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Abstract— This paper presents the implementation of a
two degree-of-freedom, high-precision, magnetic-levitation-
based positioning system. The apparatus employs one perma-
nent magnet linear synchronous motor and is constructed by
Quanser Inc. The paper focuses on the design and testing of
a nonlinear controller required for actuating the positioning
system. The controller is based on feedback linearization and
output regulation. Experimental results show that the controller
is capable of performing both set-point stabilization and sinu-
soidal tracking over the complete operating range to within
a specified degree of accuracy, with an acceptable amount of
overshoot and settling time.

I. INTRODUCTION

In semiconductor manufacturing, many of the process
stages require positioning systems, referred to asmicrostep-
pers, capable of several degrees of freedom (DOF) with
significant speed and precision [1]. As new technology
causes the dimensions of semiconductors to further decrease,
there is an increasing interest to replace traditional me-
chanical microsteppers by contactless positioning devices,
as mechanical actuators introduce impurities into processing
and require costly maintenance. Contactless positioning can
also be applied in other areas (such as nanotechnology,
probing and inspection systems) where significant speed and
precision are required at multiple degrees of freedom, and
provides challenging nonlinear dynamics for the testing of
control theory.

In [2], Kim and Trumper proposed a contactless microstep-
per which employs single sidedair cored permanent magnet
linear synchronous motors (PMLSM) to actuate six degrees-
of-freedom. Individually, PMLSMs produce both a normal
and translational force when sufficient control is applied.
When several are combined in appropriate fashion, multiple
degrees of freedom can be achieved.

In [3], modelling and nonlinear control designs were
presented for an idealized three degrees-of-freedom device
which employediron cored PMLSMs. This device was
designed to work over a large range of operation and to
employ standard PMLSMs commonly found on the market.
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In [4], two of the authors of this paper initiated the
experimental verification of [3], using a simplified 2-DOF
apparatus. Specifically, a parameter identification technique
developed in [5] was used to estimate the parameters of
the model in [3] and then compared the forces predicted by
the model to the actual forces exerted by the PMLSM. The
comparisons demonstrated the accuracy of the mathematical
model over a wide range of operation (100 mm ×10 mm).

The focus of this paper is to apply the results from [4]
in the design of a nonlinear controller capable of set-point
stabilization and sinusoidal tracking across the complete
operating range of the 2-DOF apparatus, using feedback
linearization and output regulation. The goal is to obtain a
steady-state set-point accuracy greater than0.1 mm and an
average tracking error approaching0.1 mm. Because the 2-
DOF apparatus is a first generation proof of concept, no other
performance specifications were imposed upon the controller.

We begin our discussion with a description of the 2-DOF
contactless positioning hardware, along with the correspond-
ing model derivation. This is followed by a brief summary
of the system identification and model verification from [4].
The nonlinear controller design procedure is then outlined
in conjunction with a series of experimental results. The
paper concludes with a description of future extensions to
the magnetic levitation implementation.

II. DESCRIPTION OF 2-DOF HARDWARE

A photo of the hardware implementation is shown in
Figure 1. As mentioned earlier, we employ a single sided
iron-cored PMLSM. Thestator of the PMLSM, which is

Fig. 1. 2-DOF magnetic levitation hardware implementation

fixed in place to a heavy aluminium frame, is longitudinally
laminated and transversally slotted in order to accommodate
a single layer of 3-phase winding. Themover, which is



TABLE I

SPECIFICATIONS FOR2-DOF MAGNETIC LEVITATION HARDWARE

Parameter Symbol units value
Stator slot width b0 mm 12.7
Stator slot pitch t1 mm 19.05
Turns per phase W – 900
Coil pitch ωc mm 57.15
Stator pole pairs p – 3
Number of stator slots z1 – 18
PM height hm mm 5
PM length LA mm 50
Number of PM’s pm – 4
Pole pitch τ mm 57.15
PM width τp mm 28.58
PM coercivity Hc A/m 875400
Back iron height hb mm 4.7
Back iron width – mm 50
Back iron length – mm 200.0
Horizontal Mover Mass Mh Kg 1.594
Vertical Mover Mass Mv Kg 4.350

attached to two orthogonally mounted linear guides allowing
for horizontal and vertical movement, is composed of a
set of four type N35 permanent magnets (PM) attached
to a ferromagnetic backing. The details of the hardware
specifications are summarized in Table I.

The 3-phase AC current required to actuate the stator coils
is provided by a set of three linear current amplifier modules
(LCAM) which are sent commands via a PC. The horizontal
and vertical position information is provided to the PC by
two linear optical encoders with a resolution of10 µm.
Controllers are implemented using the WINCON real-time
code generator with Simulink as an interface.

The 2-DOF hardware has a horizontal range of approxi-
mately±50 mm and a vertical range of approximately±10
mm. The goal is to obtain steady-state set-point positioning
accuracy of at least0.1 mm and tracking accuracy approach-
ing 0.1 mm over the above mentioned horizontal range and
a vertical range of±5 mm, with as much speed as possible.

III. MODEL OF 2-DOF SYSTEM

The following is a brief summary of the model derivation
applied specifically to the 2-DOF system. The details of the
modelling can be found in [3].

Consider the inertial frame of the single PMLSM that
forms the basis of the 2-DOF system, which is shown in
Figure 2. LetLA be the depth of each PM along thez axis,
hm be the height of the magnets,pm the number of PM’s,
g the air-gap length,t1 the slot pitch,b0 the slot aperture,
τ the PM pole pitch,τp the PM pole arc,µrec the relative
PM recoil permeability, andσm the surface magnetic charge.
To account for the effects of the stator slots, replace the air-
gap g by the effective air-gapge, with ge = gKc, where
Kc denotes Carter’s coefficient. In addition, letia, ib, and
ic denote the instantaneous 3-phase currents applied to the
PMLSM stator coils. DefineW to be the number of turns of
wire on each phase,p the number of pole pairs in the stator,
wc the coil pitch, andkw1 the winding factor.
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Fig. 2. Inertial frame of a single PMLSM

We define the horizontal motion to be along thex-axis
while vertical motion is fixed to they-axis. Defining G

as the gravitational acceleration constant andMh and Mv

as the horizontal and vertical masses of the platform to be
levitated1, one obtains the following 2-DOF system model

ẋ1 = x2,

ẋ2 = G − L4(x1)[u
2
1 + u2

2] + L3(x1)u2 − L2(x1),
ẋ3 = x4,

ẋ4 = −L1(x1)u1,

(1)

where

x = [g, ġ, d, ḋ]T , u = [iq, id]
T ,

L1(x1) = K1(x1)
Mh

,

Li(x1) = Ki(x1)
Mv

, i = 2, . . . , 4,

K1(x1) =
12

√

2Wkw1pmLAσmµ0λ̃(x1) sinh( π
τ

hm) sin(
πτp
2τ

)

πpKc(x1) sinh( π
τ

(hm+x1))
,

K2(x1) =
λ̃(x1)LApmτBpmy1(x1)

2

4µ0

,

K3(x1) =
λ̃(x1)3

√

2LApmWkw1Bpmy1(x1) coth( π
τ

(hm+x1))

p2Kc(x1)
,

K4(x1) =
λ̃(x1)18LApmW 2k2

w1
µ0 coth2( π

τ
(hm+x1))

τp2Kc(x1)2
,

λ̃(x1) = 1 −
b2
0

4t1(x1+
b0
2

+ hm
µrec

)
.

The function Bpmy1(x1) represents the magnetic field
produced by the PM’s and is numerically approximated using
a 12th degree polynomial. Furthermore,id and iq represent
the direct and quadrature current inputs to the PMLSM. They
relate to the 3-phase currents as follows

id =
2

3
cos(

π

τ
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3
)ib
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3
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π

τ
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3
)ib
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2

3
sin(

π

τ
x3 +
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3
)ic.

(2)

The model (1) has unknown parameters and does not
account for friction, cogging forces, and end effects. It was

1The horizontal and vertical masses of the platform are different due to
the design of the 2-DOF apparatus



necessary in [4] to develop a system ID procedure and verify
the model accuracy within a reasonable range of operation.
These procedures are outlined in the section that follows.

IV. SYSTEM ID AND MODEL VERIFICATION

As discussed in [4], it was necessary to implement a
system identification technique and apply it to the estimation
of the unknown (or not perfectly known) model parameters
from (1). The resulting system identification technique was
based on the work presented by Pan and Başar in [5].

The results from [5] present a series of techniques to
estimate constant parameters that enter linearly into nonlinear
systems. The methods are based on minimization of a cost-
to-come function and formulated in terms of a minimax
design problem. While several variations of the estimation
technique were presented, the one chosen for implementation
was known as the reduced-order noise-perturbed full-state
information (NPFSI) estimator. This technique was chosen
in [4] because of its simplified structure and the fact that it
did not require measurement of the state derivatives.

The reduced-order NPFSI estimator was used in three
different ways. First, to estimate the horizontal dynamics.
Second, to estimate a series of lumped parameters within the
vertical dynamics. Lastly, to estimate all lumped parameters
simultaneously within the horizontal and vertical dynamics.

In each case, it was necessary to have procedures in place
to verify how accurately the predictions of the horizontal
and vertical dynamics matched the actual behavior of the
physical system. This was done by collecting a series of
current and force measurements produced when the 2-DOF
apparatus was actuated with a set of PID regulators.

The model verification results from [4] showed that the
2-DOF system model enhanced with estimated parameters
could accurately predict the behavior of the physical system
in an air-gap range between15 and25 mm and a horizontal
range between−50 mm and50 mm. For air-gap values any
smaller then the15 mm limit, the effects of uncertainties
such as the cogging force became significant and could no
longer be ignored within the theoretical model.

To illustrate the effectiveness of the enhanced 2-DOF
system model, Figures 3 and 4 compare the states measured
from the actual system with the theoretical predictions.

Given that the plant is open-loop unstable, these results
clearly demonstrate the accuracy of the final system model.

V. NONLINEAR CONTROLLER DESIGN

With the verification complete, the 2-DOF system model
enhanced with estimated parameters can now be used to
design a suitable nonlinear controller for actuation of the
contactless positioning system.

In [3], two nonlinear stabilizers were presented, together
with two procedures to rigorously estimate the range of
operation of the associated closed-loop systems. Here we
focus on the second controller presented in [3], which is
based on feedback linearization, and implement a mod-
ification of it which addresses the presence of constant
disturbances due to friction and bearing misalignment on
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Fig. 3. Comparison between the actual and predicted vertical states
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Fig. 4. Comparison between the actual and predicted horizontal states

the linear guides. Besides achieving set-point stabilization,
we want the controller to also achieve sinusoidal tracking.

For convenience, we make a slight modification to the
model (1), incorporating two parameters∆1 and ∆2 rep-
resenting constant uncertainties due to friction and bearing
misalignment

ẋ1 = x2,

ẋ2 =G − L4(x1)[u
2
1 + u2

2] + L3(x1)u2

− L2(x1) + ∆2,

ẋ3 = x4,

ẋ4 = −L1(x1)u1 + ∆1.

Consider next the feedback transformation

u1 = −
v1

L1(x1)
,

u2 =
L3(x1) −

√

R(x1, v1, v2)

2L4(x1)
,

(3)

where

R(x1, v1, v2) =L3(x1)
2 + 4L4(x1) (−v2

− L4(x1)U(x1, v1) − L2(x1)

+G) ,

U(x1, v1) =
(

v1

L1(x1)

)2

.



The resulting system reads as

ẋ1 = x2,

ẋ2 = v2 + ∆2,

ẋ3 = x4,

ẋ4 = v1 + ∆1.

(4)

Note that the system has outputy = (x1, x3). Before pro-
ceeding further with the design ofv1 andv2, it is well to note
that the feedback transformation (3) is well defined on the
setA = {(x, v) : R(x1, v1, v2) ≥ 0, L1(x1) 6= 0, L4(x1) 6=
0}. Thus, in order for our controller to make sense, after
choosingv1 and v2 we need to estimate what is the range
of operation of the device, that is, the largest set of feasible
initial conditions x(0) guaranteeing that(x(t), v(t)) ∈ A
for all positive time. This is precisely what was done in
Procedure 2 in [3]. Owing to the fact that the choice ofv

here is different than that in [3], Procedure 2 in [3] needs
to be modified. Doing this is beyond the scope of this paper
(and will be done elsewhere), so we rather focus on showing
experimentally that our controller is well-defined over the
range of interest.

We next choosev1 and v2 to make x1 and x3 track
a constant step or a sinusoid of fixed frequencyω0 (or
a combination of the two) while rejecting the constant
disturbances∆1, ∆2. This control specification is best posed
as a linear output regulation problem [6], [7], [8] where the
exosystem is

ẇ1 = ω0 w2,

ẇ2 = −ω0 w1,

ẇ3 = ω0 w4,

ẇ4 = −ω0 w3,

ẇ5 = 0,

ẇ6 = 0,

ẇ7 = 0,

ẇ8 = 0,

(rv, rh, ∆1, ∆2) = (w1 + w5, w3 + w6, w7, w8),

(5)

and the output to be regulated ise = (e1, e2) = (x1−rv, x3−
rh). The internal model is made of two copies of the same
system

ξ̇v = φξv + Ne1, y2 = Γξv,

ξ̇h = φξh + Ne2, y1 = Γξh,
(6)

where

φ =





0 1 0
0 0 1
0 −ω2

0 0



 , N =





0
0
1



 , Γ = [1 0 0].

It is useful to think of theξv and ξh subsystems in (6)
as being two internal models for the vertical and horizontal
dynamics, respectively. For simplicity of implementation, we
exploit the fact thatw1, . . . , w4 in the exosystem (5) and
x1, . . . , x4 in (4) can be assumed to be available for feedback

and complete the output regulator design by letting

v1 = Kh





e2

ė2

ξh



 + Γξh, v2 = Kv





e1

ė1

ξv



 + Γξv, (7)

whereKh andKv are chosen so as to stabilize the augmented
system below when when∆1 = ∆2 = rv = rh = 0.

ẋ1 = x2,

ẋ2 = Kv





x1

x2

ξv



 + Γξv,

ẋ3 = x4,

ẋ4 = Kh





x3

x4

ξh



 + Γξh,

ξ̇v = φξv + Nx1,

ξ̇h = φξh + Nx3.

The final controller is thus given by (3), (6), and (7). In
what follows, the controller performance is evaluated.

VI. EXPERIMENTAL RESULTS

The resulting nonlinear controller was implemented using
WINCON. Its ability to track step and sinusoidal responses
was evaluated and compared with some linear counterparts.

A. Controller Set-Point Performance

Using the following values for the horizontal and vertical
controller gains in (7),

Kh = [ −1182 −55 −154440 −45128 −11924 ],

Kv = [ −1662 −65 −360360 −103350 −20332 ],

the resulting nonlinear controller was used to stabilize
the system to a series of set-points over the ranges of
[−50 mm, 50 mm] horizontal and[15 mm, 25 mm] vertical.
Figure 5 shows the response of the vertical system states
to the step commands in addition to the absolute vertical
positioning accuracy. Figure 6 displays the same results for
the horizontal system states. Finally, Figure 7 demonstrates
the amount of current input required to achieve theses results.
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Fig. 5. Plots of vertical state responses to set-point commands
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Fig. 6. Plots of horizontal state responses to set-point commands
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The plots demonstrate the effectiveness of the nonlinear
controller in performing set-point stabilization to the required
0.1 mm accuracy with settling time below3 s over a wide
operating range. Different experiments, not reported here,
showed that the controller was capable of driving the tracking
error to within encoder resolution (10 µm) in about10 s.

Although no additional controller specifications were set,
it should be noted that while the present controller gains
produce short transient, the overshoot on the vertical steps is
quite large and could potentially limit the range of motion.
By making the following adjustment to the vertical controller
gains,

Kv = [ −1592 −81 −55736 −11573 −15825 ],

Figure 8 shows how the step response now exhibits much
smaller vertical overshoot at the cost of a longer settling
time (still below3 s). Depending on the final industrial ap-
plication, either the overshoot or settling time may be a more
important factor. The results show that controller adjustments
can be made to accommodate either requirement.

The superior performance of the nonlinear controller is
clearly visible when compared with a linear counterpart.
The linear controller under consideration for this comparison
is the same linear output regulator from (7), but without
the addition of the feedback transformation (3). In order

0 5 10 15 20 25 30

0.014

0.016

0.018

0.02

0.022

0.024

0.026

time (s)

V
er

tic
al

 P
os

iti
on

 (
m

)

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

1
x 10

−3

time (s)

V
er

tic
al

 E
rr

or
 (

m
)

Actual Response
Reference Signal

Fig. 8. Plots of vertical step response when controller gains are adjusted

to make a fair comparison, the model in (1) is linearized
around a set-point̄x and an output regulator with the
same structure as (6)-(7) is designed so that the resulting
closed-loop system poles coincide with the poles that the
nonlinear controller induces in the feedback linearized plant.
Next, various step responses are measured with steps of
varying magnitude, ending at̄x. Figure 9 shows the re-
sults. The first step response is small, starting from the
initial condition of (0.026 m, 0, 0, 0) and ending atx̄ =
(0.024 m, 0, 0.005 m, 0). The second step response is larger,
starting at the same initial condition as before but terminating
at x̄ = (0.018 m, 0, 0.020 m, 0).
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Fig. 9. Plots comparing linear and nonlinear controller performance

The results show that while both the linear and nonlinear
controller can handle a small step command, the linear
response demonstrates a much larger transience and settling
time. When subjected to the larger step command, the linear
controller makes the plant unstable while the nonlinear con-
troller still exhibits excellent performance. It should benoted
that around5.5 seconds, the instability exhibited by the linear
controller causes a safety mechanism within the real-time
code to shut-down the system, which is why the oscillations
halt at that point in time within Figure 9. An equivalent
comparison was attempted between the nonlinear controller
and the PID controller that was implemented to generate



the necessary persistency of excitation for the system ID
procedure. However, since the PID performed very poorly,
it was clear that a detailed comparison was not necessary.

B. Controller Tracking Performance

For the tracking experiments, we chooserh(t) and rv(t)
to be sinusoidal signals with amplitude30 mm and5 mm,
respectively, and a frequency ofω0 = 1.5π rad/sec. The
vertical referencerv(t) also includes an offset of20 mm. The
same controller gains from the set-point experiments were
employed in the nonlinear controller. Figure 10 summarizes
the tracking results obtained from the nonlinear controller.
The horizontal tracking error averages about0.11 mm with
occasional peaks that reach0.4 mm. The vertical tracking
meanwhile averages0.24 mm with peaks that reach0.8 mm
.
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Fig. 10. Plots showing tracking performance of nonlinear controller.

The nonlinear tracking performance was deemed satisfac-
tory despite the fact that the vertical error is about twice
the desired specification. While adjustments to the tracking
performance were attempted, no significant improvements
were achieved beyond the results that were presented. This
is likely due to hardware limitations, namely the Coulumb
friction of the linear guides and their imperfect alignment.
The tracking performance of the nonlinear controller is
significantly better than that of a basic PID arrangement that
was utilized during the model verification experiments in [4].
Figure 11 summarizes the tracking results obtained when the
PID-based controller is used to track the same sinusoidal
references as in the nonlinear case.

It can clearly be seen that the PID-based controller pro-
duces significantly more tracking error. Specifically, the aver-
age horizontal error is now about0.19 mm, while the vertical
error now approaches0.9 mm. The nonlinear controller has
therefore been shown to produce an improvement of at
least50% in the tracking error when compared to the PID
arrangement.

VII. CONCLUSIONS AND FUTURE WORK

This paper has shown how a system model enhanced
using estimated parameters from [4] was used to design
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Fig. 11. Plots showing tracking performance of PID-based controller

a nonlinear controller, based on feedback linearization and
output regulation, to actuate a 2-DOF positioning system
employing a single PMLSM and constructed by Quanser Inc.
The experimental results obtained from implementing the
nonlinear controller demonstrate that the positioning system
is capable of satisfactory set-point and sinusoidal tracking
with a performance that exceeded some linear counterparts.

These results show promise for the next phase of the
research, which entails implementing a more sophisticated
next-generation positioning system, with 3-DOF and con-
structed from 4 PMLSM’s. Once the 3-DOF apparatus is
complete, the nonlinear controller design procedure pre-
sented in this article will be implemented on this new test
platform with more rigid control specifications.

Future work will extend the concept beyond the 3-
DOF implementation, increasing the number of degrees-of-
freedom, decreasing the dependence on linear guides and
bearings, and eventually produce a contactless prototype
more suitable for industrial applications.
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