
based control (with an exact model). As detailed in the next section, our research seeks to
extend the theoretical equivalence between model-based and data-driven control beyond
deterministic LTT systems.

1.4 Relevant Works and Research Objectives

In Section 1.3, we provided an overview of DDPC methods. Many of these methods,
including DeePC and SPC, are tailored for deterministic LTI systems. Regularized versions
of these control methods have demonstrated robustness to data disturbances and system
non-linearity [38, 39], and have been successfully applied in simulations and experiments.
Meanwhile, other DDPC methods are developed to handle a wider range of systems beyond

4



deterministic LTI systems, which we will explore in Section 1.4.1 and Section 1.4.2. Finally,
we present our research objectives in Section 1.4.3.

1.4.1 DDPC for Non-linear and Time-Varying Systems

Some DDPC methods were designed for nonlinear and time-varying systems. For non-linear
systems, DDPC methods have been proposed for various types, including Hammerstein-

Wiener systems [51, 52], second order discrete Volterra systems [53], flat nonlinear sys-
tems [54], polynomial time-invariant systems [55] and the worst-case scenario for general
non-linear systems [56]. These methods often extend Willems’ fundamental lemma to

accommodate the specific characteristics of these nonlinear systems.

For time-varying systems, DDPC methods have been developed for specific types, such
as linear parameter-varying systems [57, 58], linear slowly-varying systems [59] and the
worst-case scenario for general linear time-varying systems [60]. Again, in these cases,
Willems’ fundamental lemma has sometimes been extended to address the aspects of time-
varying systems. As discussed in the next section, one of our contributions will be the
development of DDPC methods for time-periodic systems, an area that has not been
addressed in the existing literature.

1.4.2 DDPC for Stochastic Systems

Data-driven control methods are typically designed with robustness in mind, ensuring
that their performance remains insensitive to noisy data from stochastic systems. Both
DeePC and SPC, as representative DDPC methods, have robust versions designed to adapt
to stochastic systems. In application of SPC with noisy data, a predictor matrix is often
computed with denoising methods, such as prediction error methods [11, 12] and truncated
singular value decomposition [13]. Robust versions of DeePC have also been developed with
stochastic systems in mind, such as norm-based regularized DeePC [35, 39] in which the reg-
ularization can be interpreted as a result of worst-case robust optimization [61, 62], as well
as distributionally robust DeePC [39, 10]. While the stochastic adaptations of DeePC and
SPC were validated through experiments, these stochastic data-driven control methods lack
an analogous theoretical equivalence to any model-based MPC method, in contrast to the

deterministic case; see Figure 1.2. Other related works include tube-based [63], sampling-
based [64], innovation-based [65] and constraint-tightening [66], multiplicative-noise [67]
and distributionally robust [68, 69, 70, 71, 72] stochastic DDPC schemes. These meth-

ods were validated through simulations, and most of them guarantee recursive feasibility



(Model-Based) MPC (Data-Driven) DDPC

having equivalent

for deterministic control performance DeePC
P
LTT systems BIEC SpPC

‘ by modeling | by numerical methods
| uncertainty ] for robustness

for stochastic/uncertain | Stochastic MPC | various adaptations
LTT systems | Robust MPC | e.g. Regularized DeePC

Figure 1.2: State of the art in MPC and DDPC for stochastic systems.

and closed-loop stability. Again, however, no equivalence in performance was established
between these methods and model-based MPC methods.

This disconnect between data-driven and model-based methods in the stochastic case
has been noticed by some researchers, and some recent DDPC methods were developed
for stochastic systems that have provable equivalence to model-based MPC methods. The
works in [73, 74, 75, 76] proposed data-driven control frameworks for stochastic systems
applying Polynomial Chaos Expansion (PCE); the use of PCE enables modeling of ar-
bitrary noise distributions. Their methods have equivalent performance to SMPC when
disturbances are known and when stochastic signals are exactly represented by finite PCE
terms [73, Thm. 1] [74, Cor. 1]. In practice, disturbances should be estimated using
input-output data, which estimation requires heavier computation with larger amount of
data. Their frameworks have considered systems without sensor noise and systems in the
Auto-Regressive form with eXogenous input (ARX), which are special cases of systems in
the state-space representation. Thus, the gap addressed here is to develop an alternative
data-driven stochastic control method that has provably equivalent performance to the
model-based SMPC, where we only need to estimate a fixed number of parameters re-
gardless of the data amount and we consider general systems in the state-space form with
separate process noise and measurement noise.

1.4.3 Motivation and Research Objectives

Among the numerous developed DDPC methods, we currently lack a clear understanding
of which data-driven approach offers the best control performance. Due to the absence of



system model information, data-driven control methods cannot be expected to outperform
model-based control methods with an exact model in any given control problem. There-
fore, the best we can hope for with data-driven control is a performance equivalent to that
of model-based control with an exact model. As mentioned in Section 1.3, some DDPC
methods have equivalent control performance with MPC for deterministic LTI systems,
which are a type of idealized dynamical systems. However, real-life dynamical systems are
often stochastic, non-linear and sometimes time-varying. Motivated by this observation,
our objective is to extend the theoretical equivalence between DDPC and MPC to encom-
pass a broader range of control systems beyond deterministic LTI systems, by developing
appropriately tailored DDPC methods. This extension can take three main directions:
towards stochastic systems, non-linear systems and time-varying systems — each corre-
sponding to a generalization of deterministic LTT systems. In this section, we investigate
the three directions separately with review of relevant works.

As elaborated in the next section, this thesis contributes to the development of DDPC
methods for a specific class of time-varying systems as well as for stochastic systems.

1.5 Outline and Contributions

The rest of the thesis is organized as follows. Chapter 2 provides an overview of the
preliminaries relevant to our research. This includes a review of behavioral systems theory
(Section 2.3) and and fundamental DDPC methods (Section 2.4). Chapter 3 presents our
contributions to DDPC methods for linear time-periodic (LTP) systems, a specific subclass
of linear time-varying (LTV) systems, based on our work in [77]. Chapter 4 details our
development of a stochastic DDPC framework, referring to our works in [78, 79]. Chapter
5 concludes the thesis and summarizes the findings.

Chapter 3: Data-Driven Predictive Control for Linear Time-Periodic Systems

We consider the problem of data-driven predictive control for an unknown discrete-time
linear time-periodic (LTP) system of known period. Our proposed strategy generalizes both
DeePC and SPC, which are established data-driven control techniques for LTT systems.
The approach is supported by an extensive theoretical development of behavioral systems
theory for LTP systems, culminating in a generalization of Willems’ fundamental lemma.
Our algorithm produces results identical to standard MPC for deterministic LTP systems.
Robustness of the algorithm to noisy data is illustrated via simulation of a regularized
version of the algorithm applied to a stochastic multi-input multi-output LTP system.

7



Chapter 4: Stochastic Data-Driven Predictive Control

We propose a data-driven receding-horizon control method dealing with the chance con-
strained output-tracking problem of unknown stochastic LTI systems. The proposed
method takes into account the statistics of the process noise, the measurement noise and
the uncertain initial condition, following an analogous framework to Stochastic MPC, but
does not rely on the use of a parametric system model. As such, our receding-horizon
algorithm produces a sequence of closed-loop control policies for predicted time steps, as
opposed to a sequence of open-loop control actions. Under certain conditions, we establish
that our proposed data-driven control method produces identical control inputs as that
produced by the associated model- based SMPC. Simulation results on a grid-connected
power converter are provided to illustrate the performance benefits of our methodology.

1.6 Notations

Throughout the thesis, we apply the following notations.

Ziap) the set of consecutive integers from a to b, i.e., Z N [a, b]
Ziap) the set of consecutive integers from a to b — 1, i.e., Z N [a,b)
St the set of ¢ X ¢ positive semi-definite symmetric matrices
St the set of ¢ x ¢ positive definite symmetric matrices

Mt the Moore-Penrose pseudo inverse of a matrix M

® the Kronecker product

col(My, ..., My) the column concatenation of matrices/vectors My, ..., My

Diag(M;, ..., M) the block-diagonal concatenation of matrices My, ..., My
For a R?%-valued discrete-time signal z with integer index ¢, we let 2y, ;,) denote either

e a vector sequence {z};2, C R? or
e a concatenated vector col(z,, ..., z,) € Ritz—t+1)

where the usage is clear from the context; let 2y, 1,) 1= 2}, 1,—1]- A matrix sequence {M, ?:tl

and a function sequence {m(-)};%,, are denoted by My, 1) and 7y, 4, respectively.



Chapter 2

Preliminaries

In this chapter, we review some key foundational works that provide the prerequisites
for our research presented in Chapter 3 and Chapter 4. Our discussion here will primar-
ily focus on a constrained control problem of unknown deterministic linear time-invariant
(LTI) systems, as formally stated in Section 2.1. The control problem for unknown sys-
tems must be addressed using data-driven control methods, whereas for known systems,
Model Predictive Control (MPC) provides a sufficient solution, as outlined in Section 2.2.
We provide a brief review of the behavioral systems theory in Section 2.3, which forms
the theoretical foundation of the Data-enabled Predictive Control (DeePC) method. An
overview of DeePC and Subspace Predictive Control (SPC) methods is in Section 2.4,
which are typical Data-Driven Predictive Control (DDPC) methods. In Section 2.5, we
explore the performance equivalence between the DDPC methods, DeePC and SPC, and
the MPC method. Finally, in Section 2.6, we extend our discussion beyond deterministic
LTI systems to show how regularization techniques are applied to adapt DeePC and SPC
methods for real-world non-linear stochastic systems.

2.1 Problem Statement: Deterministic LTI Case

Throughout the chapter, we focus on the control of a deterministic LTI system described
by the following state-space model S,

S {x”l = Az + Bu, (2.1)

Yy = Cl’t + DUt



with state z; € R”, input u; € R™, output y; € RP and system matrices A, B,C, D. The
state x; is unmeasured and the initial state x( is unknown. In the data-driven scenario, the
system matrices A, B,C, D in (2.1) are unknown; we have access only to the input u; and
output ¥ in in (2.1). We assume the pair (A, B) is controllable. Moreover, without loss of
generality for an unknown system, we assume the pair (A, C') is observable, as justified in

[23, Sec. 2.4].

In a reference tracking problem, the objective is for the output y; to follow a specified
reference signal r, € RP. The trade-off between the tracking error 3, — r; and the control
effort u; may be encoded in the quadratic instantaneous cost

Je(ue ye) = llye = rellg + el (2:2)

at time t € Nq, where Q € S, and R € S, are user-selected parameters. The control
objective is to minimize the accumulation of the cost (2.2) over a horizon. Other alternative
convex cost functions in u; and y; may be considered instead of (2.2) as a different problem
setup. This tracking should be achieved subject to constraints on the inputs and outputs
in the form of

Uy € Z/{, Yt S y (23)
for time ¢ € N5, where the constraint sets i/ C R™ and Y C R? are assumed to be convex,

non-empty and closed.

Notations based on System Model

For the state-space model (2.1), we define for L € N the (reversed) extended controllability
matrix C;, € R™ ™ the extended observability matrix O; € RPE*"™ and the impulse-
response matrix Gy € RPEX™L of depth L.

Cr:=[A'B ... A’2B AB B]
o - ]
CA CB D »
OL = CA2 , gL = CAB CB D ( : )
[CAMT CA2B ... CAB CB D)
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With this notation, the unique resulting state and resulting output of (2.1) with initial
state x4, at time t =ty can be expressed as follows,

l’tl = At1—to .Z'to + Ctl—t() u[to,tl) (25&)

Ylto,t1) = Oh—to Tt + gt1—t0 Ultg,t1) (25b>

for all future time ¢; > to.

2.2 Deterministic Model Predictive Control

With the system model in (2.1) unknown, data-driven control techniques are necessary to
address the problem outlined in Section 2.1. Nonetheless, in the case where the system
model is known, the constrained control problem can be effectively solved using determin-
istic Model Predictive Control (MPC) as a standard method [5]. In this section, we review
a specific framework of deterministic MPC with partial state observation.

The MPC framework operates based on a receding-horizon strategy. At each control
step t = k, as a specific time step, control decisions are made through optimization for
N upcoming time steps, referred to as the prediction horizon. Among these decisions, the
control actions for the first N, steps, known as the control horizon, are applied to the
system. The lengths of the prediction and control horizons, N, N, € N with N, < N, are
fixed parameters. Once the control inputs for the current control horizon are applied, the
control step is updated to t = k + N, and the process is repeated, with the time horizons
shifting forward. The initial control step corresponds to the starting time, ¢ = 0, marking
the beginning of the receding-horizon cycle.

Here we formulate an MPC optimization problem, aligning with the MPC scheme
reviewed in [33]. Consider the control step ¢t = k, and we are given an estimate Zj of the
state xp through a state estimator. Let Z, & and § denote the prediction of future state,
input and output trajectories over the prediction horizon, so they should match the system
model (2.1) as

Tyl = Ai‘t + Bﬂt, t e Z[k,k—f—N) (26&)
gt == Ci’t + D’I_J/t, t € Z[k,k—i—N) (26b)
:T:k = ik (2.6C)

with the initial condition Ty set as 2y, and satisfy the constraint (2.3) as

U € M, Z_Jt < y, te Z[k,k+N) (27)

11



over the prediction horizon. The objective function in optimization is chosen as the pre-
diction of cost (2.2) summing over the prediction horizon,

k+N-1

Z Je(ty, 7y,) (2.8)

and thus a deterministic MPC optimization problem at control step t = k is

minimize (2.8) subject to  (2.6) and (2.7) (MPQ)
Ulk,k+N)

where %y, 14 ) are the decision variables that determine other variables Zj x4 n] and Uik k)

through (2.6). With the receding-horizon process, our investigated MPC scheme is shown

in Algorithm 1.

Algorithm 1 A Framework of Deterministic Model Predictive Control [38, Sec. III]
Input: prediction- and control-horizon lengths N, N., system model (A, B,C, D), stage
cost function Ji(-), and constraint sets U, ).
1: Initialize the control step k < 0.
2: while true do
3:  Generate state estimate 7 using past input-output data.
Solve control actions % x4 n) from problem (MPC).
for t from kto k+ N, —1do
Apply input u; < T; to the system (2.1).
Measure output y; from the system (2.1).
Set k < k+ N..

The MPC framework outlined in Algorithm 1 does not inherently guarantee recursive
feasibility and closed-loop stability. These properties can be ensured by augmenting the
MPC problem (MPC) with terminal costs in addition to (2.8) and terminal constraints in
addition to (2.7), as reviewed in [5]. Later in Section 2.5, the model-based MPC framework
in Algorithm 1 will be compared to the data-driven DeePC and SPC methods introduced in
Section 2.4, establishing connections between the model-based and data-driven approaches.

2.3 Behavioral Systems Theory for LTI Systems

The MPC approach described in Section 2.2 provides a model-based solution to the control
problem outlined in Section 2.1, in the case where the system model is known. When

12



the system model is unknown, data-driven control methods are necessary to address the
problem. Before presenting these data-driven control methods in Section 2.4, we first
introduce key results from the behavioral systems theory [23, 24, 25, 26, 27, 28, 29, 30] as
preliminary groundwork.

The concept of behavior is introduced in Section 2.3.1, followed by a review of its
key properties, including state-space representation (Section 2.3.2), controllability (Section
2.3.3), and complexity indices such as order and lag (Section 2.3.4). Then, we present in
Section 2.3.5 and Section 2.3.6 essential results that play pivotal roles in the formulation
of DDPC methods.

2.3.1 Behavioral Representation of LTI Systems

In behavioral framework, a dynamical system is described in a different way from using a
state-space model, but instead is described as a collection of possible input-output trajec-
tories from the system, which collection is called the behavior of the system. In original
works [25, 26, 27, 28], a behavior 2 C (R™P)N is defined as a subset of the space (R™*?)N
of R™*P-yalued semi-infinite signals, where m and p are the input dimension and output di-
mension, respectively. Some notions such as linearity and time-invariance are thus defined
in a behavioral way based on the property of the subset 4. In this report, for simplicity of
presentation, we define behavior based on the state-space representation (2.1) of systems,
which definition is equivalent to the formal definition of behavior for finite-dimensional LTI
systems [23, Sec. 2.3].

Definition 2.1 (Behavior). For the finite-dimensional LTT system S in (2.1), the behavior

2° of S is the set of semi-infinite trajectories

B = { B[O’c’o)} ‘ Jxg s.t. (2.1) holds for all t € N>o} :
[0,00)

Let %Y be the restriction of behavior %°, or the restricted behavior, on the first k € N
time steps, that is,

By = { B[O’k)] ‘ Jxp s.t. (2.1) holds for all t € Z[O,k)} :
[0,%)

We can analogously define the behavior %8¢ for a non-LTI state-space model S in a
manner similar to Definition 2.1. We write a behavior as 4, and a restricted behavior as
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Py, when the underlying system model is not emphasized. We say that a behavior 4 is
an LTI behavior if it is equal to the behavior #° of some LTI system S by Definition 2.1.

Going forward, we discuss mainly the restricted behaviors. For linear systems, the
behavior is always a vector space, where the LTI restricted case is captured as follows.

Lemma 2.2. For LTI system S in (2.1) and integer k € N, the restricted behavior %5 is
a finite-dimensional vector space

Om xXn Im
%; = ColSpan [ (,;k Q:}

with matrices Oy, Gy, defined in (2.4).

Corollary 2.2.1. dim %5 = rank(Oy) + mk, where m is the input dimension of S.

2.3.2 State-Space Representation of Behavior

The behavioral representation %° of an LTI state-space model S is unique, according to
Definition 2.1. On the contrary, however, the state-space representation of an LTI behavior
may not be unique, as we specify in Lemma 2.4, where we use the notion of equivalent LTI
systems defined in Definition 2.3.

Definition 2.3 (Equivalent LTT Systems). LTI state-space models S; : (Aj, By, C1, Dy) and
Si ¢ (Aqr, B, Chi, Drp) are said to be equivalent if they have the same state dimension and
there exists a non-singular matrix P such that

AH = P71A1P7 BH = PilBI’ CH == CIP, DH - DI.

Lemma 2.4 (State-Space Representations of Same LTI Behavior [25, Sec. 5]). For LTI
state-space models Sy and Sy, their behaviors are equal, i.e.,

BT — pSu

if, and only if, the observable systems of S and Sy are equivalent in the sense of Definition
2.3.

Lemma 2.4 provides a sufficient and necessary condition for different LTI system models
to possess the same behavior. Through Lemma 2.4, given an LTI state-space model S, we
are able to know all state-space models that share the same behavior with the model S.
Although a behavior has multiple state-space representations, we may focus on those rep-
resentations with the smallest state dimension, which are called minimal representations.
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Definition 2.5 (Minimal State-Space Representations [23, 21]). For an LTI behavior 4,
an LTI state-space model Sy, is called a minimal state-space representation of A if

e S, is a state-space representation of 4, i.e., 8 = %5, and
e among all state-space representations of %, S,, has the minimal state dimension.

Minimal state-space representations of an LTI behavior are not unique, but they are
all equivalent in the sense of Definition 2.3. Moreover, for LTI behaviors, a state-space
representation is minimal if, and only if, it is observable [25, Sec. 5].

2.3.3 Controllability of Behavior

Lemma 2.4 revealed the role of observability in behavioral representation. Next, we discuss
controllability. In the behavioral framework, controllability is defined in a trajectory-based
sense, as opposed to the more classical notion of state-controllability.

Definition 2.6 (Controllability for LTT Behaviors [31, 38]). An LTI behavior % is con-
trollable if for any finite trajectory wfo 1) € By, with t; € N and any trajectory wfé ) € B,
there exists a trajectory wfo o0) € % and an integer ty > t; such that

wﬁ)vtl) - w%o,h)’ wE;QvOO) - w[%voo)’ (29)

where we let wis, s,) := COl(U[s, 55]; Y[s1,55]) denote a trajectory for integers sy < s,.
In other words, for a controllable behavior, two trajectories can always be patched
together in finite time and form a new valid trajectory; see Fig 2.1. Relating to classical

state-space concepts, the behavior is controllable if, and only if, all observable states are
reachable [23, Sec. 2.4].

w! shifted ¢o

%‘ steps forward

=

£

+ w®
to time

Figure 2.1: Controllability of LTI behavior.

The controllability of LTV behaviors is defined slightly different from Definition 2.6
and will be revisited in Definition 3.6 in Chapter 3. Here we focus on LTI behaviors.
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2.3.4 Structure Indices: Order and Lag

The complexity of a behavior is described by integer invariants including order and lag.
Order and lag are inherent properties of LTI behaviors, and they can be represented or
defined in multiple equivalent ways, such as investigating dimensionality of restricted be-
havior [23, Sec. 2.2] [25, Sec. 7] [28, Sec. X], using kernel representation [23, Sec. 2.3] [30,
Prop. 3] and using minimal representation [30, Sec. III.A]. Here we define order and lag
in terms of the dimensions of restricted behaviors.

We first investigate the dimensions of restricted behaviors. For an LTI system with
finite state dimension, the dimension dim %) of its restricted behavior has the following
properties [25, Sec. 7] [28, Sec. X].

1. The dimension dim %) monotonically increases as k increases, while the increment
in dim %, monotonically decreases as k increases, i.e.,

0 < dim %, < dim %, < -, (2.10a)

dm% -0 > dm%H —dimPB; > dimHB;3—dimPB, > ---. (2.10b)

2. There exists ky € N such that for all £ > kg, dim &), is an affine function of k&,
dim By, = n' + mk (2.11)

where m is the system’s input dimension and n’ € N5 is some intercept.

We consequently define order and lag based on those observations of dim %;. The order
n(A) of behavior 4 is defined as the integer offset n’ in (2.11), and the lag 1(#) is the

smallest integer k = ky such that (2.11) holds [25, 28]. This definition can be written as
n(A) = klim dim %y, — mk, (2.12a)
—00
1(#) := min {k € N : dim %, = n(%) + mk}. (2.12b)

Figure 2.2 visualizes the relationship of order n(%), lag 1(#) and the dimension of %.

Order and lag are inherent properties of a behavior. However, given a state-space
representation of the behavior, one can also represent the order and lag in terms of the
state-space model. For LTI system S : (A, B,C, D) in (2.1), the order and lag of its
behavior %° can be written as

n(#°) = lim rank(0y),
1(%#°) = min {k € N : rank(Oy) = n(%°)},
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dim %k

Figure 2.2: Order, lag, and the dimensionality of restricted behavior.

with matrix Oy defined in (2.4), according to Corollary 2.2.1 and the definitions in (2.12).
Leveraging state-space terminology, the order n(%°) is the number of observable states,
and the lag 1(%°) is equal to the observability index, i.e., the smallest number of time steps

on which all observable states are observed. Furthermore, for a minimal representation
S (A, B, Ciy Dyy) of behavior £, (2.13) is reduced as follows:

e the order n(#) is equal to the state dimension of S, and
e the lag 1(4) is the smallest integer k£ € N such that O has full column rank.

The above appears as an alternative definition of order and lag in the literature, based on
minimal representation [21].

Order and lag are fundamental concepts in behavioral systems theory, serving as essen-
tial tools for characterizing system complexities. These structure indices often influence
the validity of key theoretical results and their practical application. As we will see in Sec-
tion 2.3.5 and Section 2.3.6, order and lag emerge as critical preconditions that guide the
selection of certain user-defined parameters in the formulation of these theoretical results.

2.3.5 Specification of Initial Condition

With the causal system model (2.1), the output yy, n) is uniquely determined given the input
ufe 4Ny and the initial state 2, at time ¢, as demonstrated in (2.5b). However, in the model-
free case where the state-space model is unknown, the initial condition cannot be specified
as an initial state, since the state is not available. In the behavioral framework, we instead
specify the initial condition at time ¢ as a past input-output trajectory uy_r ), yj—r,¢) of the
system. The following result shows that, if the initial-condition trajectory is sufficiently
long, then the subsequence output can be uniquely determined given the corresponding
input subsequence.
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Lemma 2.7 (Initial-Condition Specification [32, Lemma 1] [23, Lemma 1]). Consider
an LTI behavior % and integers L > 1(A) and N € N. Then, for any trajectories
COl(U[t—L,t),y[t—L,t)) € B and any input subsequence Uy 4y, there exists a unique out-
put subsequence Yy, . ny that satisfies

col(fr—r.t), Uit,t+ N> Yit—L.t) Yjeen)) € BLan- (2.14)

Lemma 2.7 ensures that the correct resulting output g, n) can be identified given
corresponding input %4y and the previous trajectory up_r 4, yp—r4) of sufficient length
L. This result allows us to treat the input-output trajectory wuy_r ),y as an initial
condition of the system at time ¢ in the model-free case, enabling accurate prediction of the
future output trajectory. As we will discuss in Section 2.4, the past input-output trajectory
is commonly used as the initial condition in DDPC methods.

2.3.6 Fundamental Lemma

We have explored the behavior as an alternative representation of dynamical systems to
state-space models. However, the notion of behavior cannot be directly used in data-
driven control problems, as it is inherently defined based on the system dynamics which
are unknown in the data-driven case. To make the behavioral systems theory applicable
to data-driven control, the final building block is to represent the behavior itself in a
data-driven manner.

In this section, we present a key result that enables the representation of restricted LTI
behaviors using purely data from the system, known as the Fundamental Lemma [31, Thm.
1], which we will introduce as Lemma 2.9. We begin by defining the concept of persistent
excitation.

Definition 2.8 (Persistent Excitation). A sequence zy, 4,1 is persistently exciting of order
K, for positive integer K <ty — t; + 1, if the associated block-Hankel matrix of depth K

2ty Rt14+1 " Rty—K+1
Ztl-‘rl Zt1+2 e ZtQ—K-i-Q
c]/lff(<z[tl,tz}) — . . . .
Rt 4+K—-1 Rp+K 2ty

has full row rank.

Lemma 2.9 (Fundamental Lemma [31]). Let & be an LTI behavior, and let col(u?lﬂ, y[dLT]) €
PBr be a data trajectory from the system. For K € N, if
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(i) the behavior A is controllable in the sense of Definition 2.6, and

(i) the input sequence “ﬁ,T} is persistently exciting of order K + n(4),

then we have

} = Br. (2.15)

Equality (2.15) means that an input-output sequence col(uj k), ¥jo,x)) is a trajectory
of the system, i.e., col(ujo k), Yp,x)) € Pk if, and only if, it can be represented as

|:U[O,K):| _ [%K(Uﬁ,ﬂ)] g
Yio, k) A (Y 1)

for some vector g € RT-K+1,

By Lemma 2.9, the restricted behavior can be fully represented by input-output data,
with properly selected input and a controllability assumption. Some extensions of the
fundamental lemma were also developed in the literature, including alleviation of the con-
trollability requirement [30, 81|, relaxations of persistent excitation [32, 81], extension to
multiple dataset [33], online selection of input when recording data [34], robust versions
[35] and equivalent formulations [30].

Recall from Lemma 2.7 that the future output gy, ,, vy can be uniquely identified given
future input %y 4 vy and past input-output data uy_r ), Y1), under the assumption that
we know the restricted behavior Z, . Through Lemma 2.9, 4.,y can be represented
using data. Hence, by combination of Lemma 2.7 and Lemma 2.9, we can obtain some
expression which is purely based on data and predicts the future output — playing a similar
role as the constraint (2.6) in MPC. This motivates us to develop a data-driven counterpart
of MPC, which will be introduced in Section 2.4.

2.4 Data-Driven Predictive Control for Deterministic
LTI Systems

In this section, we introduce DDPC frameworks handling the control problem in Section
2.1. In Section 2.4.1, we start with motivation to DDPC, adapting the MPC framework in
2.2 and using the tools of the behavioral systems theory in Section 2.3. In Section 2.4.2,
we introduce specific DDPC methods, including Data-enabled Predictive Control (DeePC)
and Subspace Predictive Control (SPC).
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2.4.1 Motivation for Data-Driven Predictive Control

As reviewed in Section 2.2, MPC is a model-based method because the output-prediction
constraints (2.6) are based on an explicit system model. In data-driven scenario without
a valid system model, MPC as a model-based method is no longer applicable. Because
of the utility that MPC allows inherent inclusion of input and output constraints, we are
interested in developing direct data-driven control methods which have the same utility.
The latter type of control methods is so-called Data-Driven Predictive Control (DDPC).

To build up a data-driven counterpart of MPC, we need to replace the model-based
output prediction (2.6) by some equivalent data-based expression. The output-prediction
constraints (2.6) in problem (MPC) at control step t = k can be compactly written as
follows,

Urn) = Ps (Gpk gt nys T) | = On &k + G Uk s vy (2.16)

with matrices Oy, Gy defined in (2.4), where S is the label of the system model (2.1) and
Ps(+) is the output-prediction function. That is, in MPC, the output prediction gy, .y
is a function Ps(-) of future input %, x4 ) and the initial condition 2, where the function
Ps(+) depends on the system model S : (A, B,C, D).

In DDPC, on the other hand, the output prediction at control step ¢ = k can be written
in the following form,

- _ Uffo—
Uk srn) = Pp (U[k,k+N)a [ [: i:ﬂ ) (2.17)

u[k—L,k):| o
Ylk—L,k)

an example is the DeePC framework to be introduced in Section 2.4.2. In (2.17), the
future output Yy . ) is uniquely determined as a function of future input % x4n) and
recent input-output measurement wup_r k), Yr—r,k), With parameter L € N. The output-
prediction function &p(-) in (2.17) is formulated using a dataset D collected from the
system, so that (2.17) is entirely based on data. The recent trajectory Ulk—L,k)> Y[k—L.k)
in (2.17) specifies the initial condition at time ¢ = k, and plays the same role as 7} in
(2.16). Figure 2.3 compares the output prediction in model-based and data-driven control.
Therefore, the MPC framework can be adapted by replacing the model-based output-
prediction constraint (2.16) by some data-based constraint in the form of (2.17), thereby
formulating DDPC methods.

or some other expression that uniquely identifies gy, ;.\ n) given Uy x+n) and {

20



Ty, ‘ by predictor Tk S
uy, Ps in MPC YWe | Yk
— === |
et N—1 Ukt N1 | Ykt N-1
Uk—L Yk—L Uk—L Yk—L
by predictor
Uk—1 Yk—1 &p in DDPC Uk—1 Yk—1
Uk I )
— ——=—===== i
UpyN-1 Uk+N-1 | Yk N1 |
e " . r---  future output
|| initial condition [ | future input | predic tiOI:I)I

Figure 2.3: Output prediction in model-based and data-driven control.

General Formulation of DDPC

As discussed above, DDPC is a class of data-driven methods modified from MPC. Similar to
MPC, DDPC is also a receding-horizon control strategy. That is, at each control step t = k,
we solve for control inputs % 4y over the prediction horizon Zy, ;4n) by minimizing a
cumulative cost over the horizon, and then apply the first N, control actions % x+ ) to the
system on the control horizon Zjy, 4., with integer parameters N, N. € N that N, < N.
Moreover, in the data-driven scenario, the initial condition of the system is specified by the
past input-output trajectory wp_r k), Yr—r,kx) o0 a past interval Zp,_r 1) called the initial(-
condition) horizon, with parameter L € N. We call the union of the initial and prediction

horizons the total horizon at control step ¢t = k. Figure 2.4 summarizes the time horizons
in DDPC.

The general form of DDPC optimization problem at control step t = k can be written
as follows,

minimize (2.8) subject to (2.17) and (2.7) (DDPC)

oy
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Figure 2.4: Time horizons in Data-Driven Predictive Control.

which is similar to (MPC) except that the output-prediction constraint (2.6) (equivalent to
(2.16)) is replaced by a data-driven version (2.17). In (2.17), the output-prediction function
Pp(+) is formulated based on a dataset D generated from the system, thus satisfying the
data-driven requirement. The explicit expression of (2.17) depends on specific DDMPC
algorithms, and we will see two examples in Section 2.4.2. The optimization process
is repeated after we apply the solved input wu x4n.) and then update the control step
t = k 4+ N.. The entire DDPC control process is shown in Algorithm 2.

Algorithm 2 A General Framework of Data-Driven Predictive Control

Input: initial-, prediction- and control-horizon lengths L, N, N., stage-cost function J;(-),
and constraint sets U, ), and offline dataset D.

1: Record the initial trajectory wi_r ), Y10 of the system.

2: Initialize the control step k < 0.

3: while true do

4:  Solve control actions %, x4 n) from problem (DDPC).

5 fort¢fromktok+ N.—1do

6

7

8

Apply input u; < T; to the system (2.1).
Measure output from the system (2.1).
Set k <+ k + N..

DDPC preserves several features of MPC. First, DDPC (Algorithm 2) and MPC (Algo-
rithm 1) are both receding-horizon control strategies. As such, both methods can handle
reference tracking problems with time-varying reference signals. Second, DDPC frame-
works can incorporate input and output constraints (2.7) as MPC does, making DDPC
useful in applications of constrained control.
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2.4.2 DDPC Methods: DeePC and SPC

In Section 2.4.1, we introduced a general formulation of DDPC, where the explicit form
of the constraint (2.17) in problem (DDPC) varies with different DDPC methods. In this
section, we exemplify two typical DDPC methods, namely Data-enabled Predictive Control
(DeePC) [38, 39, 10, 61, 62] and Subspace Predictive Control (SPC) [17, 87, 15, 16].

Offline Data Collection

Both DeePC and SPC contain an offline process in addition to the (online) control pro-
cess. In the offline process, we record from the system (2.1) an input-output trajectory
uﬁ,prﬁ,T]v which constitutes the dataset D in (2.17) and in Algorithm (DDPC). For
data informativity, the input trajectory is required to be persistently exciting of order
L+ N + n(%). We formulate data matrices U, € R™*" Uy € R™V*h Y, € RPL* and
Y; € RPV*h a5 follows,

Up| d Yol _ d
{U}j = AN (U 1), [Yi] = Arn (W)

where the block-Hankel matrix .7#(-) is defined in Definition 2.8, and h :=T — (L+ N)+1
denotes the common width of J77 N(uf‘lﬂ) and %”LJFN(y[dLT]). Using those data matrices,
we can represent the restricted behavior %y, v of the system,

Up
ABr..n = ColSpan ', (2.18)
Ye
according to Lemma 2.9, under assumption that the system behavior & is controllable and
the input data “?1,7’] is persistently exciting of order L + N + n(4).

The theoretical result in (2.18) holds once the input data is persistently exciting, which
can be achieved with various types of signals. In practice, however, the data trajectory may
encounter numerical issues, especially with unstable systems. To mitigate these issues, a
stabilizing controller can be applied during the data generation process. Another approach
to avoid numerical problems is to combine multiple short data trajectories and construct
data matrices as outlined in [3].
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Online Control Process

With offline data, we are able to formulate the online control algorithms. For both DeePC
and SPC, the online control process follows the framework of Algorithm 2, only differing
in the constraint (2.17) of problem (DDPC). The DeePC optimization problem at control
step t = k is what follows,

minimize (2.8) subject to (2.19) and (2.7) (DeePC)

9,4,y

where g € R" is an auxiliary variable, and the output-prediction constraint (2.19) is

Up u[k_ka)
Ut Ul k+N)

— d . 2.19
Y, g Ylk—Lk) (2.19)
Ye Yk i+ N)

In (DeePC), g is the only independent variable, while %, x4 ) and gy 1., vy are both decided
by g via the second and fourth block rows of (2.19). Note that (2.19) is obtained directly
from (2.18) and the fact that (2.14) holds.

Remark 2.10 (Uniqueness of Output Prediction in DeePC). Although the output-
prediction constraint (2.19) of DeePC does not follow the exact form in (2.17), it uniquely
Ulk—L,k)
Ylk—L,k)
L > (%), according to Lemma 2.7. In this sense, (2.19) specifies Jj, ;4 n) as an implicit

determines the future output Fp, ) With given Uy i n) and [ ], in the case of

Ulk—L,k)

} , thereby equivalent to the form of (2.17).
Ylk—L,k)

function of %, 4 ) and [

The optimization problem of SPC at control step t = k is the following,

minimize (2.8) subject to (2.20) and (2.7) (SPC)

373

whose output-prediction constraint (2.20) is

_ Up ! El[ka,k)
Ykpsn) = Ye | Ur | | Tpptny | - (2.20)
Y, Ylk—L k)
N— —
::Pspc
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The output-prediction constraints (2.19) of DeePC and (2.20) of SPC can be related by
observing that

Up T Ulk—L,k)

g= |Ut| |Uprsn
Yol [Yk-rLk

is one solution for g to the first three block rows of (2.19) [50, 85].

Remark 2.11 (Uniqueness of DeePC and SPC Solutions). The optimal Uk k4 and
Uik k+n) are unique from both problems (DeePC) and (SPC), when the cost (2.8) is a
strictly convex function of % 4 ). This is because Uik prn) 18 & function of T x4y Vvia
each of the constraints (2.19) and (2.20) of DeePC and SPC, respectively; recall Remark
2.10. The optimal g from (DeePC) may not be unique, as the matrix equation (2.19) can
be under-determined.

Both DeePC and SPC have their advantages over each other. Computationally, SPC
is more efficient than DeePC, because of the extra variable g in DeePC. In application
where DeePC and SPC are both regularized (see Section 2.6), regularized DeePC has more
parameters of regularization than regularized SPC does [70] and thus is more flexible in
algorithm design and parameter tuning.

There is no sufficient evidence showing which of DeePC and SPC outperforms the other.
For deterministic LTT systems, both DeePC and SPC have equivalent performances with
MPC, as to be shown in Section 2.5. In practical experiments where data is corrupted,
regularized DeePC sometimes outperformed regularized SPC [11], while other times the
former performed worse than the latter [50], and in some cases, the performances of both
were comparable [13].

2.5 Equivalence of MPC and DDPC for Deterministic
LTI Systems

In the following proposition, we show that for deterministic LTI systems, both DeePC and
SPC yield control actions equivalent to those obtained from MPC.

Proposition 2.12 (Equivalence of DeePC, SPC and MPC [38, Cor. 5.1} [50, Thm. 1]).
Consider the LTI system S in (2.1). Let col(uﬁﬂ, yﬁvT]) € %5 be an offline data trajectory

from the system. At control step t = k, for integers L > 1(%°) and N € N, assume that
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1) the behavior o 15 controllable 1n the sense of Definition 2.6, an
1) the behavi fS i llable in th f Definition 2.6 d
(i1) uﬁ’T} is persistently exciting of order L + N + n(%%).

Suppose the recent trajectory upg_r ), Y—rk) S known and the state is estimated exactly,
i.e., T = Tp. Then,

e the unique optimal trajectory Uy k+n), y[k k+n) by (DeePC),
o the unique optimal trajectory g kN, y[k k) by (SPC), and
e the unique optimal trajectory Uy k+ Ny, Yjp prn) bY (MPC)

are all the same.

Proposition 2.12 demonstrates the performance equivalence of both DeePC and SPC
to MPC. This performance guarantee indicates that DeePC and SPC are “perfect” data-
driven substitutes of MPC in the deterministic LTI case. However, this conclusion is
limited to deterministic LTT systems. For more general types of systems (e.g. stochastic,
non-linear and time-varying), the theoretical support is still an open question. In Chapter 3
and Chapter 4, our research will contribute to extending these results beyond deterministic
LTT systems.

2.6 Regularization of DeePC and SPC

DeePC and SPC are direct data-driven methods with equivalent performances with MPC
for deterministic LTI systems, as shown in Proposition 2.12. However, both algorithms
are sensitive to perturbation of data. In particular, the constraint (2.19) may be over-
determined when offline data and online measurements are perturbed, and consequently
the problem (DeePC) may become infeasible. The pseudo-inverse operation in (2.20) is also
sensitive to small perturbations, making the solution to problem (SPC) highly sensitive to
small variations in the data.

Since real-world control systems are typically stochastic and nonlinear, measured data
often contain noise and linearization errors. As a result, both problems (DeePC) and
(SPC) problems must be modified or robustified to account for perturbed data. In the
literature, conventional robustification techniques include regularization of optimization
problems and low-rank approximation of data matrices (see e.g. [38]). Here we review
regularization techniques of DeePC and SPC.

26



Regularization of DeePC

There exist several versions of regularized DeePC [38, 39, 61, 62, 50]. Take [(1] as an
example, where the regularized DeePC optimization problem at control step t = k is

minimize  (2.8) + Agllgll3 + Aylloy[l3
Y99y (reg. DeePC)
subject to (2.21) and (2.7)

wherein o, € RPF is a slack variable, Ag > 0 and Ay > 0 are user-selected parameters, and
the constraint (2.21) is a modification from (2.19) as

U, Ulk—L,k) 0
Us Ulk kt-N) 0

= ’ + 2.21
Y, J Ylk—L,k) oy (2.21)
Y; Yl k) 0

With the introduction of slack variable oy, we relax the hard constraint Y,g = yp_rx)
in (2.19) into a soft constraint Y,g = yp—rk) + 0y as in (2.21), so as to improve robust-
ness to noise-corrupted output data in both Y, and yj_r k). The objective function in
(reg. DeePC) is now the cost (2.8) augmented by penalization of the magnitudes of g and
oy. Although the penalizing terms in (reg. DeePC) are illustrated based on L2-norms,
they can also alternatively be Ll-norms [38, 39] or other convex functions [62]. Other
regularized DeePC formulations may also relax the constraint Uyg = upk—_rx) in (2.21) into
a soft constraint U,g = ux_r ) + o with slack variable o, € R™E and similarly penalize
the magnitude of o, in the objective function [50].

Regularization of SPC

There are several ways to regularize the formulation of SPC. Typically, the computation
of matrix Pspe in (2.20) is robustified with some numerical methods. For example, in the
pseudo-inverse operation in (2.20), one can treat as zero the singular values smaller than a
chosen threshold oy [11, 12]. Another way of robust the computation of Pgp,c is to utilize
Tikhonov regularization, also known as ridge regression [13], where the pseudo-inverse Z7
of Z = col(U,, Us,Y,)! in (2.20) is replaced by (Z7Z + AI)71ZT, with a regularization
parameter A > 0.
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Chapter 3

Data-Driven Predictive Control for
Linear Time-Periodic Systems

In this chapter, we focus linear time-periodic (LTP) system, as a specific type of time-
varying systems. LTP systems can arise from linearization of nonlinear systems around
periodic trajectories, such as in models of helicopters [$9] and wind turbines [90] etc. The
work in this chapter refers to our work [77]. Leveraging the standard lifting technique
of LTP systems, we develop the behavioral systems theory for LTP systems, including
the LTP extension of Willems’ fundamental lemma. We also develop the LTP versions
of the DeePC and SPC methods, namely Periodic DeePC (P-DeePC) and Periodic SPC
(P-SPC), and prove that the P-DeePC and P-SPC methods produce equivalent control
actions as those from MPC for deterministic LTP systems. The proposed control methods
are validated through simulations.

3.1 Problem Statement: Deterministic LTP Case

Linear Time-Periodic System

In this section, we state a data-driven control problem for linear time-periodic systems.
Consider a discrete-time linear time-varying (LTV) system

S - {l’tﬂ = Ay + B (3.1)

Y = Cyxy + Dywy
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with initial time ¢y € Z, where z; € R", u; € R™, and y; € RP are the state, input, and
output of the system. The system (3.1) is said to be linear time-periodic (LTP) if there
exists T € N (a period) such that

Aisr =4, Byr=DB, Cuyr=C, Dyr=D, (3.2)

for all t € Z. The smallest T satisfying this condition is the fundamental period; without
loss of generality, we assume going forward that 7" is the fundamental period. Note that
when 7" = 1, the system (3.1) is linear time-invariant (LTI). A discrete-time LTP model
may arise naturally in discrete time, or may have been obtained via appropriate sampling
of a continuous-time LTP system.

Control Problem

Consider an LTP system (3.1) satisfying the periodicity condition (3.2) with fundamental
period T € N. Similarly as Section 2.1, in the data-driven scenario, the system matrices
Ay, By, Cy, Dy in (3.1) are unknown; we have access only to the input u; and output y, in
(3.1). In a reference tracking problem, the objective is for the output 3, to follow a specified
reference signal r; € RP. The trade-off between the tracking error y; — r; and the control
effort u; may be encoded in the instantaneous cost (2.2), reproduced as

Je(ue,ye) = llye = rellg + el (2:2)

whose accumulation over a horizon is to be minimized, where @ € S% and R € ST, are
user-selected parameters. This tracking should be achieved subject to constraints on the
inputs and outputs in the form of (2.3), reproduced as

Uy S uu Yt € y, (23)

for time ¢t € N>, where the constraint sets &/ C R™ and ) C R? are assumed to be convex,
non-empty and closed.
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Notations based on System Model

For the LTV system (3.1) and integers t;,ts with ¢t; < t5, the state-transition matrix
@if € R™" and impulse response matrix Gif € RP*™ from step t; to ty are defined as

I if ty =t
o2 = {7 Phmh (3.3a)
Atg—lAtQ 2° At17 if t2 > tla
G = | P ity =t (3.3b)
| CL®P By, ifty >t ’

Similarly, the associated (reversed) extended controllability matrix Cttf € Rnx(ta—titl)m the
extended observability matrix O;> € R2=1+DpPxn - and the block matrix G;? of impulse-
response coefficients are defined as

Ciz =[O By, OBy, -, OB, 4a)

O := col(Cy, ®f1, Cpn @), ..., CL®P2), (3.4b)
Gy
Gt1+1 Gt1+1

Ge=| " net : (3.4¢)
GE Gt1+1 Gii

With this notation, the unique solution of (3.1) with initial condition z;, at time t = #;
can be expressed as

= ®iixtl + C§2_1u[t1,t2) (3.5a)
Ylt1 o) = Oif lxtl + th 1 Ulty ta)s (35b)

for any future time ¢ > ¢;. The notations in (3.4) extend the notations in (2.4), and the
result in (3.5) generalizes (2.5), from LTI systems to LTV systems.

3.2 Lifting an LTP System to an LTI System

We now recall a classical technique for “lifting” an LTP system into an LTI system [91].
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Definition 3.1 (Lift of an LTP System). For an LTP system S as in (3.1) of period T
and an initial time t, € Z, the associated lifted system S (to) of S with initial time ty is
the LTT system

Xr1 = Ax, + Bu,
Si(to) : (3.6)
Yr = Q:XT + QuT
with state x, € R”, input u, € R™", output y, € R?", and time 7 € Z, where
A=t We=cpt =00 Di=gpetTh (3.7)

The idea behind lifting is that each time step 7 of the lifted system S| (¢y) corresponds
to T' successive time steps of the original LTP system S. The state/input/output of Sy (o)
are related to the state/input/output of S via

Xr = Ttg41T) Wr = Ultg+7T, to+(r+1)T)>s Yr = Ylto+rT, to+(r+1)T)-

Each input vector u, (or output vector y,) of Sy (o) stacks the inputs (or outputs) of S
over one period, and the state vector x, is the state of S at the “beginning” of this period,
as specified by the initial time ¢y; see Fig. 3.1. Note from (3.7) that the matrices 2, B, €, ©
depend on the initial time ¢5. Nonetheless, some properties of the lifted system — such as
the eigenvalues of 2 — are invariant under the choice of the initial time to. See [92] for
more information on lifting and properties of the lifted system.

3.3 Behavioral Systems Theory for LTP Systems

We have reviewed the behavioral systems theory for LTI systems in Section 2.3. In this
section, we generalize some results on behavioral systems theory for LTV systems or LTP
systems.

3.3.1 Behavioral Representation of LTV Systems

In the framework of behavioral systems theory, the input-output trajectories of the system
(3.1) are described independent of the state representation through the behavior. For a
linear time-varying system S in (3.1), its dynamics is generally different at different time
steps, so we define its behavior based on specific initial time.
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State Input Output

-Tto — X ’LLtO yto

Tto+1 Ugy+1 Yto+1

period T —— — Ug
-_—_ - - - - = el ) S —— )

Tto+T +— X1 Uto+T Yto+T

Lto+T+1 Uto+T+1 Yto+T+1
period T" —— —

Tig+2T k— X2 Utg4-2T Yto+2T

Figure 3.1: The states, inputs and outputs of an LTP system and its lifted system.

Definition 3.2 (Behavior of LTV Systems). For the finite-dimensional LTV system S in
(3.1) and ty € Z, the behavior %’ﬁlm) of S on time interval Zy, ) is the set

,%’ﬁljoo) = { [u[tl’oo)] ‘ Jay, s.t. (3.1) holds for all ¢ € Z[tl,oo)} :

Ylt1,00)
For integer to > ty, let z%’ﬁm] denote the restriction of the behavior %ﬁlm) on time
interval Z, 1,), that is,
By o = Uit ta] Jay, s.t. (3.1) holds for all t € Zp, 4, ¢ -
[ ’ ] y[tl tQ]
In the case ty > t, we let %S = %5 . ... We write a behavior (resp. a restricted
[t1,t2) [tl,tg 1}

behavior) as %y, «) (resp. B, 1) OF Bji,1,)) When the underlying system model is not
emphasized. We say that % is an LTI/LTV/LTP behavior if it is equal to the behavior
%5 of some LTI/LTV/LTP system S by Definition 3.2.

The behavior defines a subspace of the vector space of semi-infinite sequences, and
contains all possible input-output trajectories of the system. Going forward, we focus pri-
marily on the restricted behavior. Similar to Lemma 2.2 and Corollary 2.2.1, the following
results state that the restricted behavior is a finite-dimensional vector space.
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Lemma 3.3. The restricted behavior ‘@ghtz] of the LTV system S in (3.1) is a finite-
dimensional vector space and

0 I
%’ﬁlh] = ColSpan [Oif gff} )

Proof. The definition of %’ﬁl 1] CAI be rewritten as

%ﬁl,tﬂ = { [u[tl’m]} ’ x4, s.t. (3.5b) holds} .

y[tl,tQ]
The result now follows immediately by eliminating yy, +,) above using (3.5b). |
Corollary 3.3.1. dim %gl’w] = rank(0}2) + m(ty — t; + 1).

Proof. The result follows from Lemma 3.3, with [ block-triangular. [

0 I
o gt
When S is an LTI system, the behavior is invariant under shift of the time interval,
meaning that

%ﬁ‘l,tﬂ = ‘@ﬁl-l—s,tr‘rs] for all s € Z.

This follows from Definition 2.1, due to shift-invariance of the system matrices. A similar
result holds when § is an LTP system of period 7', namely that

%ﬁlh] = ,%’ﬁlJrsT’tﬁsT] for all s € Z.

Unlike the case of LTI or LTP systems, the behavior of a general LTV system is not a
shift-invariant subspace. However, given the behavior over an interval, the behavior on the
first several steps can be easily constructed.

Lemma 3.4. For the LTV system S in (3.1) and integers to < t; < to, if
%’ﬁom = ColSpan(col(Uy, ..., Uy, Yig, ..., V3,))

or some matrices Uy, ..., U, € R™" and Y, ,...,Y, € RP*" with some h € N, then
0 Y 2 0 2

‘%ﬁo,tﬂ = ColSpan( col(Ugyy -+, Usyy Yigy -5 Yyy) )
Proof. See Section 3.7.1. [ |
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Different state-space models may correspond to the same behavior. The following
result characterizes when different LTV systems have the same restricted behavior, being
an extension of Lemma 2.4.

Lemma 3.5 (Different State-Space Representations of Same LTV Behavior). For LTV

systems S1, St and integers t; < to, we have ,%’ilm] = ‘%ﬁﬁtz} if, and only if,

ColSpan ([0y];2) = ColSpan ([Onli2) 2 ColSpan([Gi]; — [Gul??)

where matrices [O1])? and [Gi]i? (resp. matrices [Only? and [Gul;?) are defined as in (3.4Db)
and (3.4c) for system Sy : (Ar, B, Ct, D1) (resp. system Sn : (An, Bu, Ci, D) ).

Proof. See Section 3.7.2. |

Controllability of LTV Behaviors

In the behavioral framework, controllability is defined in a trajectory-based sense, as op-
posed to the more classical notion of state-controllability. The controllability of LTV
behaviors is defined as follows, similar to Definition 2.6.

Definition 3.6 (Controllability of LTV Behaviors [23, 93]). An LTV behavior £ is con-

trollable if for any t, € Z, any two trajectories w%to’oo), w%tlo’oo) € PBliy,0), and any time

t, > 1o, there exists a time t, > t; and a trajectory wfto’oo) € Bl1y,00) such that

I 11
wﬁ()ytl) = w[to,t1)7 w§27m) - w[tg,oo)’ (38)
where we let wis, s,) := COl(U[s, 55, Y[s1,55)) fOT integers s; < s denote a trajectory.

Put differently, an LTV behavior is controllable if we can “drive” from one trajectory to
any other trajectory in a finite number of time steps; see Figure 3.2 for visualization. Recall
that, when 4 is an LTI behavior, the controllability of 2 has been defined in Definition
2.6, which is similar to Definition 3.6 with a slight difference that the second equality in

(3.8) is replaced by wi, ) = w%tlo’oo) as in (2.9). Nonetheless, those two definitions of
controllability are equivalent for LTI behaviors [93, Remark 4(i)] [23, Sec. 2.4].
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trajectory
(g)—l

w! _/
<

0 tl t2 time
Figure 3.2: Controllability of LTV behavior.

3.3.2 A Definition of Order and Lag for LTV Systems

In behavioral systems theory, the order and lag are so-called integer invariants of an
LTI system, and can be expressed using a minimal state representation of the behavior,
as introduced in Section 2.3.4. In this subsection, we generalize those notions to LTV
systems, and do so in a manner that avoids introducing notions of minimality for LTV
models, which is considerably more complicated than LTI minimality.

First, we briefly recall the LTI definitions of order and lag [30, 23] reviewed in Section
2.3.4. For an LTI state-space model S : (A, B,C, D) in (2.1), the order and lag of its
behavior #° can be represented as (2.13) based on the system model S. Motivated by the
this result with LTI systems, we define order and lag for LTV system as follows.

Definition 3.7 (Order and Lag for LTV State-Space Models). For the LTV system S :
(Ag, By, Cy, Dy) in (3.1), the order n(S,t) at time ¢ and lag 1(S,t) at time ¢ are

n(S,t) := lim rank(O;*1), (3.9a)
§—00
1(S,t) ;= min{s € N : rank(O!"*™ ') = n(S, 1)}, (3.9b)

with Of? defined in (3.4b).

Remark 3.8 (Well-definedness). Both n(S,t) and 1(S,t) are well-defined through (3.9).
n(S,t) is well-defined in (3.9a) since the sequence rank(O}**™1) of index s is bounded
by the state dimension n and is non-decreasing as we increase s as O/~ expands with
extra rows. With n(S,t) well-defined, 1(S,t) is also well-defined by (3.9b), for a finite-
dimensional system S.

When § is an LTI system, we can write its order and lag in the sense of (3.7) as
n(S) and 1(S) respectively, since they are time-independent. The definitions in (3.7) are
consistent with (2.13) in the LTI case. Moreover, via Corollary 3.3.1 and (3.9a), we have

dim 3, 1y = n(S,t) + mL (3.10)
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for all integers t € Z and L > 1(S,t), which coincides with an established result [20, Cor.
5] [23, Eq. 1] in the LTT case.

Recall from (2.12) in Section 2.3.4 that both order n(%) and lag 1(#) are properties
of behavior # in the LTI case, while in Definition 3.7 the order n(S,t) and lag 1(S, t) are
defined as properties based on the system model S, which appears inconsistent with the
original behavioral theory discussed in Section 2.3.4. In fact, the order and lag defined
in Definition 3.7 are invariant over different state-space representations of a behavior, as
described in the lemma below.

Lemma 3.9. For LTV state-space models Sy, Sy and integer t € Z, if ,%’too) = ,%’fléo),

then we have n(Sy,t) = n(Sy, t) and 1(Sy,t) = 1(Sy, t), with n(-) and 1(-) in Definition 3.7.

Proof. Since ,%’ ! o) = %SH 50)’ the restricted behaviors %’ ts) = ,%’S“ are also equal for all
seN. It follows from Corollary 3.3.1 that

rank ([(’)I]f’s_l) = rank ([(’)H]?S_l),

where matrices [Of]i™5™! and [Oy]iT*! are defined as in (3.4b) for S : (Ay, By, Cy, D) and
S : (Aq, Bi, Ci, D), respectively. With the relation above, the order and lag in the
sense of Definition 3.7 are the same for systems S; and Syy. [ |

Given Lemma 3.9, we can modify Definition 3.7 and alternatively define the order and
lag as Definition 3.10, so that order and lag are properties of behavior.

Definition 3.10 (Order and Lag for LTV Behaviors). For an LTV behavior 4, its order
n(4A,t) at time t and lag 1(4,t) at time ¢ are

n(%,t) := lim rank(O71),
1(#,t) := min {s € N : rank(O; ") = n(%,1)},

with (’)ff defined in (3.4b), where S : (Ay, By, Cy, Dy) is an arbitrary state-space represen-
tation of 4.

Given Lemma 3.9, n(%,t) and 1(#,t) in Definition 3.10 are invariant over different
state-space representations S of the behavior #, and thus are well-defined. Definition 3.10
is a genuine extension of the concepts of order and lag from LTI systems to LTV systems,
while Definition 3.7 is an equivalent definition, with a slight abuse of notation, based on
a specific state-space representation. For simplicity, going forward, we mainly apply the
order n(S,t) and lag (S, t) specified in Definition 3.7.
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Specification of Initial Condition

As in Section 2.3.5, the lag specifies a sufficient length of a trajectory such that, with
any subsequent input, the resulting output after the trajectory is uniquely determined, as
captured in Lemma 3.11(ii). The following result generalizes Lemma 2.7 from the LTI case
to the LTV case. Lemma 3.11(iii) gives an expression for the unique output, generalizing
[00, Lemma 2| as the LTT case.

Lemma 3.11 (Initial-Condition Specification). Consider LTV system S in (3.1), a time
step t € Z, and integers L, N € N. The following statements hold:

i) For any past trajectory col(uy_r.4), Y—r1)) € _r o and any future input Uy i Ny,
) F t traject Wug-r.0),Y-1.0)) € Biy_p,y and ture input Uy ryn)
there exists a future output Gy 4 Ny satisfying

COl(U[t—L,t)a Uit t4+N)s Ylt—Lot), Z7[t,t+zv)) < ‘%ﬁfL,tJrN)' (3.11)
(ii) If L>1(S,t — L), then the output Gy, ., vy from (i) is unique.
(iii) Moreover, if the restricted behavior '@ﬁ—L,tJrN) can be expressed as
%’@L’HN) = ColSpan (col(Uy, Ut, Yy, 7)) (3.12)

for some matrices U, € R™>*" Uy € R™VN*h Y, e RPEXM Y € RPNXM with some
h € N, then the unique output Gy, ny from (ii) is given as

Up ! Ult—L,t)
Yparny = Ye | Ut Up e+ | - (3.13)
Yy Ylt—L.t)
Proof. See Section 3.7.3. |

3.3.3 Behavioral Systems Theory for LTP Systems

Now we limit our discussion to LTP systems. We first establish the relationship between
the behavior of an LTP system and the behavior of any corresponding lifted system.

Lemma 3.12. For an LTP system S of period T and its lifted system Sy (to) with initial
step tyg € Z, it holds that

St (¢
%ﬁ‘(),t()'i‘ST) == %[0%2)0) VS € N
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Proof. Let (3.1) be the model of S, and (3.6) be the model of S (fo). Define matrices O;?
and G2 (resp. O and G,?) via (3.4b) and (3.4c) for system S (resp. Si(fo)). By Lemma
3.3, the respective behaviors can be expressed as
0 I
L@E?OJO_FST) = ColSpan [O€O+ST_1 gfo+sT—1} )
5 / ’ (3.14)
S
f%’[ofSO) = ColSpan {@\S_l Ag_l] .

Note that (7)\8’1 and ég*l are defined based on 2, B, €, ®. Using the definitions of A, B, & D
from (3.7) and the periodicity of S, one can verify that for all s € N

to+sT—1 __ As—1 to+sT—1 _ 5s—1
Oy =05, Gt =Gy

and hence the column spans in (3.14) are equal. |

Remark 3.13 (Dependence on Initial Step ty). The lifted system and its behavior
depend on the initial step ty. For instance, consider the following single-state single-input-
single-output (SISO) LTP system S of period T = 2,

S {$t+1 =2+ (—1) '

Y = Tt

whose corresponding lifted system Sy (o) for ¢y € Z.

Xrp1 =X+ (=1)° [1 —1]u,
LR TR

It follows (via Lemma 3.3) that for ty € Z the restricted behavior of S| (¢y) on interval [0, 0]
1s

o] 1 0

Si(to) 0 0 1

%’[OL’O]O = ColSpan 7 0 0

1L{(=1% 0
One can now observe that %%&0) and 95’%(()]1 ) are different subspaces. Hence, it is necessary
to specify the initial time ¢y when introducing the lifted system. |
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Order and Lag

Notions of order and lag for LTV systems have been introduced in Definition 3.7. The next
result relates the order and lag of an LTP system to the order and lag of its lifted system.

Lemma 3.14. For an LTP system S of period T, we have (i) n(S.(t)) = n(S,t), and (ii)
[(SL(®) = [US,1)/TT.

Proof. Let (3.1) be the model of S, and (3.6) be the model of S (). Define matrix O;?

(resp. (52) via (3.4b) for system S (resp. S.(t)). Using the definitions of 2 and € from
(3.7) and the periodicity of S, one can verify that

O =0Tl vseN.
Let as := rank(O!/™7!) and b, := rank(@g_l). It follows from the above relation that
bs = asr. By (3.9a), we now compute that
n(S.(t)) = Sli}rgo bs = slggo asy = s}grgo ay =n(S,1),

which shows (i). Similarly, we compute from (3.9b) that

1(SL(t)) = min{s € N: by =n(S.(t))} = min{s € N: ayy = n(S,t)}, (3.15a)

1(S8,t) = min{s’ € N: ay = n(S,1)}. (3.15b)
We know from the minimality in (3.15a) that
an(s, ()-1)T #n(S,t), ays ()T = n(S,t).
By the minimality in (3.15b), the above relations imply that
1(SL(1) — UT <1(S,1) < USLH)T,

which is equivalent to (ii). |

For unknown LTP systems with known periods and state dimensions, we can establish
bounds of their orders and lags.

Corollary 3.14.1. For an LTP system S as in (3.1) of period T', we have (i) n(S,t) < n,
and (1) 1(S,t) < nT.

Proof. (i) follows from (3.9a), as rank(0}?) is bounded by the row size n of 0. (ii) is
shown below:

1(S,t) <USL()T < n(S.(t)T =n(S,t)T < nT,
where the first inequality is by Lemma 3.14(ii), and the second inequality is because
1(SL(t)) < n(S.(t)) for the LTI system Sy (t) [23, Eq. 2]. [
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Controllability

The controllability of an LTP system is equivalent to the controllability of its lifted systems.

Lemma 3.15. The behavior of an LTP system S is controllable if, and only if, the behavior
of its lifted systems Sy (to) are controllable for all ty € Z.

Proof. Let T be the period of S. Let wy, 4, := {u[tl’tﬂ} and Wiy, ) = {u[ﬁ’m]} denote a
Ylty o] Y{ri,m)]

trajectory of the system S and the lifted system S| (o), respectively. Given a trajectory
Wity,00) Of S, let Wig ooy be the trajectory of Sy (ty) equal to wy, ), and vise versa, where

we implicitly used %[t o0) = %%(to)) via Lemma 3.12.
If. For ty € Z, consider trajectories w%tg 50)? [to ) € %’ 5,00) and an arbitrary integer

ty > ty. Choose some 71 € Z such that to + 1T > t4. Smce W%O 00) and w[0 o) A€
trajectories of Sy (g), by controllability of Si(tp), there exists an integer 7, > 71 and a
trajectory wi, ) € @SL to such that

WFO,n) = wﬁ)m), wfm = W%}_m (3.16)

Let t5 := to+ 7T From (3.16) and the equivalence of w and w, wf; ) is such a trajectory
that (2.9) holds. Since ¢, and t; are arbitrary, S is controllable by Definition 2.6.

Only if. Consider trajectories W%O 00y Wio.00) € %7%0? and an arbitrary integer 71 > 0.
I

Since Wy, and w[t o) are trajectories of S from controllability of S there exists an
integer ty > t1 := ty + 71T and a trajectory w[t o) € 93[t o) such that (2.9) holds. Choose
some Ty € 7 satisfying tqg + 1T > t,. From (2 9) and the equivalence of w and w, the
trajectory wi, ., satisfies (3.16). Since 7y is arbitrary, the LTI system Sy (fo) is controllable
by Definition 2.6. [ |

00)

3.3.4 A Fundamental Lemma for LTP Systems

According to the so-called Fundamental Lemma, under technical conditions, the restricted
behavior of an LTI system can be completely described via recorded historical data. This
result has been reviewed in Lemma 2.9. Based on the lifting operation, we now define a
natural extension of persistent excitation for LTP systems, and present a corresponding
version of the fundamental lemma.
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Definition 3.16 (Periodic Persistent Excitation). A sequence zy, 4, is T-periodically per-
sistently exciting (p.p.e.) of order K, for K, T € N satisfying K <ty —t; + 1, if

2t 24 4+T Tt Zt1+PT
T Zt1+1 Rty+T+1 "' R +PT+1
%K (Z[tl,tg}) = . . .
2 +K—-1 Rt1+T+K-1 """ ZH+PT+K-1

has full row rank, where P := |(to —t; — K +1)/T.

Remark 3.17. One can observe that My (2, +,) 18 composed of every T-th column of

%K(Z[tLtQ])'

Lemma 3.18 (Fundamental Lemma for LTP Systems). Let S be an LTP system of period
T, and let col(uﬁhtﬂ, yﬁm]) € %’ﬁhh] be a trajectory of S on interval [ty,ts]. For K € N, if

(i) the behavior of S is controllable in the sense of Definition 3.6, and
(i1) uﬁlm is T-p.p.e. of order ([K/T| +n(S,t1))T,

then we have

<%”KT(ud )
ColSpan ot — 88 .
[%@?(yﬁl,m) utet )

Proof. See Section 3.7.4. [ |

When n(S, t1) is unknown but bounded by some n € Z, we may obtain (ii) in Lemma
3.18 by requiring the input uﬁtm] to be T-p.p.e. of a sufficient order ([K /T + n)T. This
is because by definition a signal being T-p.p.e. of order K’ is also T-p.p.e. of any smaller

order K" < K'.

3.4 DDPC Methods for LTP Systems

Based on our previous results extending behavioral systems theory to LTP systems, we
develop a DDPC method for the LTP systems S in (3.1) of known period 7'
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Prediction, Control, and Initial Horizons

We consider a receding-horizon control strategy, in which at control step ¢ = £ the control
signal u on interval Zy, x+n.) (the control horizon) is computed by minimizing an appropri-
ate cost function of the predicted trajectory over a finite horizon Zy, 1) (the prediction
horizon), where N., N € N are design parameters with N, < N.

In the present data-driven scenario, the initial condition of the system at step k is
specified by the recent trajectory in a past interval Zy,_r 1) called the initial horizon, with
parameter L € N. According to Lemma 3.11, if L > (S, k— L), we can uniquely predict the
future output, given any future input. Notice via Corollary 3.14.1 that the lag 1(S,k — L)
is bounded by nT’, so the output prediction is always unique when we select L > nT. We
call the union Z,_r, x4y of the initial and prediction horizons as the total horizon; see Fig.
2.4 in Section 2.4.1.

3.4.1 Offline Data Collection

The restricted behavior ,%’ﬁ; Lt N) On the total horizon must be known for us to predict
future trajectories and compute control actions in the DDPC framework. In DDPC for
LTT systems, the behavior %’ﬁc_ L) Can be represented using recorded offline data. We
may extend this strategy to the case where S is an LTP system. However, since the
system is periodic, its behavior %ﬁg_ Lkt Can equal one of T different possible subspaces,

depending on the time step k. Fortunately, all T possibilities for the behavior %’i_ Lk+N)
can be covered using collected data.

Offline Data and Data Matrices

d d
Let Uity ,taz)’ Yltar tas

where we require that the input signal uﬁdl’ ta] 18 T-periodically persistently exciting of order
([K/T] +n(S,tq))T, with K := L+ N +T — 1. Arrange the data into the “uncropped”

data matrices U9 € R™Exh and Y4 € RPEX,

| be offline data collected from the system S on the interval [ta1, taa),

Ui A i) V= A )

[ta1,taz] [ta1,taz]

where h denotes the common width of U4 and Y4, given by h := | (tga—ta1 — K+1)/T | +1.
We extract from U? and Y4 the T sets of data matrices U,(6) € R™*" Ui (0) € R™V*"

42



Y, (0) € RPEXM and Y;(0) € RPYV*" | defined as

Up(0) :== U g0+ 111, Ue(0) :== Ujos .04 14N—-1,

Y,

(3.17)
o(0) =YY 0111, Yi(0) ==Y prrorrin-1

where each set has an exclusive index § € {1,...,T}. In (3.17), we let U4y, ., €
R7r2=mi+DxP denote the sub-matrix consisting of the ri-th, ..., ro-th block rows of U4,
and similarly for Y|, ,, € Rp(rz=ritl)xh,

Representation of Behavior

The matrices U,(0), Us(0), Y,(0), Y;(#) built from offline data can represent the behavior
on the total horizon at control step k = k(6) := tq; + 0 + L — 1, as said in the following
lemma; see Fig. 3.3.

Lemma 3.19. Consider an LTP system S as in (3.1) of period T'. For L, N € N, construct
data matrices U, (0), Us(9), Y, (0), Y;(0) from (3.17) with data wﬁdl’tdz}. If S is controllable

and ut witay] 18 T-p.p-e. of order ([K/T]+n(S,ta1))T with K := L+ N +T —1, then for
0 e {1 ., T} we have

ColSpan (col(U,(6), Ur(6), Y, (0), Yi(0))) = Zio)- 1oy (3.18)

where k(@) :=tqg +0+ L — 1.
Proof. Let s1(0) :=tq1 + (0 — 1) and s9(0) := tqs — (T' — ), and notice that

HE (ud )

col(U,(0), Ur(6), Y, (0), Yi (0 K l51(0),52(0)] }

(U(0). U(0) ,(0). Yit0) = | iy 00)
Also let H := ([(L+ N)/T] +n(S,tq))T and H = ([K/T] + n(S, tar))T
We first conclude that ud (0 )32( ) 18 T-p.p.e of order H, i.e., J}F (
row rank. This is because %” ( t1.145)) Das full row rank (since u?

) and S} (u[Sl 6).52(0))) 15 2 sub matrix of ,%” (ud uf

(51(6),52(9))) has full

tai,taz] is T p. p e of order

tat, td2])
Then, the result follows from Lemma 3.18, with controllability of S and periodic per-
sistent excitation of u 51(0),52(0)]" |
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The column span of: is the restricted behavior on:

step step
[ k(1)-L [ k(1)+N-1
col(Uy(1), Ur(1), Yy (1), Y2(1)) T TTT - [T [--]]- timestep
step step

Pk(@2)-L [ k(@2+N-1

col(Up(2), Ur(2), Y,(2), Yi(2)) T TT = [ -] - timestep
step step
) r k(T)-L [ k(T)+N-1
COl(UD(T)va(T)ai/D(T)}/f(T)) N [M--- time step

Figure 3.3: The column span of col(U,(0), U¢(0),Y,(9), Yi(0)) is the restricted behavior on
time interval [k(6) — L, k(0) + N).

Since {k()}!_, are consecutive time steps in one period, by periodicity of S, the
subspaces ,@ﬁ;(g)f LK©O)+N) with different selections of the index 6 € {1,...,T} cover all
T possibilities of the behavior ,%’ﬁ;f Lk+N) for different control steps k. Define the proper
indez ©(t) at control step k.

Ok):=1+(k—tas—L modT) (3.19)

Thus, § = ©(k) is the “correct” index 6 such that the data matrices U,(6), Us(9), Y,(0),

Y:(0) represent the behavior on the total horizon at control step k, i.e.,

)
ColSpan ; = ﬁg_L,HN), (3.20)
)

because of (3.18), periodicity of S and the fact that k£ — k(©(k)) is a multiple of 7.

3.4.2 Online Warm-Up Process

Now we introduce the online process of the algorithm. Suppose we have collected the
offline data in Section 3.4.1. Before controlling the system, we start by recording an initial
trajectory and then finish a so-called “index test”; see Fig. 3.4. Throughout the warm-up
process, no control algorithm is executed, and a stabilizing input is applied to the system.
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Harm—up procesH

. initial | index | . control
, trajectory | test | | process
7Y I K B I X
start ; | | time step

Figure 3.4: The entire online process with a warm-up process.

51 61
index 1 Az}fl + A% RRUES A%Jrl
52 52
index 2 A hath A} RAYEN A%—H
T 5T
index T’ A?—l +5t A? a bl Actllrl
stept —1 step t stept+ 1

Figure 3.5: Accumulating the errors §¢ into AY.

Initial Trajectory

At the beginning of the online process, we apply no algorithm and simply record an initial
trajectory of at least L steps. This initial trajectory is used to initialize the subsequent
procedures.

Index Test

After the initial trajectory is recorded, the next process is an “index test”. Although
the required proper index O(t) is clearly defined in (3.19), this value will be unknown
unless tq; is known during the data collection process, and will generally be unknown in a
practical implementation. Due to this consideration, a process is required to identify O(t)
at current time t. We propose a heuristic index-testing which supports both deterministic
and stochastic LTP systems.

At time ¢, consider the recorded past trajectory wuy_r s, yp—r and recall the offline
data matrices U, (), Y, (#) in (3.17). We compute the SVD of the matrix col(U,(6), Y,(8))
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and the error

50— HN o) [““‘L»“} H , 391
e Ol (3.21)
where the columns of the matrix N, () € R(™*PL*® are the “non-dominant” left-singular
vectors of col(U,(0),Y,(#)) that correspond to singular values not exceeding some specified
threshold o > 0. In the deterministic case with o = 0, we have 5? = 0 if, and only
if, col(U,(8),Y,(0)) € '%}ﬁ((ﬁ)—L,k(G)) (because '%[i(e)—L,k(e)) = ColSpan(col(U,(0),Y,(8)) =
Null(N,(0)), where the first equality is by (3.20) and Lemma 3.4, and second equality
follows from the definition of N,(#) with orr = 0), so the indices 6 with 67 # 0 are
discarded as possibilities of ©(¢). In the general case, we regard ¢! as a “score” to falsify
the hypothesis that the index # is proper at time t.

We repeat the above computation on multiple time steps. Define accumulated errors
A% € R for § € {1,...,T}, which are initialized to zero and updated in the following way,

Al = APO) g0 (3.22)
where prev(f) denotes the “cyclically previous” index of 6.

0—1, fore{2,...,T}

0) =
prev(f) {T, for 6 = 1

See Fig. 3.5: each A? is obtained from updating AP"?; the red boxes and thick arrows
show for example the “correct path” in which the index § = ©(t) is proper at all time ¢;
the “correct path” is expected to have the lowest values of both 67 and AY. The reason we
obtain AY by updating Afielv(e) in (3.22) is that an index # is proper at time ¢ if, and only
if, prev(f) is the proper index at the last step ¢t — 1. Thus, A? is the “cumulative score” to
falsify the hypothesis that 6 = O(t), considering all errors computed so far. The number of
iterations Nyt of this process is user-specified. When the algorithm terminates, the index
6 with the smallest A? is selected as the estimated proper index ©(t) at the current time
t. The entire index-testing process is outlined in Algorithm 3.

Once we obtain O(t) at time ¢, the estimated proper index ©(#) for any future time
t' >t is derived according to

. _few +1, itewe{1,..., T -1},
Ot +1):= {1, if O(t) =T,

which is the same way that ©(t) evolves with time ¢.
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Algorithm 3 Index Test
Input: the time step ¢ and the data matrices U,(6),Y,(0) for all 0 € {1,....T}.
1: Compute N, () as described in Section 3.4.2 for all 6.
2: Initialize the accumulators AY | = 0 for all 6.
3: for 7 from 1 to Nyt do
Compute &Y from (3.21) for all 6.
Update AY via (3.22) for all 6.
if i < Nt then
Input a user-defined u; to the system S.
Set t «+—t+ 1. R
Output: the estimated proper index ©(t) < argmin, AY.

3.4.3 Online Control Process

With the proper index identified or known, we can start the control process. We provide
for the LTP system & two alternative controllers, which generalize Data-enabled Predictive
Control (DeePC) and Subspace Predictive Control (SPC) methods in the literature.

Let @ and i denote the future input and predicted output respectively. At control step
t = k, we consider the cost (2.8), reproduced as

k+N-1

> A1, g)
t=k

with used-selected cost function J; in the form of (2.2), and constrain the future input-
output signal as (2.7), reproduced as

u e, g€, t € Lk Ny

with user-defined constraint sets 4 C R™ and Y C RP. The periodic DeePC (P-DeePC)
problem at control step t = k is

minimize (2.8) s.t. (3.23) and (2.7) (P-DeePC)

9,4,y

with an auxiliary variable g € R", where (3.23) is given as

Up(O(k)) .
Ur(O(k)) Uk 4N

= = ' ) 3.23
V(00 | (e 529
Yi(6(k)) i)
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The periodic SPC (P-SPC) problem at control step t = k

minimize (2.8) s.t. (3.24) and (2.7) (P-SPC)
7y
with (3.24) given as
~ T
R Up(@(k’)) Ulk—L,k)
Ypeprn) = Y2(O(k)) Uf@(k)) UlktN) | - (3.24)
Y, (O(k)) Ylk—L,k)

After solving the optimal future trajectory % x4 ny from either (P-DeePC) or (P-SPC), we
apply the first N inputs % x4 n.) to the system S. The whole control process is illustrated
in Algorithm 4.

Algorithm 4 Online Control Process of P-DeePC and P-SPC

Input: initial-, prediction- and control-horizon lengths L, N, N., stage-cost function Ji(-),
and constraint sets ¢/, ), and offline data ud, yd.
Obtain the index estimate O(-) through Algorithm 3.
Record the initial trajectory u(—r ), y-1,0) of the system.
Initialize the control step k < 0.
while true do

1:
2:
3:
4:
5. Solve control actions T ;1) from problem (P-DeePC) or problem (P-SPC).
6
7
8
9

for t from k£ to kK + N. — 1 do
Apply input u; < @ to the system (3.1).
Measure output from the system (3.1).

Set k < k + N, and update O(t) correspondingly.

Performance Guarantee

In the deterministic case, both P-DeePC and P-SPC produce the same control actions that
one would obtain from traditional MPC applied to the LTP system. The MPC problem
for system (3.1) at control step t = k,

minimize (2.8) s.t. (3.25) and (2.7) (LTV-MPC)

:l"?u7y
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where (3.25) is the time-varying case of (2.6), given as follows.

Ty = ATy + By, t € Lk kN
gt - Ctit + Dt'l_Lt, t c Z[k’k+]\[) (325)
Ty = Iy,

Proposition 3.20. Consider an LTP system S as in (3.1) of period T'. Let uﬁdhtdﬂ, yﬁdl’tdﬂ

be offline data from S on interval [tq1,tas]. At control step t = k, for integer L, N € N
such that L > 1(S,k — L), assume that

(i) the behavior of S is controllable in the sense of Definition 2.6,
(i1) Iliﬁdlytdz] is T-p.p.e. of order ([K/T| +n(S,ta1))T, with K := L+ N+T —1, and
(iii) ©(k) = O(k).
Suppose the recent trajectory p—r k), Yk—rk) 15 known and the state is estimated exactly,
i.e., T = . Then,
e the unique optimal trajectory Uk 11Ny, Upp i ny 0y (P-DeePC),

e the unique optimal trajectory U g1 Ny, Ui ny 0y (P-SPC), and
e the unique optimal trajectory U 4Ny, Yy p+ny by (LTV-MPC)

are all the same.
Proof. See Section 3.7.5. |

This result generalizes Proposition 2.12, which claims the equivalence of DeePC, SPC
and MPC for LTT systems.

Remark 3.21. Our extension of DeePC and SPC to LTP systems is based on the insight that
the data collected from an LTP system is equivalent to data collected from an appropriate
LTT lifted system. In particular, after stacking LTP-system data into lifted-system data,
we can apply the established LTI DDPC methods and compute control signals for the
lifted system, and thereby obtain control signals for the original LTP system. A benefit of
our treatment here is that discussion of lifted systems can be entirely omitted once proper

behavioral systems concepts are defined directly on the LTP system, as we have done in
Section 3.3. [

Regularization

To adapt our methods for stochastic LTP systems with noisy measurements, we may
regularize both P-DeePC and P-SPC. Regularizing P-DeePC is similar as regularizing
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DeePC [39, 10, 61, 62]. Here we exhibit quadratic regularization, where problem (P-DeePC)
is modified as follows,

minimize (2.8) + Aoy |3 + Agllgll3 s.t. (3.26) and (2.7)

gvu7§7oy

with a slack variable o, € RPL, positive parameters )y, \q, and (3.26) a modified constraint
from (3.23).

Up(O(k)) . 0
Ui (O(k)) Uk kt-N) 0

= = ' + . 3.26
Y, @00 |7 | vwerwy | |0y (3:26)
Y;(O(k)) Yk k+N) 0

To regularize P-SPC, in the computation of the pseudo-inverse in (3.24), we treat as zero
the singular values smaller than a selected threshold ospc; the remainder of the settings in
regularized P-SPC are same as in P-SPC.

3.5 Simulations

We illustrate the algorithm proposed in Section 3.4 and its robustness to noisy data via
numerical example. Consider the mass-spring-damper system in Fig. 3.6.

The control objective is reference tracking for the positions (1, xs,x3) of the three
masses. There are three control inputs: the force F' applied to the mass mq, and the end
positions x4 and x5 of the free ends of the springs k4 and k5. The stiffness and damping

| |
| 1 | 2 T4
ko ka |
i 1111111 A i 111111 A
kl myo
I [ [
N | - -
: Co Cy
‘ ‘
F— My | T3 1 X5
M =
I
&1 ms
| - | -
C3 Cs

Figure 3.6: A spring-mass-damper model for simulation.
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Quantity (Unit) Symbol Value®

Mass (kg) my, ma,m3 6,4, 3 respectively
Spring Stretch k1 10 — 4sin(27t) + 2 sin(4nt)
(N/m) ko, k3 7 — 3 cos(4mt)
ka, ks 4 — 2sin(4nt)
Viscosity ¢ 9 + 3sin(27t)
(N - s/m) C2,C3 5 + 2 cos(27t)
Cy4, Cs 15

aVariable t is the time in seconds.

Table 3.1: Physical quantities of the simulated system.

Parameter Value

initial horizon length L 30

prediction horizon length N 30

control horizon length N, 1

tracking cost matrix @ in (2.2) diag(1,1,1)

input cost matrix R in (2.2) diag(107%,107%,107%)
input constraint set & in (2.3) [—8,8] x [-3,3] x [-3,3]
output constraint set ) in (2.3) [—20, 20

iteration number Nit in the index test 12

SV threshold oyt in the index test 1

regularization parameter A\, for P-DeePC  10°
regularization parameter A, for P-DeePC  107°
SV threshold ogpc in regularized P-SPC 0.5

Table 3.2: Control parameters in simulation.
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parameters k; and ¢; are periodic functions of time, given in Table 3.1, and each has a
period of 1 second. We discretize the system with a sampling time 0.2s, and thus the

period of the discretized system is T" = 5. A process noise w; S N (0x1,0%I) and a

measurement noise v i N (031, 0213) are added to the discrete-time model, with noise
amplitude 02 = 1073. The control and index-test parameters are selected in Table 3.2.

For collection of offline data, we apply a random input signal u BN (031, I3) and
measure the resulting positions (x1, %2, 23). The online process starts at time ¢t = 0; in
the warm-up process, the input is random N (031, I3/10), so that heuristically the
index test gives a correct result. After recording an initial trajectory on interval [0, 29], we
start the index test at time ¢ = 29, and terminate the process at time ¢ = 40 (as Nyt = 12).

In our simulation, the proper index O(t) was identified correctly.

We start control at time ¢ = 40, and apply sequential changes in the reference signals
given by r; = [0,0,0]T for 40 < t < 60, r; = [5,0,0]" for 60 < t < 80, r; = [5,15,0]" for
80 <t < 100, and r; = [5,15,—10]" for ¢t > 100. We evaluate the control performance via
the one-step cost ||ys — 7|3 + [|ue||%, and the results are shown in Fig. 3.7.

For comparison purposes, we also plot the closed-loop responses under (i) MPC using
a perfect system model with full-state measurements, and (ii) the regularized DeePC and
regularized SPC methods for LTT systems. For the latter, the settings are the same as for P-

~

DeePC (resp. P-SPC), except that we replace the matrices U,(O(t)), Ur(O(t)), Yp((:)(t)),
Y(6(t)) in (3.26) (resp. (3.24)) by Up(1),Us(1),Yp(1), Ys(1) respectively, i.e., we use a
single set of data matrices at all time ¢. Around the step changes of the reference signal,
all controllers have comparable performances with similar cost values. For the steady-state
performance when the reference signal stays constant, the proposed regularized P-DeePC
(resp. P-SPC) method outperforms the direct use of regularized DeePC (resp. SPC) of
LTT systems. This significant difference indicates the necessity of using different sets of
data matrices U,(0), Us(0),Y,(0), Yi(0) with different indices 6 as in (3.26) and (3.24) for

P-DeePC and P-SPC respectively at different time steps.

3.6 Chapter Conclusions

We proposed a DDPC algorithm for unknown LTP systems with known periods. For
deterministic LTP systems, the method is equivalent to classical MPC, but without the
requirement of a parametric model. The approach is supported by extensions of results
from behavioral systems theory to LTV and LTP systems. Simulation results provide
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Figure 3.7: Tracking cost of the simulated LTP system with different controllers
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evidence that the approach is robust to measurement noise and stochasticity, and that it
significantly outperforms a naive application of data-driven LTI control methods.

There are several open directions for future work. First, as our design requires a priori
knowledge of the period T', relaxing this assumption is of interest, as is investigating the
robustness of the approach to errors in the selected period. Second, we will seek to develop
a rigorous performance guarantee for the “index test” outlined in Section 3.4.2. Finally,
we note that there remain open questions in the behavioral theory of LTP systems, such
as what relationships can be established between the behaviors of the T different lifted
systems arising from a given LTP system.

3.7 Appendices
In this section, we present proofs of some results in the chapter.

3.7.1 Proof of Lemma 3.4

Proof. In this proof, let
;) = ColSpan (col(Uy, ..., Uy, Yy, ..., Y2,)).

Construct a truncation mapping fie : Rt2—totD0mtp) _ R(ti—to+1)(m-+p)

-
y[to,tz} y[to,tﬂ

for all input-output signals u,y. Through this mapping, ,fol is the image of

image of %ﬁoh] is
gtl = { |:u[t0,t1]:| |:u[t0,t2]:| c %S } '
! Ytto,t1] | | [Ylto.to] [t0,t2]

Now we show that &' = ,@[t - From Lemma 3.3, we have

and the

to?

[0 I
B = ColS
[to,t2] olspan I Otg gtg :|
[ 0 I 0
0 0 I
= ColSpan o g 0
L Ot1+1®§(1)+1 Ot1+1cté gt1+1
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where the second equality can be verified by expanding @if, Cff, Off, Qtf into system ma-
trices via (3.3a), (3.4a), (3.4b), (3.4c) respectively. Through the truncating operation fi,,

the image 5’“ of %’t 2] 18 therefore

0 I
5;1;1 = ColSpan [Oig gf;:|

which equals %’[t 4] by Lemma 3.3, so %[t ) 18 the image of %[t ] by operation fi,.. The

result %S o] = @tl follows because the images of equal sets ,@[t 1] @fg are equal. M

3.7.2 Proof of Lemma 3.5

Proof. Define the subspaces 0y, Oy, 9 C REz=0+1p 59
01 := ColSpan([01]i2), Oy := ColSpan([On]i2), ¢ := ColSpan([Gi]? — [Gul;?)
If. From 07 O ¢, there exists a matrix £ € R™*"™ such that
Gl — [Gul? = [0z L.

Given 01 = Oy and the relation above, we have

o I 0 I
casmm g tggz] =5 ons g < vz

by column
operatlon 0 I :| via ﬁl O11 [ 0 I :|
ColSpan ) ) ColSpan ) )

Y [[OIJ; (Gu: P oul: (gl

which implies ,%’[t‘ 1] = = B

it1.2] via Lemma 3.3.

Only if. Define matrices Vi and Vi,

. 0 I L 0 I
W= {[Oﬂz [Ql]if]’ Vi = hon]iz [guﬁz}

and by Lemma 3.3 V; and Vjj have the same column span. As ColSpan(V;) 2 ColSpan(Vyy),
there exist matrices M € R™" N € R™™mL P ¢ R™>" and Q € R™X™mL where
L =1ty —t; + 1, such that

[[O?]ii [QI]I]EJ {/7\’4 AQ[] - [[O?]i? [Qxll]ii}
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Compute the left-hand side above and compare the result to the right-hand side, and then
we have P =0, Q = I and

(O M =[0ul2, (G — [Guli = —[O2N.
Recall the definitions of 07, 011,%. Thus, the above equations imply that ¢ is a subspace

of 01, and 071 is a subspace of 0;. Similarly, as ColSpan(V;) C ColSpan(Vy1), we have the
converse result that &7 is a subspace of &1;. Hence, the result 07 = Oy O ¥ is obtained. W

3.7.3 Proof of Lemma 3.11

Proof. With abuse of notation, we let

Pt i1
(I)p = (I)th7 Cp = thu

. mt—1 . t+N-1 . t+N-1
0, =01 Op := QN1 Opp := OFN1,

. t—1 . Ot+N-1 ._ Ot+N-1
gp = Ji—L» Gi = t ’ pr — It-L >

in this proof, where the subscript “p” stands for the past interval [t — L,t), “f” for the
future interval [¢t,t 4+ N), and “pf” their union. One can verify that

Jo 76 o
Opf - |:Of£p:| y gpf - |:(9pr gf:| 5 (327)

by expanding ®2,C/2, 0;?, G/ into system matrices via (3.3a), (3.4a), (3.4b), (3.4c) respec-
tively.

(i): Since col(ug—r), Yp-r4)) € %’ﬁ_ L1 by definition there exists some initial state
x;—r, such that yy_r ) is the output resulting from input u_y 4, with the resulting state
x; at time t. From (3.5a) and (3.5b) we have

Ty = q)pxt_L + Cpu[th,t)a (328)
Yii—r) = OpTi—r + GpUp—ryp)- (3.29)

Thus, via (3.5b) the resulting output with the initial state x; and input % 4Ny is

Yy = Orxe + Gelig 14n), (3.30)

which is an existing 7, ,, v that satisfies (3.11).
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(ii): Substituting (3.28) into (3.30), we have
Uisn) = Ot(Pprir + Coupe—r1y) + Gelije ey (3.31)

To show the uniqueness of Jy, ;. vy, it suffices to show that the term O¢®pz; 1 in (3.31)
is unique, although x;_; may not be unique. Since L > 1(S,t — L), it follows from the
definition of lag in (3.9b) and the definitions of O,, O, that

rank(Q,) = rank(Op).

Due to the rank equality above and the segmentation Oy = col(O,, Or®,,) in (3.27), we
conclude that the rows in O¢®,, are linearly dependent to the rows in Oy, so there exists a
matrix M € RPV*PL guch that

Os®, = MO,. (3.32)
Then, we obtain that
via (3.32
O,z 1 " MOz = MO0, Oz,
via (3.32
) 0:0,0,10,1, 1
via (3.29)

= qu)pOpT(y[th,t) - gpu[th,t))

is unique, which implies uniqueness of g, ,, yy via (3.31).

(iii): It follows from (3.11) and (3.12) that

u[t_Lvt) Up
UetHN) | ¢ ColSpan Ur
Yt—L,t) Yp
Yitt+N) Yi

By definition of column span, there exists ¢ € R" such that

U, U—L,t)
Us ULt t4N)

— : , 3.33
Yp g Y[t—L,t) ( )
Y Yita+n)
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Now, we show that Y; can be written as N[Uy; Us; Yy with some matrix N € RPVx(mL+mN+pL),
From Lemma 3.3,

%[t LitN) = ColSpan[ Gor }

Vla

O
0
ColSpan 0,
Or,

OfC gf

Notice that the above column span and the column span in (3.12) are both equal to
%’ﬁ_L’HN). Hence, there exist matrices P € R"*" Q € R™>*h R € R™V*" such that

U, o I o0
vl | o o0 T Z
Yy Op G 0 R

}/f Of (Pp Opr gf

Computing the right-hand side above and then comparing the result to the left-hand side,
we have Q = U, R = U;, and

Y, = O,P +G,U,, (3.34)
Y = Of@pp + OprUp + G;Us. (335)

Therefore, we can represent Y; into the form N col(U,, Ut, Y},),

Vla

v Y 0P+ 0C,U, + GiU;
vie (31 MOP+QCU+%M
via (3.34)

- M(Y Qp ) + OfC U + G:Us
= Ncol(Up, Ut Y,) (3.36)

with matrix N := col(O:C, — MGy, Gi, M). The result (3.13) then follows:

_ via ( .33) via (3 36)
Yitt+N) Yig /\/7-[ = NHH Hg
Uft—L.t)
Vla via (3 33) -
YfHTH YiH! Utt+N) | >
Yt—L,t)
where we let H denote col(Up, U, Yy). [
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3.7.4 Proof of Lemma 3.18

Proof. We first prove the case when K is a multiple of T, i.e., where K = KT for
some K; € N. Let wy, 4, = [u[tl’tﬂ] and Wiy, ., = [u[n’m]} denote a trajectory of the

Ylta,t2] Yiri,m]
system S and the lifted system Sy (tg), respectively. From Lemma 3.12, we know that
%%Sil) %ﬁ 1457 for all s € N, so we can establish such a trajectory Wﬁ)’ P € @%I(f)l)
that

d ._.d
Wio,p) *= Wity t,+PT)
with P := |(to — t1 +1)/T], i.e., P is the number of whole periods in the interval [t1, t5].
With abuse of notation, we let n := n(S,¢;) and n; := n(S.(¢1)) in this proof, then we
have n = n; via Lemma 3.14(i). By direct substitution, one can verify that

‘%ﬂKH-nL( OP)) ‘%?ﬁ—&—n)T(utﬁtl,tQ])v (337)
Hic, (Wit py) = A8 (Wi, 1)) (3.38)

(Note that in (3.37), the block rows on the left-hand side are of size mT', where m is the
input dimension of S, while on the right-hand side, the block rows are of size m. Similarly
for (3.38).) Since uﬁ 1) 18 T-p.p.e. of order (K7 +n)T (i.e., the right-hand side of (3.37)
has full row rank), we know that u [o p) 18 persistently exciting of order K; 4+ n_ (as the
left-hand side of (3.37) has full row rank). We also know via Lemma 3.15 that Sy (¢1) is
controllable because § is controllable. Thus by Lemma 2.9 we have

S (t1
ColSpan( i, (Wi ) = Bjpryet). (3.39)
Substitute (3.38) into the left-hand side of (3.39), and replace the right-hand side of (3.39)
using 93[0 KI; %ﬁl i) Vid Lemma 3.12, and then we obtain the result.

Next, we show the result for all K € N. Let K := [K/T] and K := KiT, ie., K is
the smallest multiple of T greater than or equal to K. Since [K/T] = [K/T], u[tlt is
T-p.p.e. of order ([K/T| + n(S,t1))T, we have the condition (ii) of this lemma for the

case K <— K as a multiple of T, which case we have already proved. We therefore have

ColSpaLn(t%”AT(wﬁ1 1)) = (3.40)

S
%[h H+E)”
Define 5 = L (wd o (K ] ). One can verify that 47 (ud (R K)}) consists of the

first K block rows of %ﬂ (ud 1.t ]) and similarly for y¢. Hence, applying Lemma 3.4 for
(3.40) we have
ColSpan(s#n) = ‘%ﬁhtﬁK)' (3.41)
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However, note that
ColSpan(.#,) C ColSpan(5 (wiy, 1,1) S D5, 11415 (3.42)

where the first inclusion (C) above is because J#4 is a sub-matrix of S (wﬁ1 1p]) With the
same column size, and the second inclusion above is because each column of J&F (wf};1 tg])
is a vector in the behavior set %ﬁl t1+x)- Lhe result now follows by combining (3.41) and

(3.42). m

3.7.5 Proof of Proposition 3.20

Proof. Equivalence of Optimal Sets. We first show that the problems (P-DeePC),
(P-SPC) and (LTV-MPC) have the same set of optimal trajectories %+ n), Yjg k4 n)- Since
the three problems have the same cost function (2.8) and a common constraint (2.7), it
suffices to show the rest constraints, i.e. the following statements, are equivalent:

a) TUpk,k+n) and Uik ot vy Satisty (3.23) for some g € R”;
b) G py vy and Gy, oy satisfy (3.24);
¢) Upppyn) and Gy, oy satisfy (3.25) for some ZTjy 1y ny.

With assumptions (i) and (ii), we obtain (3.20) as discussed in Section 3.4.1, where we
used Lemma 3.19 and the definition of the proper index ©(t). It follows from assumption
(iii), i.e., O(k) = ©(k) and (3.20) that

DYDY DY D)

N~
Eopl=)
— ~— —

—
S
N~—

S
— — ~—

ColSpan = %’ﬁc_L,HN). (3.43)

G

o

For showing the equivalence of a), b) and ¢), we introduce an auxiliary statement:

d) Tk sy and g gy ny satisfy (3.11).

a) <= d): By definition of column span, a) is same as

Ulk—Lk) Up(O(k))
Ul o+ N) Ur(O(k))
€ ColSpan =
Ylk—L,k) Y, (O(k))
Yikk+N) Y:(O(k))

60



From (3.43), the expression above is equivalent to d).

b) <= d): Given L > I(S,k — L) and (3.43), via Lemma 3.11(iii), for each T j4n)
(3.24) specifies the unique gy, ;. that satisfies (3.11). Therefore, b) is equivalent to d).

¢) = d): Since Upr1n), Y ey 1S @ trajectory with initial state z;, via (3.25) and
Uk—L.k), Yk—L,k) 1S a trajectory with final state wy, the two trajectories can be connected
into a single trajectory, i.e. (3.11) holds.

d) = c¢): Define Yot N) the unique output resulting from the initial state z; and
input u’['; N Since up_r k), Uk—r.k) 18 a trajectory with final state x and U x4 Ny, yf}g k+N)]
is a trajectory with initial state zj, their connection is also a trajectory and satisfies the

following.

COl(U[ka,k)j Ulk k+N)s Ylk—L k) yE;t,t—i-N)) € ‘%i—L,k—f—N)

Comparing (3.11) to the above, due to the uniqueness in Lemma 3.11(ii) (where we used
(i) of this proposition), we conclude that Fp, ) = Yt k1) Hence, Jp pyny is the output
resulting from the initial state z; and input % g4, i-e., (3.25) holds.

Uniqueness of Future Trajectory. Finally, we show that the optimal trajectory
Ufk k+N)s Yp gy OF €ach problem is unique. (LTV-MPC) has a unique optimal solution
Ul et N)s P k), DeCause T ey ny and J 4y are both dependent on T gy n) via (3.25)
and hence the cost function (2.8) with R > 0 is strictly convex of the only independent
variable @ x4 ny. Following from the equivalence of the optimal sets, the optimal trajec-
tories Uk r1n), Y psny Of (P-DeePC) and (P-SPC) are also unique. This completes the
proof. |

61



Chapter 4

Stochastic Data-Driven Predictive
Control

In this chapter, we present our contributions to DDPC methods for stochastic systems,
as outlined in our works [78, 79]. Section 4.1 outlines the stochastic control problem,
considering both the Gaussian distribution setup and the distributionally robust setup. In
Section 4.2, we examine a Stochastic MPC framework that integrates several established
techniques from the literature. Our proposed Stochastic DDPC method is presented in
Section 4.3, where we prove that it generates control inputs equivalent to those obtained
using the investigated Stochastic MPC approach, under several tuning conditions and the
assumption that offline data is noise-free. Simulation results in Section 4.4 validate our
data-driven control method, showcasing improved performance compared to benchmark
control methods.

4.1 Problem Statement: Stochastic LTI Case

We consider a stochastic linear time-invariant (LTT) system

Ty = Az + Buy + wy, (4.1a)
yr = Cxy + Duy + vy, (4.1b)

with input u; € R™, state x; € R”, output y; € RP, process noise w; € R”, and measure-
ment noise v; € RP. The initial state xy is uncertain with a given mean ; and with a
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variance set to the steady-state value determined by a Kalman filter, which will be intro-
duced in Section 4.2.1. The system matrices A, B,C, D are unknown and the state x; is
unmeasured; we have access only to the input u; and output y; in (4.1). The assumptions
regarding the disturbances w; and v; will be detailed separately in Section 4.1.1 and Section
4.1.2, where we investigate two different setups of the stochastic system (4.1). We assume
the system (A, B,C, D) is a minimal realization (i.e., controllable and observable), where
controllability is required for control purposes and observability is assumed without loss
of generality for an unknown system [23, Sec. 2.4]. Let L € N be such that the extended
observability matrix O := col(C,CA, ..., CAL™!) has full column rank; such smallest L is
the lag of the system [23, 24]. Finally, we assume the pair (A, %) is stabilizable, which
implies that (A, (X%)'/2) is stabilizable and will subsequently ensure uniqueness of the state
variance by the Kalman filter [9].

In a reference tracking problem, the objective is for the output y; to follow a specified
reference signal r, € RP. The trade-off between tracking error and control effort may be
encoded in the cost (2.2), reproduced as

Te(ur, ye) = llye = rellg + lJuell, (2:2)

to be minimized over a horizon, where @ € §% , and R € ST, are user-selected parameters.
This tracking should be achieved subject to constraints on the inputs and outputs. We
consider a polytopic constraint in the form

Engf (4.2)

for t € Nsg, where E € R?*(™+P) is a fixed matrix, f € R? is a fixed vector, with some
g € N. In the stochastic setting, the deterministic constraint (4.2) can be adapted to
probabilistic constraints, as we will again discuss separately in Section 4.1.1 and Section
4.1.2, depending on the different setups of disturbances w, and v,.

Remark 4.1 (Output Constraints and Output Tracking). State constraints and costs
are commonly considered in MPC and SMPC methods [5, 10, 11, 12], being used to en-
force safety conditions and quantify control performance, respectively. Our problem setup
focuses on output control, with the internal state being unknown and unrealized. For
this reason, we instead considered input-output constraint (4.4) for safety conditions and
output-tracking cost (2.2) for performance evaluation, which are both common in DDPC
methods such as [35]. [
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4.1.1 Gaussian Distribution Case

We first describe the problem formulation where all random variables are normally dis-
tributed. The disturbances w; and v; in (4.1) are independent of each other and of xy, and
are independently and identically distributed (i.i.d.) normally with zero mean and with
variances X € S and XY € §% | respectively, i.e.,

we EE N (O, ), vy BN (O, 5). (4.3)

The deterministic constraint (4.2) is modelled in the stochastic setting as a probabilistic
chance constraint

P{E [qﬂ <fP=1-p (4.4)
t

for t € Nxg, where E € R?*(m*P) is a fixed matrix, f € RY is a fixed vector, with some

g € N, and p € (0,1) is a probability bound of constraint violation. One can similarly

impose multiple chance constraints, e.g., separate input and output chance constraints, in

the form of (4.4).

4.1.2 Distributionally Robust Case

As an alternative problem setup, we consider the case where the random variables have
unknown distributions. The probability distributions of w; and v, are unknown, but we
assume that w; and v, have zero mean and zero auto-correlation (white noise), are uncorre-
lated, and their variances X € S% and ¥V € S¥ | are known. The initial state ¢ has given
mean £ and variance >* and is uncorrelated with the noise. We record these conditions

as
-
Wy _ Wy W o 5,552\,\/ 0
I R I e 45
wlT
Elzo] = i, Var[zg] = X%, E[xo [Ut] } =0, (4.6)
t

with d;5 the Kronecker delta.

We can equivalently express the constraints (4.2) as the single constraint h(u,y;) < 0,
where

bl i= g T ] . (@7)

64



with e; € R™"? the transposed i-th row of F and f; € R the i-th entry of f. For the
system (4.1) which is subject to (possibly unbounded) stochastic disturbances, the deter-
ministic constraint h(u;,y:) < 0 must be relaxed. Beyond a traditional chance constraint
Plh(us, y) < 0] > 1 — a with a violation probability a € (0, 1), a conditional value-at-risk
(CVaR) constraint is more conservative; the CVaR at level a of h(uy,y;) is defined as the
expected value of h(uy, ;) in the a- 100% worst cases, and takes extreme violations into
account. With the noise distributions unknown, we must further guarantee satisfaction
of the CVaR constraint for all possible distributions under consideration. Let DD denote
a joint distribution of all random variables in (4.1) satisfying (4.5) and (4.6), and let the
ambiguity set D be the set of all such distributions. The distributionally robust CVaR
(DR-CVaR) constraint [95, 96] is then

sup pep D-CVaRa[h(ue, y:)] < 0, (4.8)

where D-CVaR,[z] is the CVaR value of a random variable z € R at level « given distri-
bution D.

4.1.3 Our Objective: An Equivalent Data-Driven Method

In a model-based setting where A, B, C, D are known, the general control problem above
can be addressed by SMPC, as will be reviewed in Section 4.2. Our broad objective is to
construct a direct data-driven method that addresses the same stochastic control problem
and is equivalent, under certain tuning conditions, to SMPC.

In direct data-driven control methods such as DeePC and SPC for deterministic sys-
tems, a sufficiently long and sufficiently rich set of noise-free input-output data is collected.
Under technical conditions, this data provides an equivalent representation of the under-
lying system dynamics, and is used to replace the parametric model in predictive control
schemes, yielding control algorithms which are equivalent to model-based predictive control
[38, 15]. Motivated by this equivalence, our goal here is to develop a direct data-driven
control method that produces the same input-state-output sequences as produced by the
SMPC method reviewed in Section 4.2 when applied to the same system (4.1) with same
initial condition xy and same realizations of process and sensor noises wy, v;. Put simply,
we seek a direct data-driven counterpart to SMPC.

As in the described cases of equivalence for DeePC and SPC, we will subsequently show
equivalence of our data-driven method to SMPC in the idealized case where we have access
to noise-free offline data. While this may initially seem peculiar in an explicitly stochastic
control setting, we view this as the most reasonable theoretical result to aim for, given
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that the prediction model must be replaced using only a finite amount of recorded data.
Moreover, remark that (i) noisy offline data can be accommodated in a robust fashion
through the use of regularized least-squares (Section 4.3.1), as supported by simulation
results in Section 4.4, and (ii) our stochastic control approach will fully take into account
process and sensor noise during the online execution of the control process.

4.2 Stochastic Model Predictive Control

Several formulations of SMPC methods have been developed in the literature [10, Table 2].
Our focus is on output-feedback SMPC [97, 98, 99, , |, which is typically approached
by enforcing a separation principle within the design, augmenting full-state-feedback SMPC
with state estimation. Our formulation here is based on an affine feedback-policy parame-
terization, following e.g., [98, 99], with the modifications that we consider output tracking
and output constraints, as opposed to state objectives. The SMPC method under consid-
eration here also integrates interpolation of initial condition [102, |, which is required
for recursive feasibility with unbounded noise, and approximation of chance constraints
[104], which leads to a tractable optimization problem. In this section, we assume the
exact system model (A, B, C, D) in (4.1) is given, while in practice, such as the simulations
in Section 4.4, an identified model should be used instead.

4.2.1 Initial Condition and State Estimation

SMPC follows a receding-horizon strategy and makes decisions for N upcoming steps at
each control step. At control step t = k, the initial condition of the state x; is modeled in
the Gaussian distribution setting (Section 4.1.1) as

ze ~ N (g, T, (4.9)
or alternatively modeled in the distributionally robust setting (Section 4.1.2) as
Elzg] = p, Var|zy] = ¥, (4.10)

where the mean uf € R" depends on a decision variable 6 € [0, 1], according to an interpo-
lation technique to be introduced in Section 4.2.2. The state variance ¥* € S7 in (4.9) and
(4.10) is fixed and induced by the steady-state Kalman filter. Specifically, ¥* is the unique
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positive semidefinite solution to the associated discrete-time algebraic Riccatti equation
(DARE) [94]
Y= (A - LC)SAT + 2" (4.11a)
L= ALk, Lg:=YCT(CZCT +x)7! (4.11Db)
given detectable (A, C') and stabilizable (A,%"Y), where we let Lx € R™? denote the
steady-state Kalman gain and L € R™*? the associated Luenberger observer gain.

With the initial condition (4.9) or (4.10), we simulate the noise-free model for future
N time steps,

i't—‘rl = Ai’t + Bﬂt, t e Z[k,kJrN) (412&)
Yy = CZ7; + Duy, t e Z[kz,k—l—N) (4.12b)
Ty = i, (4.12¢)

where the nominal inputs 1, € R™ for t € Zy, ;. n) will be decision variables in optimization,
with resulting nominal states T, € R™ and nominal outputs y, € RP.

After the reveal of future measurements, estimates of the future states over the desired
horizon will be computed through the steady-state Kalman filter, with Lk in (4.11b),

v =y — Oy — Duy, t € Zig jtn) (4.13a)
& =3y + Ly, t € Zirin) (4.13b)
Ty, = At + Buy, t € L gt N (4.13¢)
Ty 1= (4.13d)

where Z;” and 27 denote the posterior and prior estimates of x;, respectively, and v; € RP
is the innovation. The steady-state Kalman filter (4.13) is equivalent to a Luenberger
observer as in [98, 97] with observer gain L; in (4.11b), and is the stationary case of
time-varying Kalman filters used in [99, , .

4.2.2 Interpolation of Initial Condition

A common choice of i in (4.9) and (4.10) is the prior state estimate & produced by the
estimator (4.13) in the previous control step [100, 99, 101]; we denote this choice by y5.
However, in our setting the state estimates are normally distributed and thus unbounded.
The choice pf = pf may lead to an extreme value of 1, which in turn could render the
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constraint (4.4) infeasible. A different choice of pf is the deterministic prediction Zj, of
state the zy, obtained via (4.12) at the last control step [95]; we denote this choice by 5.
Choosing u§ = uj can guarantee feasibility, with proper design of the control optimization
problem; however, the value pj does not incorporate feedback from past measurements.

Trading off the two options, we let the initial condition p} in (4.9) and (4.10) interpolate
between 5k and pf [102, 103] as

e = (1= 0) i + 0 41, (4.14)

where 6 € [0, 1] is a decision variable, and both uf, ui € R" are fixed and known at time
t = k. At initial control step £ = 0, pf is equal to a given parameter 1., i.e., we let

1o = iy and g5 = 4

4.2.3 Feedback Control Policies: Output Feedback

Stochastic state-feedback control requires the determination of (causal) feedback policies
m; which map the observation history into control actions. As the space of policies is an
infinite-dimensional function space, a simple affine feedback parameterization is typically
used in SMPC to obtain a tractable finite-dimensional optimization problem, written as

(cf. [97, 95, 99])
up = m(27) =y — K(&; — Ty), (4.15)

where K € R™*" is a fized feedback gain such that A — BK is Schur stable. Through the
policy (4.15), the control action u; depends both on the decision %, optimized at the control
step, and on the state estimate 2; via (4.13) which is decided after the measurement of
Yk, and embodies feedback from the measurements. Based on the cost (2.2), we select
the gain matrix K in (4.15) as the infinite-horizon LQR gain of system (4.1) with LQR
stage cost ||Czy + Duyl|g) + Jwel|% (ie., with state weight CTQC, input weight R+ DTQD
and cross weight CTQD),

K:=(R+B"PB+D'QD) Y(B"TPA+ D"QC) (4.16)

where P € S7 is the unique positive semidefinite solution to the discrete-time algebraic
Riccati equation (DARE) [94]

P=ATP(A—-BK)+C'Q(C — DK), (4.17)
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given stabilizable (A, B), detectable (A,C) and @ > 0. We remark that an equivalent
form m(2;) := ¢, — K&; of (4.15) with decision variable ¢; has been used in [97] and in
many SMPC examples surveyed in [10]. A time-varying-gain version of (4.15) is adopted
in [98], and [99] uses Z; in place of #7 in the control policy. Affine disturbance feedback is
sometimes considered in SMPC methods, e.g. [100], and it is shown that affine disturbance
feedback control policies and affine state feedback control policies lead to equivalent control

inputs [105]; here we focus on the state-feedback parameterization.

Remark 4.2 (Input Chance Constraints). Hard input constraints are difficult to inte-
grate with the affine policy (4.15), as under our previous assumptions the resulting control
input is normally distributed and unbounded. Chance constraint (4.4) on input is thus
used in its place, as in [98]. Another option as in [I01] is to use (nonlinear) saturated
policies in place of (4.15), but then the resulting inputs and outputs are no longer linear in
decision variables and our further analysis would be much more complicated. Ultimately in

implementation of course, one can saturate input actions to satisfy hard input constraints.
[

Resulting Input-Output Distribution or Mean-Variance

In the Gaussian noise setting (Section 4.1.1), with (4.1), (4.3), (4.9), (4.12), (4.13) and
(4.15), at control step ¢ = k, the resulting future inputs u; and outputs y, for t € Zy, pyn)

are distributed as
Uy Uy
~N{ 2], Ak ), 4.18
[yt] ( L/t] t "’) (418)

where the covariance matrix A, € ST7 for s € Zj y) can be computed as (4.19a) using
A € S7 defined by (4.19b),

.
~-K -K . -

A = [C—DK} A, [C—DK} + Diag(0pmxm, =) (4.19a)

Ag:=30"(A-BK) LLZL (A—BK)T (4.19b)

with Ly in (4.11b) and Z := C¥*CT + ¥V € S%,. A derivation of (4.18) can be found
in Section 4.6.1. Note that the matrices Ag, Ay, ..., Ay_1 are fixed and can be computed
offline.

In the distributionally robust setting (Section 4.1.2), we consider (4.5) instead of (4.3)
and consider (4.10) instead of (4.9), and we obtain the same input-output mean and
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variance as in (4.18), i.e.,

()] =B Bl = =

Resulting Expected Cost

SMPC problems typically consider the expectation of cost (2.2) summing over the desired
horizon. Given the distribution in (4.18) or the mean and variance in (4.20), the expected
cost is known as a deterministic value

k+N-1 E+N—-1
Z E[Jt(utayt)] = Z Jt(ata @t) + Jeonsts (4-21)
t=k t=k

where Jeonst 1= Zf;ol Trace(A; Diag(R, @Q)) is a constant independent of decision variables
u and 6.

4.2.4 Feedback Control Policies: Output Error Feedback

Section 4.2.3 was based on an affine feedback policy (4.15) with a fixed feedback gain K.
Here we investigate alternative control policies where the feedback gain is a time-varying
decision variable. Note that the naive parameterization modified from (4.15)

U <— ’Z_J/t — Kt(j:t — i’t) (422)
leads to non-convex bilinear terms of the decision variables @ and K, as Z;,T; depend on
Uy via (4.13), (4.12). Here we apply an output error feedback control policy [106]

t—1
up  m (V) =T+ Y M, (4.23)
s=k

where the nominal input @; and feedback gains M; € R™*? are both decision variables,
with innovation v in (4.13a). The policy parameterization (4.23) contains within it the
policy (4.22) as a special case: indeed, for a sequence of gains Kj 1), the selection for
all s,t € Z[k,k+N); s<t

M; < (A— BK, 1)(A— BK, 5)---(A— BK,)L, (4.24)

reduces (4.23) to (4.22). Crucially, the output-error-feedback policy (4.23) leads to jointly
convex optimization in decision variables u and M}, as we will see next.
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Resulting Input-Output Distribution or Mean-Variance

Define 7, := col(xy — u};,w[k,HN),v[k,kJrN)) € R™ as a vector of uncorrelated zero-mean
random variables of dimension n, :=n +nN + pN. Then, both input «, and output y; of
(4.1) can be written as affine functions of the decision variables @ and M} through direct
calculation given the estimator (4.13) and policy (4.23),

U U
|: t:| = |:_t:| + At Nk, te Z[k,k+N)7 (425)
Yt Yy

with 7 in (4.12b), where the matrix A, € R(™+P)X" in (4.25) is linearly dependent on the
gain matrices M, as

AU 0m><n
At = [AZY_:] M AM + |:AtA ]::| ; t - Z[k’,k-i—N)y (426)

where M € R™¥*PN ig a concatenation of M}

My
Mk Mk+1
M = hH e (4.27)
Ml];-&-N—l M:L{f—l Mifijj\\f[:ll

and where AY € R™ ™MV AY ¢ RP*mN AR € RP*™ and AM € RPN*™ are independent of
both decision variables % and M}, defined as follows,

col(Ag, ceey A?V_l) = ImN

col(AY, ..., A% ;) =Z(A) (Iy ® B)

col(AOA, ey A?\/q) = [0(A),Z2(A), I,N]

A= [0(AL), E(AL), Iy — E(AL) (In @ Ly)]
where we define ©(A) := col(C,CA,...,CAN!) € RPV*" and Z(A) € RPV*V,
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and similarly define ©(A,),=(AL) with A, := A — L, C.

In the Gaussian noise setting (Section 4.1.1), n has the distribution 7, ~ A(0, A;X7AT)
via (4.3) and (4.9), and thus given (4.25) we have the input-output distribution as

r”}ﬁdAf([gﬂ,zyiﬂAJ). (4.28)
Yt Yt
In the distributionally robust setting (Section 4.1.2), 7 has zero mean E[n,] = 0 and has

the variance Var[n,] = AX7A] via (4.5) and (4.10), so we have the mean and variance of
the input and output via (4.25) as

] =Gl vl -ame o

Resulting Expected Cost

SMPC problems typically consider the expected cost 25N " E[J,(uy, )] summing (2.2)
over the horizon, which is equal to a deterministic quadratic function of @ and M},

k+N—1
> [A(@n5) + [Diag(R, Q)F A (57 ], (4.30)
t=k
given the mean and variance of col(uy, 3;) and given that E[||z]|3] = ||E[2]||%+S2 Var[z]2]|2
for any random vector z and fixed matrix S; || - ||¢ denotes the Frobenius norm.

4.2.5 Deterministic Approximation of Chance Constraint

In the Gaussian noise setting (Section 4.1.1), despite known input-output distribution
(4.18) or (4.28), an exact deterministic representation of the joint chance constraint (4.4)
is difficult, as it requires integration of a multivariate probability density function over a

polytope and generally no analytic representation is available [12, Sec. 2.2]. For this reason,
the joint constraint (4.4) is commonly approximated by, e.g., being split into individual
chance constraints [104], for each time ¢ € Zy, o4 n,
T |u ‘
qu[d}gﬁ}zl—@m i € Ly (4.31)

72



where e; € R™? is the transposed i-th row of E, and f; € R is the i-th entry of f. The
allocated risk probabilities p;; > 0 in (4.31) are introduced as additional decision variables,
such that py ¢, pat, ..., e+ sum up to the total risk p for each time ¢. Note that (4.31) is
a conservative approximation (or a sufficient condition) of (4.4), due to subadditivity of
probabilities. Here, we focus on the distribution (4.18) resulting from output feedback,
while similar results can be derived for the distribution (4.28) arising from output error
feedback. The chance constraints (4.31) are converted into an equivalent deterministic

form, cf. [98, 104],
e; [;t] < fi— /el Argeiicdin(l —piy), i € Zi g (4.32a)
t

q
> pia=p pie >0, i € Ly (4.32D)
=1

for t € Z g+ Ny, where icdfn(z) := V2 erf (22 — 1) is the inverse cumulative distribution
function (inverse c.d.f.) or the z-quantile of the standard normal distribution, with erf™'
the inverse error function. The constraints (4.32) are convex when we require p € (0, %]
[104, Thm. 1].

Remark 4.3 (Gaussian Signals). We have assumed through (4.3) and (4.9) that random
variables are normally distributed. In the case where random signals are non-Gaussian
but with the same means and variances in (4.3) and (4.9), the resulting inputs u; and
outputs y; still possess the mean and variance in (4.18), and thus the expected cost is
still (4.21). However, the inverse c.d.f. in (4.32a) should change correspondingly to the
actual distribution (if known), or be replaced into an upper bound /(1 —p;;)/pi+ via
Chebyshev—Cantelli inequality that guarantees the worse case over all distributions [(4, 60].
|

4.2.6 Deterministic Reformulation of DR-CVaR Constraint

In the distributionally robust setting (Section 4.1.2), the DR-CVaR constraint (4.8) can
be equivalently written as a deterministic constraint. With output error feedback (4.23)
in Section 4.2.4, constraint (4.8) is reformulated as a second-order cone (SOC) constraint
on the decision variables @ and M}’ in the following lemma.

Lemma 4.4 (SOC Expression of DR-CVaR Constraint). With h(us,y:) as in (4.7), for
t e Z[kz,kz—i—N); (48) holds iff

APl < T 3] + £ e 2 (4.33)
t
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Proof. Substituting (4.25) into (4.7), h(us, y;) can be written as

h(uta yt) - ier{rllax e;rAtnk + ez—COl(uh Z_Jt) - fi7

where the random variable 7, has zero mean and variance ¥". According to [96, Thm.
3.3], (4.8) holds if and only if there exist 6, € R and O, € ST"*" satisfying the LMIs

0 > b, + Trace[©, Diag(¥", 1)]

Q, = Onnxnn A;rez
t

=
B G;I—At G;I—COI(’Z_Lt, gt) — fz — Qt ! [d]

From [107, Thm. 1], these LMIs are feasible in (6;, ©;) if and only if (4.33) holds, which
completes the proof. [ |

With output feedback (4.22) in Section 4.2.3, one can similarly reformulate constraint
(4.8) as the deterministic SOC constraint (4.33) on the decision variable @, where the value
of M7 underlying A; in (4.26) is fixed as follows

M}« (A— BK)"™"Ly, (4.34)

as similar to (4.24). This is because the output-feedback policy (4.15) is a special case of
the output-error-feedback policy (4.23) where M is selected as in (4.34).

4.2.7 Terminal Condition

Terminal constraints are considered in (S)MPC frameworks to ensure recursive feasibility
and closed-loop stability. Assume N > L going forward. Here, we impose a terminal
equality constraint [10, 17, 18, 19],

UpyN—L = Upp N—L[+1 = - = UppN-1 (4.35a)

U N-L = YraN-L+1 = " = UpaN-1 (4.35D)

that requires the nominal input-output trajectory to stay at some setpoint for final L
steps in the prediction horizon. Terminal set constraints are also leveraged in (S)MPC
methods, bounding the final nominal state in a positively invariant set [97, 98, 99, l;
here we find the input-output terminal constraint (4.35) more straightforward to adapt to
the data-driven case.
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4.2.8 SMPC Optimization Problem and Implementation

With the expected cost (4.21), the approximation (4.32) of the constraint (4.4), the in-
terpolation (4.14) and the terminal constraint (4.35), the SMPC problem is formulated
as

k+N—1
mﬂiflei,r;:?tze tz:; Ji (T, Ty) + Ao 0 (SMPC)
subject to  (4.32) for t € Zy gy, (4.12), (4.14), (4.35),

with an interpolation penalty term of parameter Ay > 0 [103]. With R > 0 and Ay > 0, the

cost in (SMPC) is jointly strongly convex in @ and 6, and thus problem (SMPC) possesses
a unique optimal (@,#) if feasible, although optimal p;; may not be unique. Problem
(SMPC) can be efficiently solved by the Iterative Risk Allocation method [101]; see |78,
Appendix B| for more details of our implementation.

While problem (SMPC) is based on the chance constraint (4.4) from Section 4.1.1
and the fixed-gain output feedback (4.15) from Section 4.2.3, alternative setups are also
available. The SMPC problem can be formulated based on the DR-CVaR constraint (4.8)
from Section 4.1.2 by replacing constraint (4.32) in (SMPC) into constraint (4.33), as
discussed in Section 4.2.6. For an SMPC problem with output error feedback (4.23) from
Section 4.2.4, the objective function should be selected as (4.30) plus the penalty term
Mg 0. In the remainder of Section 4.2 and in Section 4.3, we focus on the setup in (SMPC)
with the chance constraint and output feedback, while the simulations in Section 4.4 will
compare the performance of these different setups.

The nominal inputs % x4n) and interpolation variable ¢ determined from problem
(SMPC) complete the parameterization of the control policies 7 j4n) in (4.15). The up-
coming N, control inputs u x+n.) are decided by the first N policies 7 4 n,) respectively,
with a parameter N, € Z n]. Then, the next control step is set as ¢ = k + N.. At the new
control step, the initial condition pj,  interpolates between two fixed options 0 4, and
My, Which are decided by

PhiNe = Tpines  HhpnNe 7= ThiNes (4.36)

as described in Section 4.2.2. The entire SMPC control process is shown in Algorithm 5.

4.2.9 Closed-Loop Properties

The investigated SMPC framework possesses recursive feasibility and closed-loop stability.
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Algorithm 5 A Framework of Stochastic Model Predictive Control (SMPC)

Input: horizon lengths L, N, N, system matrices A, B, C, D, noise variances %, YV, initial
state mean £, cost matrices (), I, constraint coefficients £, f, probability bound p,
interpolation penalty coefficient Ag.

1: Compute Kalman gain Lk via (4.11b), feedback gain K via (4.16), and covariance

matrices Ap ) via (4.19).

Initialize the control step k <= 0 and set the initial condition g <= pi; and pg < 145,

while true do

Solve i k4 ny and 6 from problem (SMPC).
Obtain g via (4.14) and obtain Zp, x4 via (4.12).
Obtain policies 7y 4y from (4.15).
for t from kto k+ N, —1do

Compute z; via (4.13).

Input u; <— m(Z;) to the system (4.1).

10: Measure y; from the system (4.1).

11: Set piyn, ¢ Ty, and i,y < Tren, as (4.36).

12:  Set k <k + N..

Lemma 4.5 (SMPC Recursive Feasibility). Assume p € (0,3]. In Algorithm 5, if the
problem (SMPC) is feasible at control step k = k, then it is feasible at next control step
=K+ N,.

Proof. See Section 4.6.3. |

With Lemma 4.5, problem (SMPC) is feasible at all control steps if it is feasible at the
initial control step, where initial feasibility can be achieved by a proper choice of parameters
whi, B f,p. Closed-loop stability is captured as finiteness of the asymptotic expected cost.

Lemma 4.6 (SMPC Closed-loop Stability). Consider system (4.1) with input decided
by Algorithm 5, where problem (SMPC) is assumed feasible at all control steps. Let the
reference signal vy = r be time-invariant. Assume {z € R™P| Ez < f} is a bounded set.
Then, the asymptotic expected cost is upper bounded by some ¢ > 0 as

T—
Th_f)lgo Z; [Ji (g, yi)]
Proof. See Section 4.6.4. |
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4.3 Stochastic Data-Driven Predictive Control

This section develops a data-driven control method whose performance will be shown to be
equivalent to SMPC under certain tuning conditions. In the spirit of DeePC and SPC, our
proposed control method consists of an offline process, where data is collected and used
for system representation, and an online process which controls the system.

At a high level, our technical approach has three key steps. First, we collect offline
input-output data (Section 4.3.1), and use this offline data to parameterize an auxiliary
model (Section 4.3.2-1). This auxiliary model will take the place of the original paramet-
ric system model (4.1) in the design procedure. Second, we will formulate a stochastic
predictive control method using the auxiliary model (Section 4.3.2, Section 4.3.3-1, Sec-
tion 4.3.4-1). Third and finally, we will establish theoretical equivalences between the
model-based and data-based control methods (Section 4.3.3-2, Section 4.3.4-2).

4.3.1 Use of Offline Data

In data-driven control, sufficiently rich offline data must be collected to capture the internal
dynamics of the system. In this subsection, we demonstrate how offline data is collected,
and use the data to compute some quantities that are useful to formulate our control
method in the rest of the section. We first develop results with data from deterministic
LTT systems, and then address the case of noisy data.

Deterministic Offline Data

Consider the deterministic version of system (4.1), namely the deterministic LTI system
(2.1), reproduced as follows,

Tir1 = Al’t + But

(2.1)
y = Cxy + Duy

where with a slight abuse of notation, we temporarily in this section let z; and 1; denote
the state and output of system (2.1). By assumption, (2.1) is minimal; recall L € N in
Section 4.1 such that O := col(C,CA,...,CAL™1) has full column rank. Let quTd], yﬁﬁTd]
be a Ty-length trajectory of input-output data collected from (2.1). The input sequence
uﬁ’Td] is assumed to be persistently exciting of order Kq := L 4+ n + 1, i.e., its associated
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Kg4-depth block-Hankel matrix #% d(u‘flLTd]), defined as

d d d
Uy Ug U kg4l
ud ud st
P L 2 3 Ty—Kq+2
Ky (Uu Td]) . . ;
d d d
U'Kd uKd+1 e qu

has full row rank. To achieve persistent excitation, one must collect at least Ty > (m +
1)Kq — 1 data samples [35]. We formulate data matrices U; € R™xh U, € R™" Y, €
RPEXM and Y, € RP*! of a common width h := Ty — L by partitioning associated Hankel
matrices as

U Y]
0] = Aty [ = At (4.37)

The data matrices in (4.37) will now be used to represent some quantities related to the
system (2.1). Before stating the result, we introduce some additional notation. Define a
system-related matrix I' € RPX(m+P)L a5

)
I'=[Iy Iy]:=|[CC c}AL}{IgL 0@5“1 : (4.38)

with sub-blocks T'y € RP*™L and Ty € RP*PE where C := [AY"!B,..., AB, B] is the
extended (reversed) controllability matrix, and G € RPL*™L is an impulse-response matrix

D

CB D
a—| PP (439

CAF2B ... CB D
The following result provides expressions for the quantity I' and the system matrix D in

terms of raw data.

Lemma 4.7 (Data Representation of Model Quantities). Given the data matrices
in (4.37), if system (2.1) is controllable and the input data “([11,Td] is persistently exciting of

order L +n + 1, then the matriz T' defined in (4.38) and the matriz D in the model (2.1)
can be expressed as

[Ty Ty D] =Yscol(lh,Yr,Us)".
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Proof. See Section 4.6.5 for a proof. The data-expression of the impulse response, e.g., D
and G, is present in SPC literature [15]. Our contribution here is the data-representation
of T. [

With Lemma 4.7, the matrices I' and D can be represented using offline data collected
from system (2.1), and these matrices will be used as part of the construction for our
data-driven control method.

The Case of Stochastic Offline Data

Lemma 4.7 holds for the case of noise-free data. When the measured data is corrupted by
noise, as will usually be the case, the pseudoinverse computations in Lemma 4.7 are fragile
and do not recover the desired matrices I' and D. A standard technique to robustify these
computations is to replace the pseudoinverse WT of W := col(Uy, Y1, Us) in Lemma 4.7
with its Tikhonov regularization Wt := (WTW + A[;,)"'WT where A > 0 is the regular-
ization parameter. To interpret this, recall that P := Y,WT is a least-square solution to
argming ||Yo —PW 2. Correspondingly, the regularization YWt is the solution to a ridge-
regression problem argming ||Yo — PW||2 4+ A||P||2, which gives a maximum-likelihood or
worst-case robust solution to the original least-square problem argminy, || Y — PW |2 whose
multiplicative parameter W has uncertain entries; see [21] sidebar “Roles of Regulariza-
tion” for more details. Hence in the stochastic case, we estimate matrices I' and D by
applying Lemma 4.7 with P = YW replaced by P := YWk,

4.3.2 Data-Driven State Estimation and Output Feedback
The SMPC approach of Section 4.2 uses as sub-components a state estimator and an affine
feedback law. We now leverage the offline data as described in Section 4.3.1 to directly

design analogs of these components based on data, and without knowledge of the system
matrices.

Auxiliary State-Space Model

We begin by constructing an auxiliary state-space model which has equivalent input-output
behavior to (4.1), but is parameterized only by the recorded data sequences of Section 4.3.1.
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Define auxiliary signals x;, w; € R of dimension n,,. := mL+ pL+ pL? for system (4.1)
by

Ult—L,t) %mLLxll
X = | Ypery | Wii= OA (4.40)
pL(L—1)x1
Plt—L,t) o1
where y; = y; — vy € RP is the output excluding measurement noise, and p; := Ow; €
RPL stacks the system’s response to process noise w; on time interval [t + 1,¢ + L]. The
construction of the auxiliary state x; was inspired by [108]. The auxiliary signals x;, w;

together with wuy, 14, v; then satisfy the relations given by Lemma 4.8.

Lemma 4.8 (Auxiliary Model). For system (4.1), signals uy, y;, vy and the auziliary signals
x¢, Wy in (4.40) satisfy

X1 = Axy + Buy + wy, (4.41a)
Yy = Cxy + Duy + vy, (4.41b)

with A € R B ¢ RMwx™ - C € RP*™w gjuen by

Im(L—l)
O 0 0
A 0 0 -1 0
) FU FY F - I‘\Y]:J‘
0 0 Ipr(z-1)
L OpprL |
[ O(L—1)xm
177”
B:=| Oyr—t)xm |, C:=[Ty|Ty|F-TVE ]
D
OpL2><m

with matrices T'y, Ty in (4.38), matriz D in (4.1), and zero-one matrices E € RPPPL
and F € Rp<pL? composed by selection matrices S; 1= [Opx(j_l)p,]p,OPX(L_j)p] € RP*PL for
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je{l,...,L} as

SL—l e Sl Op><pL

Proof. See Section 4.6.6. |

The output noise signal v, in (4.41) is precisely the same as in (4.1); the signal w;
appears now as a new disturbance; w; and v; are independent and follow the i.i.d. zero-
mean normal distributions

iid. w iid. v
Wt ~ N(OnauxX]J 2 )7 vt ~ N<OpX17 E ) (442)
with variances X% € S and ¥ € $%
W . Diag<O(nauxpr)><(nauxpr), EP) (4.43)

where ¥ = OXVOT ¢ Sﬁ’rL is the variance of p;. The matrices A, B, C, D are known
given offline data described in Section 4.3.1, since they by definition only depend on ma-
trices I' and D which are data-representable via Lemma 4.7. Hence, the auxiliary model
(4.41) can be interpreted as a non-minimal data-representable realization of system (4.1).
Nonetheless, the model is indeed stabilizable and detectable.

Lemma 4.9. For the auxiliary model (4.41) and matriz X% in (4.43), the pairs (A, B)
and (A, X%) are stabilizable and the pair (A, C) is detectable.

Proof. See Section 4.6.7. |

Auxiliary State Initial Condition
The auxiliary model (4.41) will now be used for both state estimation and control purposes.

Suppose we are at a control step t = k in a receding-horizon process. Similar to (4.9), we
model the auxiliary state x; from (4.41) following a prior distribution,

xp, ~ N(uf, =) (4.44)
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where the mean pf € R™ interpolates between two fixed vectors pf, uf € R™ with a
decision variable 6 € [0, 1],

py = (1= 0) pig + 0 pu; (4.45)

wherein pf and g are produced by a state estimator (see (4.48)) and a noise-free model
(see (4.49)), respectively, of last control step; at initial time & = 0, the initial state mean
py is given as a parameter pf, € R ie., we let pf := p¥; and pf := p;. The variance
3¢ e S in (4.44) is fixed as the unique positive semidefinite solution to the DARE
(4.46a),

= (A-LC)ZAT + 2v (4.46a)
L := ALk, Lg:=XC'(CZCT+x¥)! (4.46b)

given detectable (A, C) and stabilizable (A,X"Y) via Lemma 4.9, where we define the
Kalman gain Lx € R™»*? and the Luenberger observer gain L, € R™»*P. Not surprisingly,
there is a close relationship between the distributions of z, and xj, as described in the
next technical result, which will be leveraged in establishing equivalence between SMPC
and our proposed method.

Lemma 4.10 (Related Means of x5 and xi). For system (4.1) and auziliary state x; in
(4.40), if py. is the mean of xy, and p, is the mean of Xy, then we have

Hk = CI)orig ﬁlm K = (Daux ljka (447)

for some [, € RMEAMEAD apith matrices ®orig and ®auy defined in Claim 4.8.1 in 4.6.6.

Proof. Given xj, = ®orig & and xj, = Pauy & via Claim 4.8.1, we have (4.47) by choosing iy,
as the mean of &. [ |

Auxiliary State Estimation and Feedback

The Kalman filter of system (4.1) was given in (4.13). Here, we analogously formulate a
Kalman filter for the auxiliary model (4.41) as

x| =%, + Lg(y; — CX; — Duy), t € L i) (4.48a)
X1 = A%/ + Buy, t € Zprrn (4.48b)
Xy o= My (4.48c¢)
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where x;7 and X; are the posterior and prior estimates of x;, respectively, with Lx € R™ P
in (4.46b). A noise-free model can be formed similarly as (4.12), given initial condition
(4.44),

X1 1= AX, + Bﬂt, te Z[k,k+N) (449&)
S’t = C)_(t -+ Dﬂt, te Z[k,kJrN) (449b)
Xk = My, (4.49¢)

where u; € R™ is the nominal input decided through optimization, and X; € R™ and
¥, € R? are the resulting nominal state and output, respectively. The affine output feedback
policy (4.15) from SMPC is now extended as 7(-),

where the feedback gain K € R™*" must be selected such that A — BK is Schur stable.
Given the stabilizability of (A, B) and detectability of (A, C) by Lemma 4.9, we may again
use an LQR-based design as in (4.16), yielding

K:=(R+B"PB+ D'QD) ' (B"PA + D'QC), (4.51)
where P € S’ is the unique positive semidefinite solution to the DARE
P =ATP(A - BK) + C'Q(C — DK). (4.52)

Although the use of state estimation was eliminated in some data-driven methods [38, 39,
|, our data-driven controller still incorporates the state estimator to enable output feed-
back. Some data-driven control methods also used state estimation for denoising purposes

[105].
4.3.3 Optimization Problem
SDDPC Optimization Problem

With results of Section 4.3.2, we are now ready to mirror the steps which led to (SMPC) and
formulate a Stochastic Data-Driven Predictive Control (SDDPC) optimization problem.

First, following a similar process as that which led to (4.18), we may combine (4.41),
(4.42), (4.44), (4.48), (4.49) and (4.50), to conclude that the input-output trajectory
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col(ug, y;) for t € Zpy, kyny is normally distributed as N (col(Ty, ¥,), Ai—x), where the co-
variance matrices Ay € STW for s € Zp,n) are computed as (4.53a) using A, € S
defined as (4.53b),

.
—K ~K . -
A, = {C B DK} A, {C B DK} + Diag(0pxm, =) (4.53a)
s—1
A=) (A-BK) L EL (A -BK)" (4.53b)
r=0

with Ly in (4.46b) and E := CX*CT+X" € St ,. Then, the SDDPC problem for computing
u and 6 at control step t = k is written as

minimize Zfiév*l(]t(ﬂt, Y+ X0
u,e,piyt (SDDPC)
subject to  (4.54) for t € Z gy ny, (4.45), (4.49), (4.55),

with the safety constraint

e Bt} < fi— Vel A peicdin(l —piy), @ € Zpyg

t

q (4.54)
> pii=n, Pia >0, i €Zyg
i=1
for t € Zj 1+ n), and with the terminal equality constraint
UpyN—L = Ukt N-L+1 = - - - = Up+N—1, (4.55)
Visn-L =Vian—r41 = = Yiin_1-

Equivalence to SMPC Optimization Problem

We now establish that the SDDPC problem (SDDPC) and the SMPC problem (SMPC)
have equal feasible sets and equal optimal sets, when the initial-condition parameters are
related in the form of (4.47).

Proposition 4.11 (Equivalence of Optimization Problems). If the parameters i, i, 5, w5
satisfy

0
I

~x
= Doy fly;
~X
= (Daux Hi s

= (I)orig /jl);(v 12

~5 (4.56)
= (I)orig M 12

T XX
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for some vectors i, X € R™EFMEFD then the optimal (resp. feasible) solution set of
SDDPC problem (SDDPC) is equal to the optimal (resp. feasible) solution set of SMPC
problem (SMPC).

Proof. We first claim that, for A; in (4.19a) and A; in (4.53a),
Ay = A, S € Z[()’N). (457)

Moreover, for any % x4+ny and 6, the resulting nominal outputs from (4.12), (4.14) and
from (4.49), (4.45) are equal, i.e.,

Y =¥ t € Lk k+N) (4.58)

The proof of (4.57) and (4.58) can be found in Section 4.6.8. Given (4.57) and (4.58),
the objective functions of problems (SMPC) and (SDDPC) are equal, and the constraint
(4.32) in problem (SMPC) and the constraint (4.54) in problem (SDDPC) are equivalent.
Thus problems (SMPC) and (SDDPC) have the same objective function and constraints,
and the result follows. |

We conclude by noting that problem (SDDPC) produces a unique optimal (@, #) when
feasible, following from Proposition 4.11 and the fact that problem (SMPC) gives a unique
optimal (%, #) when it is feasible, as mentioned in Section 4.2.

4.3.4 Online Control Algorithm
SDDPC Control Algorithm

We now describe the online implementation of our SDDPC. At time ¢ = k, the nominal
input sequence 7 x4 ) and the interpolation variable ¢ are computed from (SDDPC). We
then construct the policies 7y 4 n) via (4.50), and apply the first N, policies to the system.
Then, t = k + N, is set as the next control step. The initial condition (4.44) at the new
control step interpolates between two vectors pf, v and p, . decided as

2 % % =
BN, = Xy Neo iy Ne += Xk+Nes (4.59)

which are fixed and known at time t = k£ + N.. The method is formally summarized in
Algorithm 6.
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Algorithm 6 Stochastic Data-Driven Predictive Control (SDDPC)

Input: horizon lengths L, N, N, offline data u?,y¢, noise variances 3*, ¥V, initial-state
mean puf,, cost matrices (), R, constraint coefficients E, f, probability bound p, inter-
polation penalty coefficient Ag.

1: Compute matrices I' and D as in Section 4.3.1 using data u9, y9, and formulate matrices
A, B, C as in Section 4.3.2.
2: Compute Kalman gain Lk via (4.46b), feedback gain K via (4.51), and covariance

matrices Ap y) via (4.53).

Initialize the control step k <— 0 and set the initial condition g < X, and pf < ;.

while true do

Solve g, 4wy and 6 from problem (SDDPC).
Obtain g via (4.45) and obtain Xy 54 n) via (4.49).
Obtain policies 7y x4 ny from (4.50).
for t from kto k+ N, —1 do

Compute X; via (4.48).

10: Input u; <— m(X; ) to the system (4.1).

11: Measure y; from the system (4.1).

12 Set pi, n, ¢ Xy, and pf, < Rpan, as (4.59).

13: Set k <+ k + N..

Closed-loop Properties of SDDPC

Similar to Lemma 4.5 and Lemma 4.6, Algorithm 6 possesses recursive feasibility and
closed-loop stability, as formally stated below.

Corollary 4.5.1 (SDDPC Recursive feasibility). Assume p € (0, %] In Algorithm 6, if
the problem (SDDPC) is feasible at control step k = k, then it is feasible at next control

step k =Kk + N..

Corollary 4.6.1 (SDDPC Closed-loop Stability). Consider system (4.1) with input decided
by Algorithm 6, where problem (SDDPC) is assumed feasible at all control steps. Let the
reference signal v = r be time-invariant. Assume {z € R™P| Ez < f} is a bounded set.
Then, the asymptotic expected cost is upper bounded by some ¢ > 0 as

T—1
) 1
Zlglgo T ; ElJ;(u, yi)] < c.

The proofs of the above corollaries are analogous to the proofs of Lemma 4.5 and
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Lemma 4.6, respectively, where the auxiliary model (4.41) is considered in place of model
(4.1).

Equivalence to SMPC Algorithm

We present in Theorem 4.13 our main result, which says that under idealized conditions,
our proposed SDDPC control method and the benchmark SMPC method will result in
identical control actions.

Assumption 4.12 (SDDPC Parameter Choice w.r.t. SMPC). Given the parameters in
Algorithm 5, we assume the parameters in Algorithm 6 satisfy the following.

(a) L is sufficiently large so that O has full column rank.

(b) Data u?, y comes from the deterministic system (2.1), and input data u? is persistently
exciting of order L +n + 1.

(c) Given X in Algorithm 5, the parameter ¥* in Algorithm 6 is set equal to OXYOT.

(d) Given g in Algorithm 5, the parameter p. in Algorithm 6 is selected as @, % for
some [i5; € RMEFMHDL gatisfying X, = Porigli;, With matrices @oyig, Paux defined in
4.6.6. (Such p5; always exists because ®og has full row rank.)

Theorem 4.13 (Equivalence of SMPC and SDDPC). Consider the stochastic system
(4.1) with a specific initial state xo and a specific noise realization {wy, v }32,, and consider
the following two control processes:

a) decide control actions {u;};2, by executing Algorithm 5;

b) decide control actions {u;}2, by executing Algorithm 6, where the parameters satisfy
Assumption 4.12.

Then, the state-input-output trajectories {xy, us, yi }i2o resulting from process a) and from
process b) are the same.

Proof. Let {x2 u?,y?} denote the trajectory produced by process a), and {zP,u®, y°} the
trajectory from process b). We make the following claim, whose proof can be found in
4.6.9.

Claim 4.13.1. At control step t = k in processes a) and b), if
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i) the states 13 = a2 are equal in processes a) and b), and

i) the parameters i, i in process a) and the parameters w5, uy in process b) satisfy
(4.56),

then

1) the states x? = a? are equal for time t € Zy pyn,, and the inputs v} = u and outputs
y2 = y° are equal for time t € Lk k+Ne), and

2) parameters (i} n . jif, . in process a) and parameters iy, Py, @ process b) satisfy
(4.56) with k < k + N..

We finish the proof by showing that the results 1) and 2) in Claim 4.13.1 are true for
all control steps k € {0, N¢, 2N, ...}, by induction on k. Base Case. For k = 0, condition
i) is true given that both processes start with a common initial state xy, and condition
ii) holds due to Assumption 4.12(d) and due to the selections (u§, uS) + (ui;, 1) in
Algorithm 5 and (ud, uf) < (p3,;, p%;) in Algorithm 6. With conditions i) and ii) satisfied,
the results 1) and 2) in Claim 4.13.1 are true for £ = 0. Inductive Step. For k = &,
assume results 1) and 2), which imply the conditions i) and ii) respectively for k = k+ N..
Thus, through Claim 4.13.1, the results 1) and 2) are true for £ = x + N.. By induction
on k, we have results 1) and 2) for all control steps k € {0, N, 2N, ...}. The result 1) for
all k suffices to prove the theorem. |

Theorem 4.13 should be interpreted as equivalence between SMPC and SDDPC in
the idealized setting. Specifically, it establishes that if the proposed SDDPC algorithm is
provided with noise-free offline data, if the initial conditions set within SMPC and SDDPC
match, and if the process noise variance »* in the algorithm is set in a specific idealized
fashion relative to the original process noise variance %, then the method will produce
identical results to those obtained by applying SMPC. While in practice these assumptions
will not hold, noisy offline data can be accommodated as discussed in Section 4.3.1, and
>? becomes a tuning parameter of our SDDPC method.

4.4 Simulations

4.4.1 Simulations on Grid-Connected Power Converter System
In this section, we numerically test our proposed method on the nonlinear grid-connected

power converter system from [01], shown in Fig. 4.1, and we compare the results with
those of several benchmark model-based and data-based techniques.
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Figure 4.1: The one-line diagram of a grid-connected power converter.

The AC grid in the power part of Fig. 4.1 is modeled as an infinite bus with fixed
voltage (1 p.u.) and fixed frequency (1 p.u.). This model has n = 6 states, m = 3 inputs
and p = 3 outputs. The inputs are the angular frequency correction Aw and current
references I3 and [éef of d- and g-axes, respectively. The outputs to be controlled are
the g-axis voltage V,, the active power Py and the reactive power (). The LCL-filter
parameters and the PI parameters in Fig. 4.1 are consistent with [01], whereas we choose
the load resistance Rjg.q as a Gaussian signal with mean 4 p.u. and noise power 1072 p.u.,
which introduces process noise. The measurement noise on each output is Gaussian with
noise power 1077 p.u., consistent with [61].

Benchmark Control Methods

Several existing receding-horizon control methods are performed in our simulations and
compared to our proposed SDDPC method. Here, we introduce the benchmark control
methods in our simulations.
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We investigate two benchmark model-based methods, namely Stochastic MPC (SMPC)
(Section 4.2) and deterministic MPC (or MPC) (Section 2.2). For both SMPC and MPC,
we use an identified system model in place of the true model (A, B, C, D), through N4SID
system identification method [109] using offline data u<,y¢ collected from the system. In
MPC, the control action wu; is equal to the decision @; by optimization, instead of using
a feedback policy. The SMPC and MPC optimization problems at control step t = k are
(SMPC) and (MPC), respectively, whereas the deterministic constraint (2.7) in problem
(MPC) is here replaced by

E [l_‘tl <f (4.60)
Yi
according to the constraint specified in (4.2).

We also investigate L2-regularized DeePC [01] and regularized SPC [15] as bench-
mark data-driven methods. In DeePC and SPC, the decisions #; of optimization are
applied as control actions u;. The regularized DeePC and SPC optimization problems
are (reg. DeePC) and (SPC), respectively, whereas the constraint (2.7) in both problems
(reg. DeePC) and (SPC) is here replaced by (4.60), given the specified constraint (4.2).
Moreover, the SPC predictive matrix Pspe in constraint (3.24) of problem (SPC) is re-
placed by its Tikhonov regularization, as introduced in Section 2.6, with a regularization
parameter A > 0.

Offline Data Collection

Offline data is required in all our investigated control methods, for use in either data
matrices (SDDPC, DeePC and SPC) or for system identification (MPC and SMPC). In our
simulation, the data collection process lasted for 1 second and produced a data trajectory
of length Ty = 1000 with a sampling period of 1ms. The input data was generated as
follows: Aw (input 1) was set as the phase-locked loop (PLL) control action (see e.g. [11])
plus a white-noise signal, I} (input 2) was set as 0.4 p.u. plus a white-noise signal, and
I éef (input 3) was set at 0 p.u. plus a white-noise signal. Each white noise signal had noise
power of 107 p.u..

Simulation Results

All controller parameters are reported in Table 4.1. Our simulation consists of two parts.
In the first part, we compare the tracking performances of the different controllers. In the
second part, we examine the ability of the controllers to maintain safety constraints.
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Time Horizon Lengths

Initial-condition horizon length L=5
Prediction horizon length N =30
Control horizon length N. =10
Problem Setup Parameters
Sampling Period Ty = 1ms
Cost matrices Q =101, R=1,
Constraint coefficients E=1In,®[4]
r=[ok]
. 2px1
Risk probability bound p=0.2
Interpolation penalty Ao =10
Variance of v, for SMPC/SDDPC ¥V = 10781,
Variance of p; for SDDPC ¥ =101,
Variance of w; for SMPC? YW =OtxerorT
Regularization Parameters
Regularization in DeePC Ay = 10%, A, = 10°
Regularization of P in SDDPC A=10"3
Regularization of Pspe in SPC A=10"3

*In computation of ¥, matrix O is obtained given the
identified system (A, B, C, D) in SMPC.

Table 4.1: Control parameters of the grid-connected power-converter system.

Tracking Performance. For each controller, we perform the following control process.
From time Os to time 0.2s, the controller is switched off, and the inputs I} and I(fff are
set to zero, with Aw generated from the PLL. After time 0.2s, the controller is switched
on, and the output reference signal is r; = [0,0,0]T before time 0.5s and r; = [0,0.3,0]T
after time 0.5s. To quantitatively compare the results, Fig. 4.2 shows the stage cost
accumulated over the first two seconds for each controller. The result shows that the
stochastic control methods (SMPC and SDDPC) outperformed the deterministic control
methods (DeePC, SPC and MPC) in terms of their cumulative costs. This observation
aligns with our expectation that stochastic control performs better with stochastic systems,
since the stochastic control methods receive feedback at each time step — more frequently
than the deterministic control methods which receive feedback only at each control step,
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Figure 4.2: Cumulative stage cost with different controllers, N. = 10.
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Figure 4.4: The second output signals with SPC (light blue) and SDDPC (red) in the
constraint satisfaction test.

Controller Violation Rate Total Violation

Amount
SDDPC (p =0.2) 0.15 1.10
SDDPC (p = 0.05) 0.03 0.05
SysID+SMPC (p = 0.2) 0.19 1.55
SysID+SMPC (p = 0.05) 0.11 0.52
SysID+MPC 0.57 6.79
DeePC 0.20 1.46
SPC 0.49 8.42

Table 4.2: Statistics of constraint violation of the second output channel from 0.5s to 2.0s.
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i.e., every N, = 10 time steps. However, this benefit of stochastic control vanishes when we
select shorter control horizons. Fig. 4.3 shows the cumulative stage costs when the control
horizon has length N, = 1, where we no longer observe a performance gap between all
stochastic methods and all deterministic methods. SDDPC and SPC outperformed other
controllers. Although we showed the results with different V., we emphasize significance
of the N, = 10 setting, which requires less computation since the optimization problems
are solved less frequently.

Output Constraint Satisfaction. We next evaluate for each controller its ability to meet
the output safety constraints. We repeat the control process above, but the reference signal
becomes r; = [0,0,0]" before time 0.5s and r; = [0,0.5,0]7 after time 0.5s. Note that the
reference value 0.5 for the second output channel after time 0.5s is beyond the range of
output safety constraint (with E, f in TABLE 4.1), which restricts all output channels
within the range of [—0.4,0.4]. As a result, in our simulations, the second output channel
remained close to the upper safety bound of 0.4 after time 0.5s for all controllers; for
example, the trace of the second output under SPC and SDDPC is displayed in Fig. 4.4.

To quantify the constraint satisfaction with each controller, from time 0.5s to time
2.0s (1500 time steps), we count the number and compute the rate of time steps where
the measurement of the second output channel violates the safety constraint. As a second
metric, we sum the amount of constraint violation that occurs between 0.5s to 2.0s for each
controller. The results are displayed in TABLE 4.2, where we also displayed the results of
SMPC and SDDPC with parameter p changed from 0.2 (as in TABLE 4.1) to 0.05. As
the result shows, both violation rates of SMPC and SDDPC declined as we decrease p,
while the violation rate of SDDPC shrank more effectively than that of SMPC. The total
violation amounts of SMPC and SDDPC also reduced when we decrease p. Among the
methods using deterministic safety constraint, DeePC had a lower violation rate and a
smaller violation amount than MPC and SPC.

4.4.2 Simulations on Batch Reactor System

In this section, we numerically test our proposed method on a batch reactor system intro-
duced in [110] and applied in [33, 74]. The system has n = 4 states, m = 2 inputs and
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Time horizon lengths L=5 N=15 N.=5

Cost matrices Q =101, R=1,

Safety constraint coefficients E=1I,,®[4]
F=[1.15.1.4.4.4.4T

CVaR level® a=0.3

Variance of v, for SMPC/SDDPC XY =5 x 1077,

Variance of p, for SDDPC ¥ =10""1,,

Variance of w;, for SMPCP W = OfxrotT

2a is used as the risk bound for chance constrained controllers.
b0 is obtained given the identified model (A, B, C, D) in SMPC.

Table 4.3: Control parameters of the batch reactor system.

Total Tracking Cost Cumulative Violation

Controller Os to 30s  30s to 60s from 60s to 90s
DR/O-SDDPC* 0.02 64.2 0
DR/F-SDDPC 0.02 68.9 0
CC/F-SDDPC 0.02 64.9 0.03
DR/O-SMPC 0.02 64.2 0
DR/F-SMPC 0.02 68.0 0
CC/F-SMPC 0.02 64.9 0.01
deterministic MPC 0.09 64.6 0.20

SPC 0.18 65.5 2.23
DeePC 0.18 64.7 0.19

DR — distributionally robust constrained, CC — chance constrained,
O — with optimized feedback gain, F — with fixed feedback gain.

Table 4.4: Simulation results of the batch reactor system.
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Figure 4.5: The system’s first output signal with DR/O-SDDPC.

p = 2 outputs, and the discrete-time system matrices with sampling period 0.1s are

[ 1.178 .001 .511 —.403|.004 —.087 ]
—.051 .661 —.011 .061 |.467 .001
A|lB] | 076 .335 .560 .382 |.213 —.235
{C }_ 0 .335 .089 .849 |.213 —.016
1 0 1 —1
0 1 0 0 |

The process/sensor noise on each state/output follows the ¢-distribution of 2 DOF's scaled
by 1074, which is a heavy-tailed distribution. Control parameters are reported in TABLE
4.3. We collected offline data of length Ty = 600 from the noisy system, where the input

data was the outcome of a PI controller U(s) = [2+01/S _E/S}Y(s) plus a white-noise signal

of noise power 1072. In the online control process, the reference signal is r; = [0,0]T
from time Os to time 30s, alternates between [0,0]T and [0.3,0] from 30s to 60s, and is
re = [0.5,0]T from 60s to 90s.

For comparison, we implement the simulation with different controllers. Specifically,
we perform SMPC and SDDPC under different configurations of stochastic constraints
and feedback gains. In addition to the SMPC and SDDPC schemes in Algorithm 5 and
Algorithm 6, which utilized chance constraints in Section 4.1.1 and a fixed feedback gain
in Section 4.2.3 (CC/F), we also consider analogous SMPC and SDDPC frameworks based
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on distributionally robust constraints in Section 4.1.2 and an optimized feedback gain in
Section 4.2.4 (DR/O). To observe separate impacts of using different stochastic constraints
and different feedback policies, we also implement SMPC and SDDPC with distributionally
robust constraints and a fixed feedback gain (DR/F). We also compare to DeePC, SPC
and deterministic MPC as benchmarks. The model used in deterministic and stochastic
MPC methods is identified from the same offline data in the data-driven controllers.

Fig. 4.5 shows the first output signal with our proposed DR/O-SDDPC method; the
signal remains around 0.4 from 60s to 90s because of the safety constraint specified in
TABLE 4.3. The simulation results with all examined controllers are summarized in TA-
BLE 4.4. We evaluate (i) the controllers’ tracking performance through the tracking cost
from 0Os to 60s and (ii) the controllers’ ability to satisfy constraints according to the cu-
mulative amount of constraint violation between 60s and 90s, when the first output signal
hits the constraint margin. When the reference signal is constant (0s-30s), SMPC and
SDDPC tracked better than other methods, aligning with the observation in Section 4.4.1.
Comparing DR/F and CC/F methods, the controllers with DR constraints achieved lower
amounts of constraint violation (60s—90s), while the tracking performance is slightly worse
during 30s-60s when the reference signal has frequent step changes. Comparing DR/O and
DR/F methods, we observe that the methods with optimized gain achieved lower tracking
costs when the reference signal changes frequently (30s-60s).

4.5 Chapter Conclusions

We introduced a novel direct data-driven control framework named Stochastic Data-Driven
Predictive Control (SDDPC). Analogous to Stochastic MPC (SMPC), SDDPC accounts
for process and measurement noise in the control design, and produces closed-loop con-
trol policies through optimization. On the theoretical front, we proved that SDDPC can
produce control inputs equivalent to those of SMPC under specific conditions. Simulation
results indicate that the proposed approach provides benefits in terms of both cumulative
stage cost and output constraint violation. Future work will seek to improve the compu-
tational efficiency of the approach, and explore the robustness with noise-corrupted offline
data.
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4.6 Appendices

In this section, we present proofs for several results in the chapter and introduce the Itera-
tive Risk Allocation technique (Section 4.6.2) for solving SMPC and SDDPC optimization
problems.

4.6.1 Proof of (4.18)

Proof. Define e; := col(x;—3;,3; —T;) € R*". We first show that e; follows the distribution

e ~ N(Oanh {ZX Atk:| > (4.61)

for t € Zj kyn), with Ag in (4.19b), by induction on t. Base Case t = k. With 2} = y}
as (4.13d) and Ty = uf as (4.12¢), we have ey = col(xy — (i}, 0,,x1) which is distributed as
N (02,%1, Diag(X*, 0,,x5,)) via (4.9). This shows the ¢ = k case of (4.61) given Ag = 0,xp,
from (4.19b). Inductive Step. Assume (4.61) for t = 7 € Zp, pyn—9. Note the relation

[95]

T

€ri1 = @067 + @1 |::1))T:| (462)

by expressing 11,271, Tr41 in terms of x., 27, Z-, w;, v, given (4.1a), (4.12a), (4.13b),
(4.13c¢), (4.15), where we define

A=LC  Opn ] o, i [Oln —LL]_

© ::{ LC A-BK e L (4.63)

Through the system (4.1) and the estimator (4.13), both w, and v, are independent of x,
and 7, and thus independent of e,. It follows from the relation (4.62), the (independent)
distribution of w,, v, in (4.3) and the distribution of e, in (4.61) that e,,; is distributed
as

e W
€ri1 NN(OQWI, O, { A J 0, + 6, { EV} @I). (4.64)

The variance in (4.64) is equal to what follows, by substitution of ©q and O in (4.63) and
direct matrix multiplication,

{50—31—51T+32+2X ST— S, }

51— S So+ (A= BK)A,_p(A—BK)T (4.65)
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where we use shortcuts Sy := L (CYXXCT + XV LT, S := LLICY*AT and S, := AY*AT +
Y% — ¥*. Notice that Sy = S; by definition of L, in (4.11b), and S; = S, via (4.46a). One
can also verify that Sy + (A — BK)A,(A — BK)T = A,y for all s € N5, using definition
(4.19b). Thus, the matrix (4.65) is equal to Diag(¥*, A;_x+1), which implies that (4.64) is
the t = 74 1 case of (4.61). Induction on ¢ shows (4.61) for t € Zp, k1n).

Finally, we show (4.18) for t € Zy, x4+ n) by noting that

Ug| at Om><1 . L Omxn -K
[yt] - [?715] + Ue; + { o ] with ¥ := [ o o_ DK} : (4.66)

given (4.1b) and (4.15). With the distribution (4.61) of e; and the distribution of v; in
(4.3), where e; and v, are independent, it follows from (4.66) that

=B e [ s))

in which the variance can be verified equal to A, j defined in (4.19a) through direct
calculation, and thus the above distribution is equivalent to (4.18). [

4.6.2 Iterative Risk Allocation
We record here an efficient method for solving the convex problem (SMPC), known as
Iterative Risk Allocation [104], described in Algorithm 7.

To begin, note that if we fix all variables p;;, then problem (SMPC) is reduced into the
quadratic problem

k+N-1
minimize Ji(Te, Uy) + Ao 0
o ; 1 (1t Jy) 0 (4.67)

subject to (4.32a) for t € Zy, k1 n), (4.12), (4.14), (4.35),

which can be efficiently solved. The optimal solution to (SMPC) is the infimum of the
solution to (4.67) over all p; ; satisfying (4.32b). Hence, we solve problem (4.67) repeatedly
with updated p;, until the objective value converges with no significant change. The
entire process shows in Algorithm 7, which extends [104, Algorithm 1] from their single
chance constraint into our separate chance constraints over time steps. Newly introduced
parameters are a shrinkage rate a € (0,1) and a termination threshold ¢ > 0. The
initialization at line 1 ensures feasibility of problem (4.67), due to recursive feasibility.
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From line 6, we obtain binary indicators a;; € {0,1} showing whether constraint (4.32a)
is active or not for each (4,t). This indicator is utilized in the process of updating p;,
in lines 9-14. Note that, when the condition in line 8 is true, the update routine in lines
9-14 no longer makes change on p;;, so in this case the iteration terminates. In line 11,
cdfn(z) := 1+ lerf(z/v/2) is the cumulative density function (c.d.f.) of the standard
normal distribution, with erf the error function.

Similarly, problem (SDDPC) can also be solved by Algorithm 7 with A, B, C, i}, uf,
15, Ay, 7, replaced by A, B, C, uf, pf, ui, A,, ¥, respectively.

Algorithm 7 Iterative Risk Allocation for solving (SMPC)

Input: horizon lengths L, N, system matrices A, B, C, D, interpolation options y5, uf, cost
matrices (), R, constraint coefficients F, f, probability bound p, interpolation penalty
coefficient )y, input-output variances Ap ny, shrinkage rate o, termination threshold
e, and the risk allocation pi%* solved at last control step.

Output: An approximate solution (@, 8, p;+) to problem (SMPC).

1: Initialize p;; < po‘:Et) for t € Zppeny and i € {1,..., ¢}, where s(t) := min(t,k + N —

N.—1).

2: Initialize JJ,, < +00.

3: while true do

4:  Solve (@,7,0) from problem (4.67) and obtain the cost value J*. Record whether
the constraints (4.32a) is active or not for each (i,1).

5. if |J5,, — J*| < ¢ then break else J;,, « J*.
For t € Zppeny and i € {1,...,q}, let a;; < 1 if constraint (4.32a) is active for
(i,t), otherwise a;¢ < 0.
a'™ 31 agy for all t € Zg oy

if a3'™ € {0, ¢} for all t € Zj; 44 n) then break.

9:  for t € Zy p4n) such that 0 < a;*™ < ¢ do

10: for all i € {1,..., ¢} such that a;; =0 do

T -— -
11: Pit < apis+ (1 — a)(l _ cdfn<fi —e€ col(ut,yt)>>_
’ ’ Vel Aie;
192: p;esidual —p— Z?:l Pis-
13: for all i € {1,...,¢} such that a;; = 1 do
14: pi,t — pi,t _‘_pgesidual/aium.
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4.6.3 Proof of Lemma 4.5

Proof. Let k™ := k+ N, and let |, denote variables calculated at control step k € {k, k™ }.
Let (@",6*,p;,)|x be the optimal solution to problem (SMPC) at k = &, and consider the
following solution (@, 6°, p¢,)|.+ at k = x*, cf. [102],

Ut o= Tgple, Lo+ =1, Diilet = Pisyles (4.68)

for all t € Zy+ .+, n) and i € Zyy g, where we let s(¢) := min(¢, s + N — 1). In this proof,
we will show that (4.68) is a feasible solution to problem (SMPC). Let §*|. (resp. 7°|,.+)
denote the resulting nominal output via (4.12), (4.14) given (7", 6*)|. (resp. (7°,6°)|.+),
and we have the following.

Claim 4.5.1. Given (u°,60°)|.+ in (4.68), the nominal output is T;|.+ = Jople fort €
Z[I{+,H++N)’

Proof. Since we choose 6°|,.+ = 1 in (4.68), the nominal states T, + are the same over
control steps k € {k,k"}, as

- via (4.12¢ x via (4.14 % via (4.36) _
ol T e B p B (4.69)

Given the same nominal states Z,+ in (4.69) and same nominal inputs %+ ., ) via (4.68)
over control steps k € {k, k" }, the resulting nominal states and outputs are the same, i.e.,

‘%:Lﬁ' = ‘%ﬂli? le Z[I{-"_,H—‘,-N]? (470&)

Z_/§|n+ = y:’m te Z[H+7H+N)- (4.70b)

Due to the terminal condition (4.35) at k = k where L is at least the system lag and the sys-
tem is observable, the terminal state-input-output (T, . Uy y—1, Ursn—1)|s 1S an equilib-

rium [48, Sec. 2.3]. (In the case where the system is unobservable, (Z2°5%, @y 1, Ty n—1) s
is an equilibrium, where Zo°* denotes the observable component of Z;.) Hence, with

Toonlet = Toinle via (4.70a) and @]+ = Uy, n_q]s via (4.68) for t € Lii N st +N)> WE
have the nominal output

-0 s
Y ’H+ = yn+N—1|H? le Z[n+N,n++N)’

which result together with (4.70b) shows the claim. ¢
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We finish the proof by showing that the solution (4.68) satisfies both constraints (4.32)
and (4.35). The terminal constraint (4.35) holds with solution (4.68), since we have
(T}, ;)| o+ for t € L+ i n—1 st 4+ all equal to

(ﬂ?,@j)y,ﬁ = (a:(t)ay:(t))lﬁ = (ﬁ:Jerp@_/:JrN—l)‘m

where the first equality is from (4.68) and Claim 4.5.1, and the second equality is because
constraint (4.35) holds at k = k. Before showing satisfaction of (4.32), we claim a useful
result.

Claim 4.5.2. For A, in (4.19), we have Ag = A} < -+ < An_;.

Proof. Given (4.19a), the result follows from the fact Ag < A; =< -+ < Ay_y, which is
clear from (4.19b). ¢

Define R(A;_;) € R™ x R? x R? the set of all (@, 7;, p. ;) satistying (4.32), where we let
Pt i=col(piy,...,pgt) € RI. To show that constraint (4.32) is satisfied by solution (4.68),
it is equivalent to show that

(Utaym )‘I{+ ( :(t)>§:(t)>pis(t))|li € R(AS(t)—H) c R<At7f$+>

for all t € Zy,+ ..+, n), Where the first equality uses (4.68) and Claim 4.5.1, the belong sign
(€) is because constraint (4.32) holds at k = x, and the final inclusion (C) comes from the
fact s(t) — x >t — " (implied by definition of s(t),x") for t € Z+ .+, and the fact
R(Ap) 2 R(A;) O ... D R(An_1), which is obtained given the definition of R(-) referring
o0 (4.32), given Clalm 4.5.2 and given the fact icdfn(1 —p;;) > 0 for all p;; < p < %
Thus, the solution (4.68) at k = k™ satisfies both constraints (4.32) and (4.35), and the
recursive feasibility is proved. |

4.6.4 Proof of Lemma 4.6

Proof. Let J(ug,3) = |lye — 71§ + lluel|% be the cost (2.2) with the constant reference.
At control step k, let (7", 6%, pj,)|x be the optimal solution to problem (SMPC), and the
optimal value is

k+N—-1

Z J(@ T |k + A0k, (4.71)
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where 7|, is the resulting nominal output given (%", 6*)|;. Through (4.68) with (k, k+ N.)
in place of (k, "), we have a feasible solution (7%, 8%, pf, )[4, to problem (SMPC) at the
next control step k£ 4+ N, where the objective value is

k+Ne+N—1
Vibn, = Z J(@], Ty ) ke ne + X0 |t ne

t=k+Ne

k+Nc+N-1

- Z J(ﬂ:(t)> fy:(t))|k + Ay

=kt Ne

k+N—1
= > T T+ NeJi + A (4.72)

t=k+Nc

with Jf* = J(U 4 n_1, Jpyn_1)|k, Where the second equality is via (4.68), and the third
equality used the definition of s(¢) in (4.68). Recall the sets R(:) defined in 4.6.3. Let
Jsup be the supremum of J (4, 7,) over all @, 7, in R(Ax_1) with some p;; such Jg, is
finite since R(An_1) is bounded given {z|Ez < f} bounded. Since (U, yn_1;Ypin_1)lk 18
in R(An_1) by feasibility, J;*" is upper bounded by Jg,,. We therefore have

Vk*+NC - Vk* < Vk0+NC - Vk:*

k+Nc—1
= N J 4+ Mg(1— 6% Z J@, 7))k
k+Nc—1
< Nchup + )\49 - Z J(a:7§:)|k7 (473>
=k

where the first inequality is due to the optimality of V5 n (i.e., Vi n < Vin), the
equality is by substituting (4.71) and (4.72) and canceling identical terms, and the final
inequality is due to 6*|; € [0,1] and J;*" < Jgp. Using (4.21) with N, in place of N, the
expected cost over the control horizon [k, k + N.) is (cf. [74, 75, 70])

k+Nc.—1 k+No—1

> El(wy)l = Y J@ Tk + Joar

t=k t=Fk
< Nchup + Jvar + >\9 + (Vk*+NC - Vk*) (474)
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with Jyar = Zivzcal Trace(AsDiag(R, @)), and the inequality above applied (4.73). Sum-
ming (4.74) over control steps k € {0, N¢, 2N, ..., (I — 1)N.} with some I € N, we have

IN.—1

S B[ (u ye)] < I(Nedsup + Juar + Xa) + (Vin, = Vo),

t=0

and thus the result is obtained by dividing the above by T := IN. and taking I — oo,
with ¢ := Jop + (Jvar + Ag) /Ne. [ |

4.6.5 Proof of Lemma 4.7

Proof. Let (2%, u4,y%) be the state-input-output trajectory of (2.1), and define X, X, €
Rnxh as

X = [Iila 56(21, .. 7I(}ﬂ7 Xy = [33(11+L7 x(21+L7 s ’ngrL}‘

It follows by straightforward algebra that data matrices satisfy

Xg = ALXl + CUl, (475&)
Y, = 0X, +GgU, (4.75b)
Yy = CX,y + DU, (4.75¢)

Under our assumptions of controllability and persistent excitation, it follows from [31,
Corollary 2(iii)] that the matrix col(X;, Uy, Us) has full row rank. Moreover, gL 0
has full column rank, as it is block lower triangular and its diagonal blocks each has full
column rank (Section 4.3.1).
First, the matrix Y3 can be represented in terms of Xy, Uy, Us by combining (4.75a) and
(4.75¢) and eliminating Xs, i.e.,
Y, = [CC,CA", D] col(Uy, X1, Us). (4.76)

We can also represent col(Uy, Y1, Us) in terms of X, Uy, U, using (4.75b) as

COI(Ub }/17 UQ) = Dlag( |:IgL O:| ) [m> COI(Ula X17 UQ)
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G O

row rank, the pseudo-inverse of above is [111]

As we know that Diag< {ImL ] ,Im> has full column rank and col(Uy, X1, Us) has full

T
(301(U1,Y17U2>T = col(Uy, X1, UQ)T Diag( {IEL O] 7]m> .

By multiplying (4.76) and the relation above, we find the result

T
Ya col(U, Y1, Ua)f = [CC, C A%, D] Diag( {ISL o} )

&3y Ty, D). m

= |[cc,caq] [ " 1" D

4.6.6 Proof of Lemma 4.8

Proof. Before proving (4.41), we start with an intermediate result Claim 4.8.1. Let & :=
col(up—r,4), Te—r, Wp—r,1)) € R™ with ng := mL +n(L + 1).

Claim 4.8.1. For system (4.1) and the auziliary state x, in (4.40), we have x; = Poig &
and Xy = P,k &, where we define matrices Porig € R and Py, € R,

ImL
(I)orig = [C, ALycw]a q)aux = g @ gw
I} ®0

with matrices O,C,G in Section 4.5.1, Cy, := [A¥1 ... A L,] and

Oan
g L C 0p><n
CAE=2 oo O Opxn
Proof. Given the system model (4.1), the state x; and noise-free outputs Yjr—r.0) CaD be

expressed in terms of the previous state x;_r,, inputs up_r 4 and disturbances wy_r, 4 via

Ty = AL Ti—7, + C u[t—L,t) + CW w[t—Lﬂf)a (477&)
yﬁ‘/fL,t) =0z +Gup—rs) + GwWi—L4)- (4.77b)

Thus, we have x; = Dg & given (4.77a) and the definitions of & and ®ge. Given the
definition of x; in (4.40) with p; := Owy, we have x; = ®,.x & implied by (4.77b). ¢
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Given Claim 4.8.1, we develop another intermediate result Claim 4.8.2 which directly
implies (4.41b) given (4.1b).

Claim 4.8.2. For system (4.1) and the auziliary state x, in (4.40), we have Cz; = Cx;.

Proof. With Claim 4.8.1, it suffices to show that C®yig = C®,ux. Given the definitions of
Dorig, Paux, C, we calculate C'Pqig as

Cdqie = [CC, CAL, CCy]
and calculate C®,,, as

CO, =Ty +TIvG, IO, IVG, + (F —TYE)(I, ® O)]
= [FU + FYg, FYO, CCW] = [CC, CAL7 ch]a

where the second equality used the facts that CC,, = F(I; ® O) and G,, = E(I; ® O) which
can be verified from the definitions of E, F,C,,, G,, and the last equality above used the
relation

Ty +TvG, TvO] = [Ty, Ty] [Ig o] _ [cC,CAY

1
where the last equality is due to the definition [Ty, T'y] := [CC, C A%] {IZL (9] where
|:ImL

has full column rank. Comparing the above results of calculation, we have

g O
CO®qyig = CP,yx, and thus the result follows from Claim 4.8.1. ¢

We finally prove (4.41a). Using the definitions of x;, w;, A, B, where A consists of

upper-shift matrices and the matrix C, we know by direct calculation that Ax; + Bu; + w,
is equal to

CO].< u[t_L+1’t) y[oth“i’l’t) p[t_L+17t) )
Ut ’ CXt+DUt ’ Pt ’

which by definition is x;,1, given the fact Cx; + Duy = y; — v, = y; using (4.41b). Thus,
(4.41a) is obtained. |
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4.6.7 Proof of Lemma 4.9

Proof. The pair (A, C) is detectable by definition since there exists a matrix L* :=
col(OmLxps Op(L—1)xps Ips Opr2xp) such that A — L*C equal to

: Ln(r-1) Ly L1
Dlag( [ ( } , [ P , P )
Omxm 0p><p OpLXpL

is Schur stable.

We show stabilizability of (A, B) and (A, X%) by establishing stabilizing gains. Recall
Dok € R0 XM and Py € R™ "¢ defined in Claim 4.8.1, with nau := mL + pL + pL? and
ne == mL 4+ n +nL. We start with some basic results.

Claim 4.9.1. For matrices A, B in (4.41) and X% in (4.43), we have

A(I)aux = q)auxfz{a B = (I)auxéa XY= (I)auxiwq)—r

aux?

with matrices A € Rmexne B € Rrexm sw ¢ SL¢ defined as

Y
" Oraxm
A= B Onxm(Lfl) A I, Onxn(Lfl) ’
In—y)
i Ocn (4.78)
[ Om(Lfl)Xm
. [m WL O(ng—n)x(ng—n)
B = 0 , 2V = sw | -
0nL><m
Proof. Direct calculation. ¢

Claim 4.9.2. We have ®uig = PP,yx for matrices Porig, Paux defined in Claim 4.8.1 and
matriz ® = [Dy, Py, Pp| € R™™ whose sub-blocks are defined as

T
Im n m.
oo 0]i= 6,44 | g | e R,
Dy = Cy — PyGy € RV Dp := Dy (I, @ OF) € R?PL?,

Proof. Direct calculation, given O of full column rank. ¢
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With matrix @ in Claim 4.9.2, define matrices K* € R™*"awx K% € [RMawxMauc, K* e
R™ " and K% € R"e*"¢,
K*:= K®, K" := @I} col(0ne—n)xn, K*) ® (4.79a)

aux

K* := K®qyg, f(w 1= col(0(ne—n)xns ) Porig (4.79b)

where K is the feedback gain from (4.16) and K" € R™*" is a matrix such that A — X" K"
is Schur stable. We then have another intermediate result.

Claim 4.9.3. For matrices A, B,>" in (4.78) and K*, K™ in (4.79b), both A — BK* and
A—S"K™ are Schur stable.

Proof. Define & = col(uy—r,1), Tt—r, Wi—rr)) € R™ and 6; 1= col(Ogng—n)x1,w:) € R". We
have the relation

E41 = A& + Bu, + 4, (4.80)

which can be verified given the system model (4.1a) and the definition of A, B in (4.78).

To show that A— BK* is stable, consider the following process of system (4.1a) starting
at time t = —L: the initial state z_p,, the inputs u_r, 5y and the noises w_r, ¢y are arbitrarily
chosen (i.e., & is arbitrary), the noise is w; = 0 for ¢ > 0, and the inputs u; for ¢ > 0 are
generated by state feedback u; = —Kx;. With this process, we have ;.1 = (A — BK)x,
for t > 0, and hence z; — 0 as t — oo because A — BK is Schur stable. We therefore
have u;, w; — 0 and thus & — 0 as t — oo, given the definition of & and the relations
uy = —Kx; and w; = 0 for ¢ > 0. On the other hand, with the process, we have d; = 0
since w; = 0 for ¢ > 0, and the state feedback can be written as u; = —K @&, given the
relation z; = oy from Claim 4.8.1, and thus u, = —K*& with K* defined in (4.79b).
Therefore, the evolution (4.80) is reduced as &1 = (121/ BK *)& for ¢ > 0, which implies
that & = (A BK*) §o for t > 0. Since & — 0 as ¢ — oo and & is arbitrarily chosen, we
conclude that (A BK*) — 0 ast — oo, i.e., A— BK* is Schur stable.

To show that A— %K™ is stable, consider a similar process of system (4.1a) from initial
time ¢t = —L: the initial state z_p,, the inputs u|_ o) and the noises w_r, o) are arbitrarily
chosen (i.e., & is arbitrary), the input is u; = 0 for ¢ > 0, and the disturbances w; for
t > 0 are realized as w, = —X"WKYz,. With the process, we have x;,1 = (A — XWKY)z, for
t > 0, and hence x; — 0 as t — oo because A — XK"Y is Schur stable. We therefore have
ug, wy — 0 and thus § — 0 as ¢ — oo, given the definition of & and the relations u; = 0 and
wy = —XVK"Yx, for t > 0. On the other hand, with the process, we have ¢, = =XV K%,
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given the definition of ¢;, the relation wy = —X" K"y, the relation x; = ®ig&; from Claim
4.8.1 and the definitions of K", %% in (4.79h), (4.78). Therefore, the evolution (4.80) is
reduced as &1 = (/T— iwl?‘”)ft for t > 0, which implies that & = (Z—EWEW)%O fort > 0.
Since & — 0 as t — oo and & is arbitrarily chosen, we conclude that (;I — WK W)t — 0 as
t — o0, i.e., A — 3"K"Y is Schur stable. ¢

It follows from Claim 4.9.1 and the definitions (4.79) that

(A - BK*)(I)aux = (I)aux(g - El?*)v
(A — SVKY) P, = Do (A — SVEW),

(4.81a)
(4.81D)

given Poig = PP,y as Claim 4.9.2 and O], PI] = I, for ®yy of full column rank. By

applying (4.81a) repeatedly, we have (A — BK*)'®,, = D (A — BK*)! for all t € N.
Combining this relation with the fact (A — BK*)" — 0 as t — oo via Schur stability in
Claim 4.9.3, we have

(A —BK")'®,,,—0 as t— o0, (4.82)

which implies Schur stability of A — BK* through Claim 4.9.4.

Claim 4.9.4. For matrices A, B in (4.41) and K* in (4.79a), if (4.82) holds, then A—BK*
is Schur stable.

Proof. We calculate A — BK* as

.

[ [ 0 L 0 0 ]
—Kdy —Kdy —Kdp
0 0 L1 0
(C—-=DK)dy | (C— DK)®y F-TVE
0 Ir—1
L OpLXpL i

which is Schur stable if, and only if, its sub-matrix A is Schur stable. Moreover, since both
A — BK* = {'Sl :] and ®,, = [ﬁ :] are upper block-triangular, (A — BK*)! ®,,, =
{AtS

0
its sub-matrix yields A'S — 0 as t — oo.

j is also upper block-triangular. Since (A — BK*)'®,,, — 0 as t — oo via (4.82),
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Let £ := limy o A" denote the limiting value. Given the definition [Py, Py] =

[C, AL]ST where S denotes {IEL (9] , A can be written as A = D + EST where

I I
D — Dia ( m(L-1)| p(L-1) )
148 [Omm Opxcp

£ = COl(Om(L_l)Xn, —K, Op(L—l)xm C - DK) [C, AL].

Define P := I — SST as a projection matrix. With the fact STP = ST(I — SST) = 0, it
follows that

ASST=A—- AP =A— (D+ESNYP = A—DP.
Left-multiplying the above by A'~! and taking the limit as t — oo, we find that

lim A'SST = lim A! — lim A" DP

t—00 t—o0 t—00
—— Y
=L =L

Since A'S — 0 as t — oo, the left-hand side of above is zero, so the above further reduces
to 0 = L(I — DP). Therefore, to show £ = 0, it suffices to show that I — DP is non-
singular. Suppose a vector z in Null(l — DP). If z ¢ Range(P), then ||Pz|2 < ||z]|2 for a
projection matrix P, and then we have

Izlla = DP=l2 < |[Dlls [Pzl < [|2l2,
—— ——

=1 <lzll2

which is a contradiction. Hence, we know that z € Range(P), which implies that Pz = z
because P is projection. Combining z = DPz and Pz = z, we have (I — D)z = 0, which
implies z = 0 since I — D is non-singular. Therefore, we conclude that Null(/ —DP) = {0}
and [ —DP is non-singular, so we have £ = 0, which implies that A is Schur stable. Thus,
A — BK* is Schur stable. ¢

Given A — BK* Schur stable, we further have Schur stability of A — X"K" through
Claim 4.9.5.

Claim 4.9.5. For matrices A, B in (4.41), 3" in (4.43) and K*, K" in (4.79a), A —BK*
1s Schur stable if, and only if, A — XVK"Y is Schur stable.
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Proof. Since ®,,, € R™>*" by definition has full column rank, there exists a matrix
Doy € R (Ma=ne) guch that Range(®Porn) = Null(®]); it follows that

aux

Paux D] + Poretn @y, = . (4.83)
Define matrices §*, S¥, R*, R",
S = &l (A—BK") Do, 8" = Ol (A—EVK") Donp
R* = &l (A—BK")®ou, RY = ! (A—Z"K")®oun
and it follows from (4.83) that
(A — BK")®oi = PauR* + PorthS™, (4.84)

(A - EWI{W)(I)orth - q)auxRW + q)orthSW-

We moreover notice that S* = S¥ = @/ Ad,, given the definitions of S*, 8" and the

orth
facts ®' . B = 0 and ®! . 3" = 0 which follow from the fact ® &, = 0 via (4.83) and

orth “orth - orth
the relations B = ®,, B and X% = ®,,>"®] from Claim 4.9.1.
Define ®gy := [Paux, Poren] € R *™ which is non-singular given (4.83). The horizon-
tal stack of (4.81) and (4.84) yields
\ A—BEK* R*
(A — BK") P = Psu [ 0 S*] ;
A iy R 5
(A - EWKW)(Dfull = (I)full |: B 0 SW:|

Since A— BK* and A — S¥K" are Schur stable through Claim 4.9.3, the matrix similarity
relations (4.85) imply that A — BK* (resp. A — X"KY) is Schur stable if, and only if, S*
(resp. S%) is Schur stable. Hence, the result follows from the fact S* = S". ¢

With both A — BK* and A — XYK" Schur stable, the pairs (A,B) and (A, X%) are
stabilizable. [}

4.6.8 Proof of (4.57) and (4.58)

Here, we prove (4.57) and (4.58) which are critical results supporting the proof of Propo-
sition 4.11. The results are shown in Subsection D, while in Subsection A, Subsection B
and Subsection C we establish intermediate results.
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A. Preliminary Results

We begin by establishing some useful identities in Claim 4.11.1 that will be leveraged in
the remainder of the proof. Recall the matrices ®org € R™*"¢, @, € R"*"¢ defined in
Claim 4.8.1 and matrix ® = [®y, Py, Pp] € R™™ ™ defined in Claim 4.9.2, with n,, =
mL + pL + pL* and ng :=mL +n(L + 1).

Claim 4.11.1. For the system (4.1) and auziliary model (4.41), it holds for all t € N5
that

Ty = @Xt A@@aux = q)Aq)aux B = @B
w, = dw, Cod,,, = Cd,,, YW= XV,

Proof. The relation x; = &x; follows from Claim 4.8.1 and Claim 4.9.2. We have proved
CPd,, = Cd,, in the proof of Claim 4.8.2. To show w; = ®w; and X% = dXVPT recall
from the definition that w; = Jyw; and X% = JyXWJJ where J := c0l(O(npu—pL)xns O). By
direct calculation one can verify that ®.Jy = I,,, using which we obtain w; = ®w; given w; =
Jow; and obtain X% = ®XWPT given BV = J EWJT We have B = @, B = CI><I>aUXB = ®B,
using Porig = PP,ux as Claim 4.9.2, (IJauxB B from Claim 4.9.1 and B = (IDOHgB which
can be verified by definitions of @ and B. We finally have AP®,,x = ADyig = (IDOHgA =
q)q)auxA PAD,,, where we used Pgrig = PP,y as Claim 4.9.2, Ad,, = @auxﬁ in Claim
4.9.1 and A®yig = (I>0rig}1v which can be verified given the definitions of ®4; and A. ¢

B. Relations of Feedback Gains

We relate the LQR feedback gains K and K as follows.
Claim 4.11.2. For matrices K in (4.16) and K in (4.51), it holds that K®® 4, = KP,x.
Proof. Let C = C®orig and let g,é be as in (4.78). We first show the pair (ﬁ, 5) is

detectable. For A € C, define Hyps := col()\In5 — Z, 5’), which can be permuted into the
form

)\[mL - Dm
M, —D
, 4.86
—B Onxm(L—l) _]n Onxn(L—l) )\[n — A ( )
cc CCy CAL
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wherein D, := {O I’I(L_l)} Since the blocks AI,,;, — D,, and A\, — D,, in (4.86) are
axq

non-singular for all A # 0, to show that (4.86) has full column rank when |A| > 1, we
only need to verify the rank of the last block column in (4.86). Since (A, C') is observable,
O, := col(C,CA, ... ,CA™1) has full column rank, so we have Null(O, A") = Null(A%)
where Null denotes the null space. Note that O, A" is the observability matrix of the pair
(A,CAL), and thus Null(O, AL) is the unobservable space of the pair (A4, CAL). Given
Null(0,AL) = Null(A%), all unobservable states nops of (A, CAL) satisfy Alznops = 0
and hence are strictly stable, which implies that (A, CAL) is detectable. From the Hautus
lemma, col(A,, — A, C' A¥) has full column rank for all A that [A\| > 1. With diagonal blocks
Mz, — Dy M, — D, and col(A], — A, C AL) having full column rank, the matrix (4.86)
has full column rank when |A| > 1, and so does the pre-permutational matrix H,ps, which

implies that (A C) is detectable through Hautus lemma.
Next, we show that P1 P2 with

Pl = (I)T P(I)orlga P2 - (I)T P(I)auxa

orig aux

where P is the solution to (4.17) and P is the solution to (4.52). The equations (4.17) and
(4.52) are reproduced here as

0=A"TPA+CTQC — P— (ATPB+C"QD)
(R+D'QD +B"PB) ™ (B"PA+ D'QC),

0=A"TPA+C'QC-P - (ATPB+ C'QD)
(R+D'QD +B™PB) ' (B"PA + DTQC).

(4.87a)
(4.87b)

Left- and right-multiply (4.87a) by ®1., and P, respectively, and we obtain that

orig

0= PigATPADyig + D1, CTQC Porig — Dl PPorig

orig orig
T yT T AT T T -
—(®iATPB + @, CTQD)(R+D'QD+B"PB) ™
(BTPA®yi, + DTQC®Pyig)
— ATPA+CTQC - P - (ATRB+CTQD)

AU N 4.88
(R+D'QD+B"PB) " (BTPA+D'QC), (4.88)

where the second equality used the definitions C = C®qig and Pl = o P®,e and the

orig
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facts that

0 ATPA® G = ATOL, PO A= ATP A (4.89a)
BTPA®yy = BT}, PboigA =B P A (4.89D)
B'PB=B"0), Pb. B =B"PB (4.89¢)

in which we used relations A®yig = APD, = PAD,,, = @q)auxA CI)OHgA and B = ®B =
(ID(IDauxB (IDOHgB given the identities ®grig = CDq)aux as Claim 4.9.2, A(IDCDaux = OAD,,,

and B = ®B from Claim 4.11.1 and Ad,,, = <I>auxA and B = <I>auxB from Claim 4.9.1.
Similarly, left- and right-multiply (4.87b) by ®]  and ®,,, respectively, and we have

0= ATPAD,, + D] CTQCP,, — ! PD,,

—(®] ATPB + ], CTQD)(R+D"QD+B"PB) !

(BTPA®,,, + D'QCQ,,,)
(R+D'QD + BTP,B)"{(BTP,A+ DTQC), |

where the second equality above used the definition E = oI Pd,,,, the relation CP,,, =

aux

COP, = Clqrig = C given @ ig = PP, as Claim 4.9.2 and CP,y = C PP,y from Claim
4.11.1, and the facts that

] ATPA®,, = AT®! PP, A=ATPA (4.91a)
B'PA®,, = BT®] Pd,,A=BTPA (4.91b)
B'PB = B'®! P®,,.B=B"P,B (4.91c)

given Ad,,, = @auxg and B = ®,, B from Claim 4.9.1. Observing (4.88) and (4.90), w
know that both P; and Pg are (positive semi-definite) solutions to a similar DARE to (4. 17)
and (4.52), for system (A, B, C , D). In fact, this DARE has a unique positive semi-definite
solution, given stabilizable (A, B) via Claim 4.9.3, detectable (A, C) as proved before and
Q@ = 0. Hence, the solutions ﬁl, ﬁg are equal.

Finally, we obtain the result by noting that BTPA®.;, = BTPA®,, via (4.89b),

(4.91b) and BTPB = BTPB via (4.89c), (4.91c), given P, = P,. Hence, it follows from
the definitions (4.16) and (4.51) of K and K that K®y; = K®,.y, which is the result
given ®gig = PP, in Claim 4.9.2. ¢
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We mention some useful identities in Claim 4.11.3 which follow after Claim 4.9.1, Claim
4.11.1 and Claim 4.11.2 and will be used multiple times in the rest of the proof.

Claim 4.11.3. Ifv € R", v € R"™ and v € R™ are such that v = ®v and v = P,,0,
then

Cv = Cw, Kv =Kuwv, Av = OAw, Av = @auxﬁf).

If M €S}, M e S and M ¢ S4¢ are such that M = ®M®T and M = O, MOT  then

aux’

CM =CM®", CMCT"=CMC", CMK" = CMK",
KM =KM®', KMK™=KMK".

Proof. Using C®®,,, = CP,,, from Claim 4.11.1, we have

Cv=Cbv=0C0d,,0=Cd,,0=Cuo,
CM = COMP" = CPP,, MO & = CP,, MP! & = CMPT,

aux aux

CMCT = COMOTCT = 09D, M &TCT = Cd,,, MO CT = CMC.

aux aux

Similarly, using K®®,,, = K®,,. from Claim 4.11.2, we prove Kv = Kv, KM = KM®"
and KMKT = KMK?T in the same way by replacing (C,C) into (K,K). We similarly
have CM KT = CMK'. Using A®®,,, = PAD,,, from Claim 4.11.1 and AP, = P, A
from Claim 4.9.1, we obtain that

Av = Adv = APD,,, 0 = PAD, 0 = PAw,

Av = AD,, 0 = o AT, ¢

C. Relations of Observer Gains

The state variances ¥*, 3*, Kalman gains Lk, Lk and Luenberger gains L, , L are respec-
tively related as follows.

Claim 4.11.4. For matrices 3, Lx, Ly in (4.11) and ¥*, Lk, Ly in (4.46), it holds that
(a) ¥ = dX*PT and X* = B, XD for some XX € S

aux

(b) Ly = ®Lk and Lk = <I>aux~LK for Some~LK € Rnexp;
(¢) LL = ®L. and L = ®, Ly for some L € R™*P,
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Proof. We first show 3% = &,,5*®T in (a). Let C := C®qpig and let A, B be as in (4.78).

Since (A, %) is stabilizable through Claim 4.9.3 and (A, C) is detectable as shown in the
proof of Claim 4.11.2, the DARE

S = ASRA TS AT (CSE O ) 1O T (4.92)

has a unique positive semi-definite solution £*. Left- and right-multiply (4.92) by ®,,x and

by ®] respectively, and we have

O 20 =&, ATATOT L P, ST

aux aux aux

o AT (OO L OSA T T

aux

— AP, DT AT+ P, SVDT — AD,, P CT

(CP,u D] CT+3Y) " CP, 0T AT, (4.93)
where the second equality used @auxg = A®d,,, in Claim 4.11.1 and used C = CDyig =
COP,,x = CP,ux applying Porig = PPaux as Claim 4.9.2 and CPP,,x = CP,y in Claim

4.11.1. Due to (4.93), ®,,X*®T is a (positive semi-definite) solution to equation (4.46a).

Since the DARE (4.46a) has a unique positive semi-definite solution ¥*, we have 3* =
Dy 0],

Then, we show XX = ®X*®T in (a). Left- and right-multiply the DARE (4.46a) by ®
and by ®T respectively, and we have
PXPT = PATATPT + OX"PT — PAXTCT
(CZCT + 2Y)'Cx*ATaT

4.94
= APXPTAT + XV — AP PTCT (4.94)
(COT*PTCT +2Y) 1CPX*PTAT,
where the second equality used ®X¥®T = Y% from Claim 4.11.1 and used relations

PATATPT = ADTPTAT, PATCT = ADX*PTCT and CE*CT = COX*PTCT implied
by

PAY = PAD,, D) = ADD,, TP = ADTX,

aux aux

CE* = CP,, P = CPD,, S 0] = CPE*,

aux aux

which applied AP, = APD,,, and CP,,, = CPD,,, from Claim 4.11.1. Due to (4.94),
OX*PT is a (positive semi-definite) solution to the DARE (4.11a). Since (4.11a) has a
unique positive definite solution ¥*, we have ¥* = @3*PT.
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We finally show (b) and (c). Given the definition of Lk and L, we obtain Lk = @, Lk
and L|_ = (DauxLL

Ly := S*CT(CZ*CT 4+ 1Y) = &0l
= $,, 0] CT(CECT + ¥Y) ! = &, Lk

aux

LL = ALK - Aq)ausz - CI)auxl/LIzK - q)ausz

with choice Lx = &I CT(CEZ*CT+Y)"! and L, := ALk, where we used ¥* =

@aUXEXQ)LX and Ad®,,, = &, A from Claim 4.9.1. With definitions of Lk, L, Lk, Ly,

we have

Lg := 2*CT(CY*CT 4+ xv)
= OXCT(CECT +2¥) ! = DLy,
L|_ = ALK = @ALK = (I)LL,

where we used C¥* = CNEXQ)T and C¥*CT = CEX*CT through Claim 4.11.3 with selection
(M, M, M) + (£%,3*,%%), and used ALx = ®PALk implied by Av = ®Aw from Claim
4.11.3 where v,v,v are chosen as the i-th columns of Ly, Lk, Lk, respectively, for ¢ €

{1,...,p}. ¢

D. Proof of (4.57) and (4.58)

With the results in Subsection A, Subsection B and Subsection C, we are able to prove
(4.57) as Claim 4.11.6 which follows after Claim 4.11.5, and prove (4.58) as (c) in Claim
4.11.7.

Claim 4.11.5. For matrices =, Ag in (4.19) and E, As in (4.53), we have (a) E = E, and
(b) Ay = PADT and Ay, = O, AP with some A, € Sig, for all s € Zy ny.

aux

Proof. The relation (a) Z = E follows from the definitions Z := CX*CT + ¥¥ and E =
CY*CT + ¥ and from the relation CX*CT = CEXCT through Claim 4.11.3 with selection

(M, M, M) + (X%, %, ) given (a) in Claim 4.11.4.

For an intermediate result, we show for » € N5, that

(A—BK) L = ®(A —BK)" Ly, (4.95a)
(A —BK)" L = &, (A—BK)" L, (4.95b)
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with L, in Claim 4.11.4 and K := K®,,,. We show (4.95b) by induction: the base case of
r=0as L= ®,,L is from Claim 4.11.4; given the r = ¢ case of (4.95b), we have
(A - BK)*"'L, = (A—BK)(A-BK)°L,
= (A—BK)®, (A — BK)L,
= &, (A — BK)(A — BK)L, = ®,,(A— BK)*"'L,
as the r = ¢ + 1 case of (4.95b), where the second equahty applied the r = ¢ case, and
the third equality used A®,,, = q)auxA and B = <I>auxB from Claim 4.9.1. We then show
(4.95a) by induction: the base case of r = 0 as L = ®L; is from Claim 4.11.4; given the
r = ¢ case of (4.95a), we have
(A— BK)*"'LL = (A— BK)(A— BK)'L,
=(A— BK)?®(A - BK)'L,
= (A— BK)®®, (A — BK)L,
= ®(A — BK)®,u(A — BK) L,
= ®(A - BK)(A - BK)°'L, = ®(A — BK)*"'Ly,
as the r = ¢ + 1 case of (4.95a), where the second equality applied the r = ¢ case, the

third and fifth equalities used (4.95b), and the fourth equality used A®®,,, = PAD,,, and
B = ®B in Claim 4.11.1 and used K®®,,, = K®,,, as Claim 4.11.2.

Through the relations (4.95a), (4.95b) and = = E, we obtain (b) Ay = PA,PT and
A, = B, ®] . by choosing
A= (A—BEK)" L .EL(A—- BK)'T. ¢

Claim 4.11.6. For matrices Ay in (4.19) and A in (4.53), we have Ay = A for s €
Zio,Ny, i-e€., relation (4.57) holds.

Proof. Given definitions (4.19a), (4.53a) of A;, A and the relation = = E as (a) in Claim
4.11.5, it suffices to show CA,CT = CA,CT, KA,KT = KA,K" and CA,KT = CA, KT,
which relations are obtained through Claim 4.11.3 with selection (M, M, M ) (As, Ay, A )
given (b) in Claim 4.11.5. ¢

Claim 4.11.7. With given Ty +n) and given 0, if 1§, pi5, oy, pi satisfy (4.56) for some
[l X, then we have

(a) 15 = Quy and pi = Payiy with some i € R™,
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(b) Ty = OXy and Xy = Doux %t with some %t € R", for allt € Zy, j+n), and
(c) §, =¥, for all t € Zj 1Ny, i.e., relation (4.58) holds.

Proof. (a) We obtain pf = ®gigfty by combining (4.14) and (4.56), and obtain g = @,y /i)
by combining (4.45) and (4.56), where we let 1 := (1 — 0)u + 0%, Then, uf = dp
follows from @i = PP,ux, and thus (a) is proved.

(b) Prove by induction. Base Case. Select Ty = py. The t = k case of (b) follows
from (a) and relations Ty := uf as (4.12¢) and Xj := p} as (4.49c). Inductive Step.
Assume the ¢ = 7 case of (b) for some 7 € Z, p4n—9), and thus we have

- via (4 12a)

Lri1 ) Az, + Bu, = DA%, + ®B7, " &

®X7+17
where the second equality used B = ®B in Claim 4.11.1 and AZ, = ®AX, through Claim
4.11.3 with selection (v,v,?) < (Z,,X.,T,) given (b) of t = 7. Moreover, we have

- via ( 449a —
Xr41 A T+BuT — q)auxA xT"‘q)auxBuT - (Daux-r‘rJrl

by choosing %TH = A %T + ETLT, where the second equality used B = @auxé in Claim 4.9.1
and AX, = @, AT, through Claim 4.11.3 with (v,v,0) < (Z,,X.,Z,) given (b) of t = 7.
Thus, we have the t = 7 + 1 case of (b). This shows (b).

(¢c) We have CZ;, = CX,; applying Claim 4.11.3 with selection (v,v,?) <« (it,)'ct,gt)
given (b). Thus, (c) is obtained as

—

_ via via (4.49b) _
Yy = C%t + Du; = CX; + D, (: : Yy ¢

4.6.9 Proof of Claim 4.13.1

Proof. We first show an extended result Claim 4.13.2 which implies Claim 4.13.1. Recall
the matrices ® € R" " . € R™ ™ and P, € R™*"¢ used in Section 4.6.8.

Claim 4.13.2. At control step t = k in processes a) and b), if

i) the states T3 = x® are equal in processes a) and b), and

i) the parameters i, 1% in process a) and the parameters S, ik in process b) satisfy

(4.56),
then, fort € Zj pyn,), we have

(a) the states x3 = x° are equal in processes a) and b),
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b) the variable T; in process a) and the variable X; in process b) satisfy ©; = ®x; and
t 1 t t
X; = Py for some z; € R,
and, fort € L p4n,), we have

(c) the inputs u? = u® are equal in processes a) and b).

(d) the outputs y? = y° are equal in processes a) and b),

Proof. We prove by induction. Base Case. We show (a) and (b) for t = k. Result (a) of
t = k is exactly as condition i). Through Proposition 4.11 and the fact that both problems
(SMPC) and (SDDPC) produce unique optimal 6, the values of 6 are the same in processes
a) and b). Given condition ii), p} in process a) and pf in process b) satisfy pf = Pu}
and py = Pauuty for some g1 according to Claim 4.11.7. Combining these relations with
&, =} as (4.13d) and X, := p as (4.48¢c), we obtain (b) of ¢t = k by choosing & := [},
as

A X X ~— ~— X ~x N
Ty = My = (I)l'l'k = CI)cha X = K = (I)aux,uk = CI)auxxk-

Inductive Step. We assume (a) and (b) for ¢t = 7 € Zy, y4n.), and then prove (c), (d) for

t = 7 and (a), (b) for t = 7+ 1. The control inputs u?, u° are obtained through (4.15)

and (4.50) respectively, where the nominal inputs @, are the same according to Proposition

4.11 and the fact that both problems (SMPC), (SDDPC) produce a unique optimal @, i.e.,
W =1, — K(i, — 7,), u?=1u, K% —X,).

Thus, we have (c) u2 = u® of t = 7, because of K7, = KX, by applying Claim 4.11.3 with

z7 satisfy (b) of ¢ = 7, and because of K7, = KX,

T T

(v,v,0) + (27,%X;,27) where Z_,X
by applying Claim 4.11.3 with (v,v,0) < (Z,,X,,T,) given T, = ®X, and X, = P, 7,
via Claim 4.11.7. Tt follows that (d) y2 = y2 holds for ¢ = 7 and (a) 22, = 2P, holds
for t = 7 + 1, according to the system dynamics y> = Ca%z + DuZ + v; as (4.1b) and
xz = AxZ + BuZ + w, as (4.1a), for z € {a,b}. Finally, we prove (b) for t =7 +1 as

follows,

- via (4.13)

i "8 4G 1 Bt 4 L (2 - C)
— DA%, + OBul + OL (1 — Cx0) 8 ax
%2, O A% 4 Bub + L (1f - CX))

= Cay A iy + ‘bauxéuE + (I)auxZL(yE - Cx;) = CI)auxgg;ﬂ
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by choosing :i’v;ﬂ .= A, + Bul + L (y® — CX3), where we used B = ®B in Claim 4.11.1,
B = ®,,,B in Claim 4.9.1, L, = ®L_ and L, = ®L, in Claim 4.11.4, and Ai. = ®AX.
and Ax, = ®,,,A 27 by applying Claim 4.11.3 with (v, v, ) < (2,x;,x;) where z7,x_, 7

satisfy (b) of ¢ = 7. Hence, we proved (c), (d) for ¢t = 7 and (a), (b) for t = 7 + 1. The
result follows by induction. ¢

The result 1) in Claim 4.13.1 is covered by (a), (c), (d) of Claim 4.13.2. The rest of the
proof shows the result 2) in Claim 4.13.1. From (b) of Claim 4.13.2 with ¢t = k 4+ N, we
have

.Z'k+NC - @@auxx;_"_]\fc, Xk+Nc - @auxx;_"_]\[c. (4.96)

From Claim 4.11.7 with t = k + N., we have

:_Ek+NC = (I)q)auxi'kJrNC? )_(kJrNC = (I)auxi'kJrNc- (497>

Recall that pf NS 0 ., in Algorithm 5 and T NS 75 n. in Algorithm 6 are obtained
through (4.36) and (4.59) respectively. Combine (4.96) with (4.36) and combine (4.97)
with (4.59), where we note ®oig = PPy, and then we obtain relation (4.56) with k& + N,

in place of k, where we select i, v = Ty n, and fig, y, = Tryn,; this is the result 2) in
Claim 4.13.1. |
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Chapter 5

Conclusions and Outlook

Data-driven predictive control (DDPC), as a subfield of data-driven control, has emerged
as a prominent research topic in recent years. DDPC methods such as Data-enabled
Predictive Control (DeePC) and Subspace Predictive Control (SPC) have demonstrated
practical utility through various experimental applications. On the theoretical side, it has
been established that both DeePC and SPC can yield control actions identical to those
produced by Model Predictive Control (MPC) for deterministic linear time-invariant (LTT)
systems. This theoretical equivalence between data-driven and model-based control has
captured our interest and forms the foundation of our research. Our overarching research
objective is to extend this equivalence to broader classes of systems beyond deterministic
LTT systems.

5.1 Contributions

In this thesis, we contributed to the field by developing DDPC methods for linear time-
periodic (LTP) systems, as a type of linear-time varying (LTV) systems (Chapter 3),
and proposing a novel DDPC framework for stochastic LTI systems (Chapter 4). Both
frameworks were shown to achieve equivalence with MPC or Stochastic MPC under specific
conditions, providing theoretical advancements of DDPC to more complex system types
beyond deterministic LTI systems. Our proposed DDPC methods were also validated
through simulations, demonstrating practical advantages over benchmark control methods.

In Chapter 3, we focused on LTP systems of known periods, as a specific type of
LTV systems. The classical lifting technique of LTP systems is reviewed as a preliminary.

122



We reviewed some established results in the behavioral systems theory for LTV systems
and then developed a definition of order and lag for LTV systems, which extends the
notions of order and lag which were defined only for LTI systems in the previous behavioral
framework. For LTP systems in particular, we constructed the relation of the behaviors
of LTP systems and their lifted systems, and established a fundamental lemma for LTP
systems, which generalizes Willems’ fundamental lemma [31] from LTI systems to LTP
systems. We finally proposed Periodic DeePC (P-DeePC) and Periodic SPC (P-SPC)
methods for LTP systems, which DDPC methods produce equivalent control actions with
classical MPC for deterministic LTP systems, under tuning conditions. Simulation results
provide evidence that regularized versions of the approach is robust to noise-corrupted
data.

In Chapter 4, we proposed a Stochastic Data-Driven Predictive Control (SDDPC)
framework, accounting for either chance constraints or distributionally robust Conditional
Value-at-Risk (DR-CVaR) constraints. As an intermediate step, we introduced an auxil-
iary model of a stochastic LTT system, as a specific (non-minimal) realization of the system.
The auxiliary model can be accurately represented by noise-free offline data and be approx-
imated by noisy offline data from the system. Using the auxiliary model, we constructed
our SDDPC framework with components analogous to those in Stochastic MPC (SMPC),
such as data-driven feedback policies and data-driven state estimation. Theoretically, we
demonstrated that our SDDPC method can generate control inputs equivalent to those
of SMPC under tuning conditions and the assumption of noise-free offline data. While
in practice offline data is noisy, our data-driven control method achieved reliable tracking
performances in simulations. Simulation results further highlight the practical advantages
of our approach compared to benchmark control methods, showing both lower cumulative
tracking costs and lower rates and amounts of constraint violations.

5.2 Potential Future Topics

Based on our broad objective to extend the equivalence between model-based and data-
driven control beyond deterministic LTI systems, there are other relevant research topics
beyond the scope of the thesis. As mentioned in Section 1.4, the extension can be pursued
for stochastic system, non-linear systems and time-varying systems. Here, we enumerate
several relevant topics of the author’s interest.
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Behavioral Systems Theory for Stochastic Systems

The behavioral systems theory was originally developed for deterministic systems [23, 24,

, 20, 27, 28, 29, 30], and extending it to stochastic systems remains an open and active
area, with some initial attempts [112, , |. Due to the close relationship between
the behavioral theory and DDPC methods, extension of behavioral systems theory for
stochastic systems would facilitate the further development of stochastic DDPC. Currently,
while several stochastic DDPC methods [78, 79, 73, 74, 75, 76] have been established
with theoretical performance equivalence with SMPC, those theoretical results rely on
strong and impractical assumptions on offline data, such as noise-free offline data [78, 79]
and knowledge of the offline disturbance signal [73, 74, 75, 76]. Establishing a stochastic
behavioral theory could pave the way for the development of stochastic DDPC methods
that achieve equivalence to SMPC, while relying on more practical and less restrictive
assumptions about offline data.

The author envisions that developing a stochastic behavioral theory could address two
key challenges: capturing the stochasticity in online data and accounting for the uncer-
tainties in offline data. First, the behavior of stochastic systems could be formulated in a
distributional manner, offering a more complex representation than the single behavior set
used for deterministic systems. Unlike in the deterministic case, where a trajectory either
belongs to or lies outside the behavior set, in the stochastic case, a trajectory may belong
to the behavior with a probability. This probabilistic formulation reflects the inherent
stochasticity of online data trajectories in stochastic systems.

Second, one may consider a distribution or an ambiguity set of possible behaviors, since
the behavior identified using Willems’” fundamental identified is based on offline data, which
is inherently noisy in stochastic systems. This topic can be framed as the development of
a stochastic version of Willems’ fundamental lemma, addressing the impact of uncertainty
of offline data.

Data-Driven Predictive Control for a Variety of Time-Varying Systems

Several DDPC methods have been established for specific types of time-varying systems,
as reviewed in Section 1.4. DDPC methods for linear time-periodic (LTP) systems [77]
and linear parameter-varying (LPV) systems [77, 58] have been established with theoretical
equivalence to MPC methods, supported by associated extensions of Willems’ fundamental
lemma. However, for other types of time-varying systems, existing DDPC methods (e.g.
[09, 60]) were developed without a theoretical connection to model-based control methods,
although they provided performance guarantees such as closed-loop stability. Therefore, an
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open and active research topic is to develop DDPC methods with theoretical equivalence to
model-based methods for a broader range of time-varying systems, such as slowly-varying
systems. This topic is closely related to further extensions of Willems’ fundamental lemma
and novel developments in behavioral systems theory for time-varying cases.
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