ECE410 - CONTROL SYSTEMS

Midterm Solutions
November, 2004

. Suppose you are given the linear system

. |0 -1 0
[ ]
(a) Write the modal decomposition of x(t) when v = 0. [10 marks]

(b) Suppose u = @, where 7 is a constant. Show that for any initial condition the solution (x4 (t), z2(t))
moves along a circle described by the equation

(z1(t) +1)? + 23(t) = constant.

[15 marks]

(a) First compute the eigenvalues and eigenvectors of A:

i) = Gi-iy, w=| L] w=| ).

—J J
Let xg = &1v1 + &vg where §; € C. Then the modal decomposition is:

z(t) = ellg [ _;. } + eIt [ j ] :

(b) First compute the state transition matrix:

[32) |

A:PlAPZ[j 0.].
0 —Jj

. 1 1 .
QAL — peht p—1 _ 11 j 0 7 Ty | cost —sint |
=J J 0 —Jj 7 5 sint  cost

Now use the variation of constants formula to compute the solution:
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z(t) = eMry + / eA(t*T)Bu(T)dT
0
r . t .
_ cost —sint cos(t—7) —sin(t—r71) 0 |_
~ | sint  cost } o+ /0 [ sin(t —7)  cos(t — 1) 1 udr

r . t .
_ cost —sint }wo—i-/ [ —sin(t — 7) ]UdT
0

| sint  cost cos(t — )

. [ costzig — sintxag —u + costu
o sintzig + costaag sin tu

[ cost (z10 + W) —sint x99 — U
| sint (z10 + %) + cost 0

Next we verify that
(z1(t) +7T)? + 23(t) = const.
Substituting the solutions in the expression above
cos? t(w19 + )% + sin? ta3, — 2sint costrag(x10 + W) + sin® t(z10 + W)? + cos? txd, + 2sint cos twag(v10 + )
= (cos?t +sin? t)(z3y + (23, + 7))

=13y + (23, +7)? = const



2. Suppose the eigenvalues of A are {—1,—1,—1,2}. Suppose
rank[A — Mx=—1 = 2.

Find the Jordan form of A. [10 marks]

The Jordan form is

-1 0 0
0 -1 0 0
0 0 -1 0
0 0 0 2



3. Consider the control system in Jordan form:

M 1 0 0 0 0 0 000
0O M 0 0 0 0 0 100
00X 0 0 0 0 010
g=| 0 0 0 X 0 0 O0|z+|0 0 1]u
000 0 0 X 1 0 11 2
00 0 0 0 X 1 010
L 00 0 0 0 0 X ] |00 1]
1120020
y=[101201 1|z
1023022

(a) Give a test for determining by inspection (without a computer) if the system is completely con-
trollable? completely observable? [10 marks]

(b) Using the test you wrote above, determine if the system is completely observable. [10 marks]

(a) To test controllability by inspection when A is in Jordan form one uses PBH test:

rank[A—X B]=n VA € eig(A).
To test observability by inspection when A is in Jordan form one uses the dual version of PBH
test:
rank [ A 5/\[ ] =n VA € eig(A).
(b) Since
rank [ 4 _O)\2I } =6

the system is not completely observable.



4. Consider the system
.11 1 " 11
TTlo 2T 1 oo "
Can this system be stabilized to the origin? Explain. If yes, design a stabilizing controller to achieve

exponential convergence to the origin with rate e=>*. Note: use the multi-input procedure, i.e. design
an inner feedback loop to make the system single input first. [20 marks]

To stabilize the control system to the origin, it must either be controllable or stabilizable. First let’s
check controllability. We get

1 1 2 1
rank(Qc):rank[l 0 —2 0]:27

so the system is completely controllable. This means we can do pole placement design.

Following the multi-input procedure, we first compute u = K1z + ejv.
1 2 0 0
e-[1 2] s-[oe]

so K1, = SQ~! = 0. The new single input system is

T = Az +biv.
Now design v = Fax = [ f1 f2 ]z
fi+l fa+1
A+ b F =
+h fi fa—2

The characteristic polynomial is:

det(sI — A—b1F) =35> +5s(1— f1 — fa) + (=2 —3f1 + fo).

t

In order to achieve exponential convergence to the origin with rate e = we must set both eigenvalues

of (A+ b1 F) to —5. Thus, the desired characteristic polynomial is:

5% 4+ 10s +25.
Equating coefficients,
I-—fi—fe = 10
—2-3fi+f2 = 25.
We get F = —9 0]. The overall controller is

0 0
uzK:E:elsz[_g 0}.



