ECE216: Signals and Systems

Winter 2024

Prof. J. W. Simpson-Porco

% The Edward S. Rogers Sr. Department

of Electrical & Computer Engineering
B8 BN

UNIVERSITY OF TORONTO

Complete Course Notes
This Version: December 20, 2023



About these slides

These slides are prepared and maintained by Prof. Simpson-Porco.
They are based on material from many sources, including EE102
notes from Stanford, ECE301 notes from Purdue, ELE301 from
Princeton, MATH334 from Queen'’s, textbooks by Oppenheim &
Willsky, Lathi, Kwakernaak & Sivana, and Levan, and previous
course notes written by Prof. S. Draper and Prof. M. Wonham.

Please report any typos you find in the slides to Prof. Simpson-

Porco at jusimpson@ece.utoronto.ca.


jwsimpson@ece.utoronto.ca

Table of Contents

Introduction

Fundamentals of Continuous and Discrete-Time Signals

The Fourier Series

The Fourier Transform

Sampling, Aliasing, and Interpolation

Fundamentals of Continuous-Time Systems

Analysis of Continuous-Time Systems using the Fourier Transform

Analysis of Continuous-Time Systems using the Laplace Transform

© o N o R wp o=

Fundamentals of Discrete-Time Systems
10. Appendix: More on the DT Fourier Series and DT Fourier Transform
11. Bonus: Vector Space Concepts in Signals & Systems

12. Bonus: Introduction to Image Processing



1. Introduction

e course mechanics
e topics & outline
e what are signals & systems?

e motivating engineering examples
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Course mechanics

course website: Quercus

course information sheet and course website are the authoritative

administrative references
lectures: multiple sections, multiple instructors

these are the course notes. There is no official textbook. Extensive
supplementary reading from standard textbooks is listed

evaluation: labs, midterm(s), final
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Core prerequisites

» ECE 212: Circuit Analysis

® transient/steady-state response of a circuit
® |aplace transform analysis of circuits

® phasor analysis of circuits

» MAT290: Advanced Engineering Mathematics
® manipulating complex numbers
® solution of constant-coefficient linear ODEs, homogeneous and
particular solutions

® Laplace transforms

We are assuming that you are comfortable with the mechanics of
the above material, i.e., that you can perform the basic

computations. Please refer to your previous notes as needed.
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About these course notes

» the instructor for your section will let you know the precise manner in
which these notes will be used, if at all

P the notes are not an exhaustive textbook
® they give a succinct (but reasonably complete) presentation

® supplementary reading is listed at the end of each chapter of these
notes; see for additional exposition and extra problems

® blank space at end of each chapter for your personal notes and
additional examples from lecture

® all MATLAB code used in notes is on Quercus! Enjoy!

Section 1: Introduction
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Major topics & outline

fundamentals of continuous-time (CT) and discrete-time (DT) signals

analysis of signals in the frequency-domain

® fourier series analysis of periodic signals

® Fourier transform analysis of signals
fundamentals of CT systems: LTI systems, causality, convolution

analysis of CT systems in the frequency domain

® [ aplace transform analysis of CT systems

® Fourier transform analysis of CT systems
fundamentals of DT systems: LTI systems, causality, convolution

example applications: signal processing, communications, control
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Why study signals and systems?

» it is a foundational subject; methods used across all engineering

disciplines, and within many non-engineering disciplines
» it is a unifying subject; synthesis of ideas from engineering and math

» it can be broadly applied in wireless/digital communications,
audio/image/video processing, feedback control, automotive and
aerospace, medical imaging and diagnostics, energy systems,
economics and finance, spectroscopy, crystallography ...

If you let it, this course will open your eyes to the interplay
between mathematics and engineering, and the common

math foundations of many disparate engineering topics
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Strategies for success

if you need to, review complex numbers, ODEs, and Laplace

transforms; we are assuming you know this material
attend lectures

be competent in performing the calculations, but make sure you
understand the ideas

attempt all homework problems

take advantage of tutorials and instructor office hours
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What is a signal?

» a signal is any phenomenon carrying quantitative information

» could describe a physical quantity, or a variable within an engineering
algorithm; most often, we think of signals as changing over time

a(t
z[n]

» note: the “signal” is the entire plot, i.e., the whole function

» 2(t) or xz[n] is the value of the signal at the time instant ¢ or n
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Examples of signals

AM or FM radio signals
audio, video, images

ethernet or wireless internet signals

vV v vy

pressure, temperature,
concentration, volume

position, velocity, force
voltage, current, charge, flux
quarterly revenue at a company

the daily price of a stock

vV v v v.Y

hourly CAD/USD exchange rate
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Key questions about signals

(i) what are some important types and properties of signals?

(i) can we analyze a complicated signal by decomposing it into simpler
“building block” signals?

(iii) conversely, can we combine “building block” signals and combine
them to synthesize more complicated signals?

(iv) what is the “spectrum” or “frequency-domain”, and how does it
help us understand, analyze, and design signals?

~ g
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What is a system?

» a system is some transformation — call it 7" — that turns one signal
x (the input) into another signal T{z} (the output)

z —| T |— y=T{x}

» the value of the output signal at time ¢ is y(t) = T{x}(¢)

» the operation T' could be

® very simple (e.g., multiplication by a constant)

® very complex (e.g., described by a long piece of computer code)

» important intermediate case: linear time-invariant systems
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Examples

electrical circuits

biological circuits

your cellphone

robotics systems
automotive/aerospace systems
digital signal processors

machine vision systems

vV VvV vV vV VvV VY

the economy

v

the stock market

Section 1: Introduction
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Example: wireless audio communications

—| Microphone

Radio
Transmitter

Atmosphere

Radio
Receiver

Speaker

—>

» p,p are pressure signals, v, are voltages, and x,Z are EM waves

» if this communication system works well, then we should have p =~ p

» the overall system consists of a combination of subsystems; we

typically build a model for each subsystem (i.e., block) in the diagram

» from an engineering perspective, not all blocks are the same

® some blocks we get to design (e.g., the radio receiver)

® some blocks are determined by nature (e.g., the atmosphere)
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Example: recording and storing audio

Microphone

—

Digital
Recorder

Disk
Drive

2 MP N
4 3 4 Speaker

Player

» p,p are pressure signals, v, are voltages, and x,Z are bit sequences

The process of sampling converts a continuous-time
(analog) signal into a discrete-time (digital) signal J

5
—~ |\
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0 T, 3Ty 5Ty 7Ty 9T, 11T, 0123456 7891011
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Section 1: Introduction



Example: feedback control system

——> O—>| Controller |—> Engine — Car >

Spedometer |

» a cruise-control system attempts to maintain a car at a desired
velocity vges despite changes in road conditions and wind

» to do this, the cruse controller measures the velocity v, computes the
velocity error e = vges — v, and the controller decides how to adjust

the gas/brake in order to reduce the error

» you will be able to study control systems in detail in ECE311
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Example: control of power converters

» a DC/AC power converter with associated control loops

%giL*gé‘:em*Sé T
S sl { ;
~ 8 Q 8 [ i i
e’ ?_e_c _______ f:_l;_é::::::::::::::::::::::::: ________ i i
3 § Cc i ac-DG i
FCEE 5 D .
83 =1 i :
S

» feedback control is used extensively in renewable energy applications

» typically many interconnected subsystems, multiple feedback loops
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Key questions about systems

what are the most important models of systems?

what do standard properties of systems mean, including

® linearity
® causality
® time-invariance
® stability

and how are these properties characterized?

why are linear time-invariant (LTI) systems so important?

how can we analyze, understand, and design LTI systems?

Introduction



>

Section 1

Mathematics notation

if X and Y are sets, then f: X — Y means that f is a function
which assigns to each z € X a value f(z) €Y

X is the domain of f: the set of all allowable arguments = we can
give f. The set Y is the codomain of f, the set where f takes values

in this course the sets X,Y are usually one of

(i) the set of all integersZ ={...,—2,-1,0,1,2,...}
(ii) the set of all real numbers R
(iii) the set of all complex numbers C

we sometimes consider Cartesian products of these sets. For
example, R3 = R x R x R is the set of all ordered triples (x,v, z) of

real numbers z,y, z € R

for two sets A and B, A C B means that A is a subset of B

Introduction 1-18



Supplementary reading

O-W: A. V. Oppenheim and S. Willsky, Signals and Systems, 2nd Ed.

BB: B. Boulet, Fundamentals of Signals and Systems.

BPL: B. P. Lathi, Signal Processing and Linear Systems.

K-S: H. Kwakernaak and R. Sivan, Modern Signals and Systems.

EL-PV: E. Lee and P. Varaiya, Structure and Interpretation of Signals and Systems, 2nd Ed.

vV YyvVvVYyYvVYYy

ADL: A. D. Lewis, The Mathematical Theory of Signals and Systems.

Topic | o-w |BB|BPL| K-S |EL-PV| ADL |

Big Picture / Motivation || 1.0, 2.0| 1 | 1 [1.1-1.3|1.1-1.3|V4 1.1, 21|
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2. Fundamentals of Continuous and
Discrete-Time Signals

e continuous-time (CT) and discrete-time (DT) signals
e manipulating signals

e periodic signals

e support and finite-duration signals

e even and odd signals

e action, energy, and amplitude of signals

e special CT and DT signals

e sinusoidal signals, complex numbers

o CT complex exponential signals

e DT complex exponential signals

Section 2: Fundamentals of Continuous and Discrete-Time Signals



Continuous-time (CT) signals

Definition 2.1. A continuous-time signal is a function of one (or more)
independent variables which range over the real numbers R.

15 Examples
01) > 1Dreal: 2:R—R

= 0 » 1D complex: z: R — C
Oz » 2D: a topographical map
B T rz:R? 5 R

» 3D:videoz:R2xR > R

» z is the signal, we write z(t) for the signal’s value at time t € R

» the signal is usually defined for all arguments t € R
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Discrete-time (DT) signals

Definition 2.2. A discrete-time signal is a function of one (or more)
independent variables which range over the integers Z.

Examples
1.5
. » IDreal: z:Z —- R
0.5 . .
S TIT HT 79 » 1D complex: z:Z — C
05 l‘H J‘ll » Bit stream: x : Z — {0,1}
713 » Grayscale image:

un
[S)
!
S
S)
5

1 x: 72 —[0,1]

» x is the signal, we write x[n] for the signal’s value at time n € Z

» the signal is defined only at integer times n, not “in-between”.
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Sampling: from CT signals to DT signals

» some signals are naturally modelled in discrete-time (e.g., text)
» DT signals also arise via regular sampling of a CT signal z

» this produces a sampled DT signal z¢ defined as

= z(nTy), T, = sampling period.

N TN ~ s
\l/ \L/ N_&¥

0 T 2n 3L
t
» Examples: audio (44,100 samples/sec), video (30 samples/sec),
digital camera (5,000,000 RGB samples per image).
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Interpolation: from DT signals to CT signals

» given a DT signal « and a sampling period T, we can construct a
corresponding CT signal x,., via a zero-order hold

Taon(t) = x[n] for nTy <t < (n+ 1)T

=| 9 f =
IR
54321012345 5030 —-T.0T, 3T, 5T
t

n
» we hold the value z[n] until we reach sampling time n + 1, and then

we change to the new value z[n + 1] (other possibilities?)

Section 2: Fundamentals of Continuous and Discrete-Time Signals
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Pointwise operations on CT and DT signals

pointwise addition: if we have two signals f, g we can build a new
signal h = f + g which takes the values

h(t) = f(t) + 9(), h[n] = fln] + g[n

pointwise scaling: we can scale a signal f by any constant « to
build a new signal h = af which takes the values

h(t) = af (1), h[n] = afn]

pointwise multiplication: if we have two signals f, g, we can build a

new signal h = f - g which takes the values

Fundamentals of Continuous and Discrete-Time Signals



More operations: time-shifting a signal

» we can time-shift a CT signal x by ¢ty € R to obtain xz(t — tg)

z(t —0.6)

0 0
0 1 2 0 06 1.6 2.6
t t

» we can time-shift a DT signal = by ng € Z to obtain z[n — ng]

2 2
o il T il
d %, '
-5 0 5 10 -5 0 5 10

n

» ty,ng > 0 means we delay in time; negative means we advance

Section 2: Fundamentals of Continuous and Discrete-Time Signals



More operations: time-scaling a CT signal

» we can time-scale a CT signal = by a € R to obtain x(at)

—
=
= &N
8

[=}
[V}
[=}
o
ot

» || > 1 compresses the time axis, |a| < 1 expands time

» if a < 0, time effectively flips (runs backward)

D
= =
= U
8
0 0
0 1 2 -6 -3 0
t t
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More operations: time-scaling a DT signal

» you can time-scale a DT signal x by any a € Z, yielding xz[an]

2 2
= TT f = 0 I 1
2 L l =
-2 -2
-5 0 5 10 -5 0 5 10

P this operation sub-samples the signal x; in the above example with
«a = 2, we keep only every other sample

» o must be an integer! The expression x[n/3] makes no sense (why?)

Section 2: Fundamentals of Continuous and Discrete-Time Signals



More operations: combine shifting and scaling

» you can time-shift and time-scale y(t) = z(at — ) in two steps
(i) time shift = to obtain v(t) = z(t — 3)
(ii) time scale v to obtain y(t) = v(at)

Check: v(at) = x(t — B)|i=at
=z(at — ) = y(t).

T(Qf — fo)

o(t) = a(t ~ 1)

0
0 1 2 tg 1 2 to 1 2
t

t t

» note: the above is not the same as first time-scaling by «, then
time-shifting by [3; you should try this for yourself and see.

Section 2: Fundamentals of Continuous and Discrete-Time Signals



Periodic CT signals

Definition 2.3. A CT signal z is periodic if z(t) = x(t + T for some value
T >0 and all t € R. The smallest such value of T, denoted by Ty, is called the

fundamental period of x.

Examples

» sin(t) has fundamental period

1
% 0 Tg =27
T H H H H H » sin(27t/7) has fundamental

period Tp = 7

0 Ty 2T
t » square waves, triangle waves, ...

» the period is not uniquely defined, but the fundamental period is

» edge case: is a constant CT signal is periodic? Fund. period?

Section 2: Fundamentals of Continuous and Discrete-Time Signals
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Periodic CT signals

SBTALS

» the fundamental period T}

tells us how long a periodic
0 T 2T
t

signal takes to repeat itself

» the inverse fy = 1/T tells us how often or how fast the signal
repeats, and is called the fundamental frequency.

» the units of fj are cycles/second, called Hertz (Hz)

2
OJ():27Tf0:i,

Section 2

» we often instead work with the fundamental angular frequency w

units = radians/second

Fundamentals of Continuous and Discrete-Time Signals
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Periodic DT signals

Definition 2.4. A DT signal z is periodic if z[n] = z[n 4+ N] for some

integer N > 1 and all n € Z. The smallest such value of N, denoted by Ny, is
called the fundamental period of z.

Qf 1 Examples

§/O l TTT lll TTT lll T » sin(27n/8) has No = 8

% » cos(2mn) has No =1
-10 5 0 5 10

» we often use the frequency and angular frequency
1 2 .
fo =+ [cycles/sample]  wy = 27 fy = —— [radians/sample]
NO NO

» is a constant DT signal is periodic? Fund. period?

Section 2: Fundamentals of Continuous and Discrete-Time Signals
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Periodicity of sums of signals

Is the sum of two periodic signals always periodic? No. )

» counter-example: consider sin(t) and sin(7t)

sin(t)

sin(7t)

sin(t) + sin(nt)

Section 2

Fundamentals of Continuous and Discrete-Time Signals

> sin(t) has Ty = 2 = 2r

> sin(mt) has Ty = 2Z = 2

Even if we wait forever, the
two periods will never “line up”
with each other, because

2% — 7 is irrational ...
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Periodicity of sums of signals

» the two periods will eventually line up with one another if one period
is a rational multiple of the other ...

Theorem 2.1. Let 1, x5 be periodic CT signals with fundamental
periods T1 and Ty. If Ty /T is rational, i.e., if T1 /T2 = k/I for some
positive integers k, [, then x1 + x5 is periodic with period T' = [T} = kT5.

Proof: Let z(t) = x1(t) + z2(t). We calculate for any ¢t € R that

Z(t+lT1) = .’El(t +lT1) +x2(t+ lTl)

=z1(t) + z2(t + kT2) (periodicity of z1)
=z1(t) + z2(t) (periodicity of x2)
=2(t)

so z is periodic with period IT7. Similar calculation shows that z(t + kT2) = z(t).
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Periodicity of products of signals

» the same idea works for products of signals!

Theorem 2.2. Let 1, x5 be periodic CT signals with fundamental
periods T and T5. If T} /T is rational, i.e., if T1/T5 = k/I for some
positive integers k, [, then x1 ® x5 is periodic with period T' = [T} = kT5.

sin(3mt)
- o e

sin(3t) sin(5mt)

sin(57t)
o e

Section 2: Fundamentals of Continuous and Discrete-Time Signals
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Signal support

Definition 2.5. The support supp(x) of a signal x is
» CT case: the smallest closed set containing {t € R | z(t) # 0}
» DT case: the set {n € Z | z[n] # 0}.

Basic Idea: The support tells you where the signal is non-zero. )

supp(z) =R supp(z) ={t e R |t >0}
ON\/\M o /N
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Right-sided signals

» in many applications signals “begin” at some time, then continue

Definition 2.6. A CT signal z is

» right-sided from time T if z(t) =0 for all t < T

» right-sided if it is right-sided from time T', for some T'.
A DT signal z is

» right-sided from time N if z[n] = 0 for all n < N

» right-sided if it is right-sided from time IV, for some N.

OJ\/\/\N 060 0 0 000 T?
[1

0 0
t n

Section 2: Fundamentals of Continuous and Discrete-Time Signals



Finite-duration signals
» while our signals are defined for all ¢ € R or all n € Z, in practice, we
often measure a signal over a finite duration . ..

Definition 2.7. A signal z is of finite duration if it equals zero outside
some bounded time interval. Otherwise, the signal is of infinite duration.

» put differently, supp(z) is contained in a bounded interval

= =
8 8
O Tl
0 0
Finite-duration signals <= periodicsignaISJ
2-38
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Periodic signals —> finite-duration signals (CT)

» let xper be a periodic signal with fund. period Ty. Then we can

define a finite-duration signal

CCper(t) if 0 <t<Tp

Zan(t) =
0 otherwise
1 1
1 R
S| S
0 0
t t

Nothing fancy; we just cut the periodic signal off after one period. )
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Periodic signals < finite-duration signals (CT)

» now let x5, be a finite-duration signal with supp(za,) C (0, To] for
some Ty > 0, and define

oo

Tper(t) = Z Zan (t — kTp)

k=—o0
» claim: x, is periodic with period Tj.

» to see this, we can calculate that
xper(t + TO) Zk:- -Tﬁn( + TO - kTO)

= Zki Tan(t — (k — 1) Tp)

~——
m
o0
= Z Zan (t — mTp)
m=—0o0

= Zper(1)!
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Even and odd signals

Definition 2.8. A CT signal = is even if x(t) = x(—t) for all t € R, and
is odd if x(t) = —x(—t) for all t € R.

» the corresponding definition for DT signals is obvious

— —

Even Signal
Odd Signal

» we can decompose any signal x as £ = Teven + Todd, Where

rovn(t) = ZOEECD -y = X0 D

Section 2: Fundamentals of Continuous and Discrete-Time Signals



The size of a signal: action, energy, amplitude

» question: how “big" is a given signal? There are many completely

distinct ways to answer this question, all useful in different contexts.

Definition 2.9. The action ||z||; of a signal z is defined as

o0 o0
[ = / ()] dt, lzlli =D [aln]l.
—o0 n=—o00
If the action is finite, then we write € Ly (CT case) or x € ¢; (DT case).
2 2
1 1
o <0
& 1
-1 -1
-2 -2
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The size of a signal: action, energy, amplitude

Definition 2.10. The energy ||z||% of a signal z is defined as

IImH§=/ | (t)[* dt, 3= lz[n].

n——oo

If the energy is finite, then we write z € Lo (CT case) or = € ¢y (DT case).

> intuition: if = represents electrical current, then |z(t)|? is
proportional to power, and we integrate to obtain energy

2 2
1 1
= =0
=
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The size of a signal: action, energy, amplitude

Definition 2.11. The amplitude ||x||» of a signal = is defined as
e = mace(t) -]
If the amplitude is finite, then we write z € Lo, (CT) or z € { (DT).

» finite amplitude signals are also called bounded signals

2 2

: : N\N\A/\/\AAN\
=0 =0
-1 -1
-2 -2

» note: we should write “sup” instead of max, but we won't worry about it.
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Example: action, energy, amplitude in a circuit

Iy

. . The current i1 through Ry is
11 12
. Ry

R® g 3w 0= gk

Suppose that Io(t) = e=2 for t > 0
and [o(t) =0fort <0

o0
: _ _R —2t _1_R
i = s [ 7= el

" R \2 [T —m 1 ( R \?
”“HQ = (R1+2R2> A € dt = 4 Rl+2R2)
. R —2t R
l[i1]loo = ex mrme = Wi
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What's with the “L” notation?

the sets Ly, Lo, Lo, are actually vector spaces of signals
Ly={f:R—=C||flisfinite}, Ly=---, etc.

you can find a bit more on the vector space perspective in the

appendix, and in the supplementary textbooks

this provides a powerful and far-reaching viewpoint for signal analysis,
but is a bit beyond our overall scope in ECE216

FYI: the “L" stands for Lebesgue, the French mathematician who
formalized these ideas

Fundamentals of Continuous and Discrete-Time Signals



Relationships between action, energy, amplitude

Do these sets of signals “overlap”? Yes, but only partially, and
the relationships between them are a bit complicated. J

o (D) =

» curious minds can find more information in the handout on Quercus
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Action, energy, amplitude for periodic signals

» our definitions so far are for non-periodic signals

» if x is periodic, simply restrict the sums and integrals to one period

T() TO
lalls = [ lo®lde Nollf = [ @P o = e fote)
0 0 teR

Rp=T No—1 B
ol = 3 lelnll  Jlal= 3 fafu)? 1ol = maxfaln]
n=0 n=0

P to distinguish the periodic and non-periodic cases, we use the notation
per per per gper
Ll ’ L2 ’ ngr gl ’ £2 ) g};(c)r

for periodic signals with finite action, energy, and amplitude

Section 2: Fundamentals of Continuous and Discrete-Time Signals



Action, energy, amplitude for periodic signals

The inclusion relationships between the sets of signals is a bit
simpler for periodic signals.

J

per __ gper __ pper
(P = (BT = gpe

per per

Section 2: Fundamentals of Continuous and Discrete-Time Signals




Special signals: the CT and DT unit steps

» the CT wnit step u(t) and DT unit step u[n]

1.5
1 | |
1 ift>0 =
ult) = = =0
0 ift<O0 o
-0.5
-10 -5 0 5 10
t
1.5
1 ifn>0 1
ITn =
a={t = s ]
0 ifn<O 0
-0.5
-10 -5 0 5 10

» also known as the Heaviside function

Section 2: Fundamentals of Continuous and Discrete-Time Signals



Special signals: the CT and DT unit steps

» multiplying by the step creates a signal that is right-sided

SO\/V\/\/\/\/ 304’\/\/\/
8 =

0
t t

» the unit step is useful for building more complex signals, e.g.,

Z,i_oo(—l)’“(uw — k) —u(t—1—k))

x(t) =

-4 -2 0 2
2-51
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Special signals: the DT unit impulse

the DT wnit impulse §[n] is the signal

1.5

1

0 if 0 =
o[n] = I n# = 09
1 ifn=0 0

-0.5
-10 -5 0 5 10

n

shifted signal 6[n — k] places the impulse at time k € Z

useful for building new signals, e.g.,
z[n] = d[n] + 26[n — 1] + 108[n — 3] + - - -
exercise: convince yourself that the following relationships hold:

uln] = Z o[k], d[n] = u[n] —uln —1].

k=—oc0
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Special signals: the DT unit impulse

» for any DT signal x, we have the so-called sifting formula:

for any time ng € Z : Z x[n]d[n — ng] = z[no).

n=—oo
» the proof is by direct calculation:

3" ln—nolaln] =+ (O)lno — 1] + (alno] + (0)alno +1] +---

n=—oo

= z[no]

Multiplying any DT signal by a DT impulse and summing over all time

“picks out” the value of the signal at the location of the impulse.

J
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Special signals: the CT unit pulse

» the CT symmetric unit pulse of duration A > 0 is the signal

D=

1 A A=

pa(t) =

A
0 otherwise

~AJ/2 0 A/2
t

» note: the area under the unit pulse is always equal to one, since

/pA(t)dt:/ Lar=1

— A/QA

Fun to think about: what would happen if

we made this pulse shorter and shorter? J
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Special signals: the CT unit impulse

» the CT wnit impulse d(t) is defined as §(t) = lima 0 pa(t)

] Main Idea: §(t) is an
idealized pulse at t = 0

z which is very fast and very
[T large in size.
| |
— —
0
¢
» Note: §(t) has unit area, since
o0 (o) o0
o(t)dt = li t)dt = li t)ydt =1
[ smar= [ jimpatyae=Jim [ paty

» shifting by to, i.e., (¢t — to), places the impulse at time ¢
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Sifting property of the CT unit impulse

Fact: x(t)0(t) = x(0)d(t) for any signal z that is continuous at ¢ = 0. )

Proof: By definition, we have

li La@) if —2<t<2
S(O5(t) = Tim pa(a(t) = 4 Tmamoxet) -5 st<3
A—0 0 otherwise.

As A — 0, z(t) over —% <t< % will get closer and closer to x(0), so

)8(t) = 2(0) lim pa(t) = z(0)3(t).

x
( A—0

» extension: we have x(t)d(t — tg) = x(to)d(t — to), which leads to

oo

“Sifting formula”: for any time ty € R : /

— 00

2(t)8(t — to) dt = z(to).
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Plotting the CT unit impulse

» we can't plot the CT impulse like a normal signal

» nonetheless, it's useful to plot impulses by drawing vertical arrows

» for example, for a constant T > 0, we can plot

s(t) = Z:’:m 5(t — nTy)

4
0 ‘

- =321 =Ty 0 2Ty 3T
t

as
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Section 2

Rules for working with the CT impulse

question: if x is a continuous CT signal, should

/ xz(t)6(t)dt equal 0?7 equal 2(0)?
0

answer: The expression is ambiguous; we must avoid it!

to fix this, we let 0~ and 0 be values infinitesimally to the left and
to the right of 0, i.e., 07 < 0 < 0F. Then, formally, we write

/ z(t)8(t) dt = z(07) / z(t)d(t) dt = z(0T)

—o0

= limz(t — i
o (t) ltlll})l z(t)

we will consider these formulas valid even if z(0) has a jump at ¢t = 0,
as long as the appropriate left or right limit exists.
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Section 2

Final comments on the CT unit impulse

the CT impulse is not a “normal” signal, like the ones you are used to

from studying calculus; it is known as a generalized signal

the sifting property can be thought of as the defining property of the

CT impulse; we understand §(¢) via how it acts under an integral,
rather than by the values it takes at any particular t € R

we (sadly) can't do some rather elementary things with 6(¢). For
instance, the expression d(t)? is meaningless, as is asking “What is
the value of §(t) at ¢ = 07"

remarkably, we can still do calculus with §(t), and in fact
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Special signals: sinusoidal signals

» recall: some basic trigonometry on the unit circle
y-axis
A

dj. .
cosf = E—J = adj. = = coord. sin 0 (cos 8, sin 0)
yp- &
7 |
o . 7
sing = PP _ opp. = ¥y coord. ‘ 9\ L s
hyp cos 0 17 *

(z,y) = (cos ,sin ) J

» sinusoidal signals are obtained by making 6 a linear function of time

0(t) = wot, z(t) = cos(wot), y(t) = sin(wopt)
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Special signals: sinusoidal signals

x — coordinate :  z(t) = cos(6(t)) = cos(wot) = cos(27 fot)
y — coordinate :  y(t) = sin(A(t)) = sin(wot) = sin (27 fot)

» larger wy leads to faster revolution around the circle

» both signals are periodic with fundamental period T, = i—: = %
sin(wo(t + Tp)) = sin(wot + woTp) = sin(wet + 27) = sin(wot).
» if the circle instead has radius r, we simply change things to

z(t) = r cos(wot), y(t) = rsin(wot)
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Section 2

Special signals: sinusoidal signals

Yy
(r cos(wot), rsin(wot))

x
T

att =0, (z,y) = (r,0) = initial angle with the z-axis is zero.

for an initial angle equal to ¢, we can add a ¢ as a phase shift
x(t) = rcos(wot + @), y(t) = rsin(wot + @)

note: if ¢ < 0, this delays the sinusoid by 7 = —¢/w, seconds

therefore, phase shifting is just another word for time shifting of
sinusoidal signals
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Complex numbers

» a complex number z € C is typically written as z = x + jy where

z = Re{z} € R is the real part of z
y = Im{z} € R is the imaginary part of z

e j=+—1 e, j?=-1

» this is called the Cartesian representation of a complex number,

because we think of this as defining a point (z,y) in the plane.

» the distance from the point (z,y) to the origin is the magnitude

r £ [z| = VRe{z}? + Im{z}2 = Va2 + 42
» the angle (in radians) made with the positive z-axis is the phase

0 . arctan gﬁﬁ if Re{z} >0
Im{z}

arctan g+ +m if Re{z} <0
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Complex numbers: polar representation

» magnitude and phase give us the polar representation of z:
z=x+jy=rcos(f) + jrsin(d) = r(cosf + jsinb).

» Euler’s Relation: cos(0) + jsin(f) = e

» therefore, we can write any z as z = rel? (polar representation)
Im{z} N
Some useful special values:
=1
e = ]
T =T = 1
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Common angles on the unit circle

(~1,0) (1,0)

(0,-1)
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Complex numbers: Cartesian vs. polar representation

» the Cartesian representation makes addition easy. If we have
z1 = x1 + jy1 and zo = x5 + jyo then

21+ 22 = (21 + 22) +j(y1 + y2)

“the real and imaginary parts add” J

» the polar representation makes multiplication easy. If we have

21 =169 and zo = roed?2, then
2120 = r11roed?163?2 = ppyed(01102)

“the magnitudes multiply and the phases add” J
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Complex numbers: Cartesian vs. polar representation

» like multiplication, the polar representation makes division easy. If we

have z; = r1ed?1 and z5 = r9e3%2, then

J01
a_ne Eejaleﬁi% — Eej(91*92)

29 roedf2 gy 79

» therefore we have that

1

@ 42291—922121—4252

:
T2 |22|’ Z9

22

“the magnitudes divide and the phases subtract” )
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Section 2

Complex numbers: the complex conjugate
the complex conjugate z* of z =x +jyis z* =z — jy
useful for expressing the magnitude:

22" = (z+jy) (@ —jy)
=2 +j(zy —yzx) - i*y°
— 2?4y

= |2?
in the polar representation z = red? = 7 cos(f) + jrsin(0), we have
z* = rcos(f) — rjsin(h) = rcos(—h) + rjsin(—6) = re 3¢
since cos is even and sin is odd. Therefore (again)
22" = rellre 30 = p2e0-0) — 2 — |52,
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Complex numbers: the complex conjugate

» note: we can write z and z* as
z = Re{z} + jIm{z}, z* = Re{z} — jim{z}

» adding and subtracting the two equations leads to

*

Re{z} = z —;Z , Im{z} = z ;jz

» thus, we can express the real and imaginary parts of z using z and z*

Section 2: Fundamentals of Continuous and Discrete-Time Signals
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Section 2

CT complex exponential signals

to generate a signal, we can take our complex number 7ei? and now
let O(t) = wot be a linear function of time with angular freq. wq

this defines a complex exponential signal z : R — C taking values
2(t) = et = cos(wot) + jsin(wot)
with real and imaginary parts

Re{z(t)} = cos(wot)
Im{z(t)} = sin(wpt)

note: we can equivalently write the real and imaginary parts as

ejwot + e*j&)ot eijt _ e*j&)ot

Re{z(t)} = B e— Im{z(t)} = %
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CT complex exponential signals

: 2m
2(t) = &t = cos(wot) + jsin(wot), To = —
wo
1 1
= =
i 0 ﬁ 0
5 5
-1 -1
-1 0 1 > x
Re{z(1)} t
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Why do we care about complex exponential signals?

1. they are fundamental building blocks for more general signals

2. they are mathematically easy to manipulate; differentiation and

integration again yield complex exp. signals
3. they simplify many formulas vs. using sin and cos

4. the "frequency spectrum” of such a signal is very simple; all energy is
concentrated at frequency wy

Key relationships

el“ot = cos(wot) + jsin(wot)

erJ()t + e—ijt eijt _ e—jUJUt

cos(wot) = 5 sin(wot) = 5
J

Section 2: Fundamentals of Continuous and Discrete-Time Signals 2-72



Section 2

DT complex exponential signals

DT complex exponential signals are superficially similar to their CT
cousins, but now the time index takes only integer values

this produces very important differences with the CT case

recall: our definition of the CT complex exponential signal:
eIt = cos(wt) + jsin(wt)
let's now sample this signal with sampling period T; = 1
z[n] = Y = cos(wn) + jsin(wn)

while x(t) = el rotates smoothly around the unit circle,
x[n] = 3™ jumps from point to point around the circle.
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Complex exponential DT signals xz[n] = e/“"

> example: suppose that w = /2. Then z[n] = &)™, which has the values
{1,j,—-1,—j,1} for n € {0,1,2,3,4}. We are hopping in steps of 90° around the
circle, the signal is periodic, and the fundamental period is Nog = 4.

» example: suppose that w = 57/6. The values of this for n € {0,1,2,...} are
plotted below. When n = 12, we get e3197 = 1, so we come back to the initial

point. The signal is periodic with fundamental period Ng = 12.

1 X 1 X
< N x X
e N e N
/ \ 4 \
0.5 / \ 0.5 % X
/ \ / \
/ \ / \
| = I
B oo ox * Eoopox *
\ / \ /
\ / \ /
0.5 \ 7 -0.5 X x
AN 7/ N\ 7
N Ve N 7
S -7 X %
1 ~ - -1 R
1.5 -15
1.5 1 0.5 0 0.5 1 1.5 -1.5 -1 0.5 0 0.5 1 1.5
Re Re
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Complex exponential DT signals z[n] = e/“"

example: suppose that w = 1. Then z[n] = eI, so we are hopping by one radian
each time we increase n. However, if we hop by one radian, we will never again
hop back to an integer multiple of 27, because 7 is irrational. Therefore this
complex exponential is not periodic.

1 ————
X ~
s x\
/ X
0.5 / 5
/ \
)é \
g 0 %
= | 1
\
\ h
0.5 \ /
\ /
X ~
~
-1 B
-1.5
15 -1 050 0.5 1 1.5
Re

x[n] = €™ can be periodic or aperiodic depending on w! J
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Time-periodicity of complex exponential DT signals

So ... for what choices of w is x[n] = 3™ periodic? )

» periodicity with period N € Zx>; requires that
I = () for all n € Z.

» dividing both sides by e3“™ £ 0 we find that 1 = 3"V or equivalently
27k _ pjwN

for any integer k.

» it follows that we must have

Conclusion: eI is periodic with period NN if the frequency w is an
integer multiple of 2w /N J
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Frequency-periodicity of DT complex exponentials e/

» DT complex exponentials have another completely different
periodicity property

» for any time n, note that

ej(w+27r)n _ ejwnejQﬂ'n — edomn

conclusion: &3 is always a periodic function of w, with period 2.
We say that DT complex exponentials are “periodic in frequency".

.5 s17 5 .
» example: eis™ and el s ™ = eI(67H27)" are the exact same signal

A “larger” frequency does not necessarily mean faster oscillations! )
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Frequency-periodicity of DT complex exponentials e/

> let's plot out cos(wn) = Re{e’"} as w increases from 0 to 27

When w is between 0 and 7, increasing w increases the rate of
oscillation of the signal e¥“™ = cos(wn) + jsin(wn) J
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Frequency-periodicity of DT complex exponentials e/

;
M A e N |- = cos(3t) 1
\ / \ 7 \ 27
\ / \ /) \ , \|—o cos(%n)
\ /
® & d » r/ &
\ / Y J \ / \ /
\ / \ ; \ / \ /
|/ o, N Vo
N\ \ /
R ‘ Nes ‘ &’ ‘ &
0 2 4 6 8 10 12 14 16
t
o2
\ an g N T M M |- cos(Ft)
\ / \\ / \\ AR AR /' \\ ,/ \ — C()S(%n)
\ i \
\ // \ [ \\ ! ! / \ ,/ \ / \\ LY ,/
\ v TN
S VAR AR FEER Y AR VAR VAR AR
V] V|
WK V1 Vo W K v VN |
7 v/ \ \/ v/ \,
| | | | | | |
0 2 4 6 8 10 12 14 16
t

When w = 7, we obtain el™ = (—=1)™, so the signal jumps back and forth between
+1 and -1; this is the fastest that a signal can oscillate in discrete-time. J
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Frequency-periodicity of DT complex exponentials e/

As w increases beyond

7, the oscillations
become slower and

slower as the frequency
approaches w = 27,
since ed(2™" =1 (no

oscillation at all).

Conclusion: a DT complex exponential will oscillate slowly when w is near an even
multiple of 7, and quickly when w is near an odd multiple of .

J

Section 2: Fundamentals of Continuous and Discrete-Time Signals

2-80



Section 2

Key consequence of frequency-periodicity: aliasing

Different continuous-time signals, when sampled, can produce the exact same
discrete-time signal; this phenomenon is called aliasing.

)
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Family of distinct DT complex exponential signals

» Summary:
(i) e!“™ is periodic in n with period N iff w = k2T for some k € Z

(i) ™ is always periodic in w with period 27

Theorem 2.3. Let Ny € Z>1 be a desired period. Then there are
exactly Vg distinct DT complex exponential signals of period Ny, given by
pr[n] = o ke {0,1,...,Ng—1}

where wg = 27/ Ny.

Therefore, when working with DT exponentials of period Ny, there is
only a finite set of “building blocks” J
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Proof of Theorem 2.3

First, we know from point (i) that if a DT complex exponential ¢*" has

period Ny, we must have that v Ny = 2wk for some integer k € Z.

Therefore
k

2
v=2r— = —k =wok
No Ny
We conclude that

br[n] = ok ke Z.

are the only DT complex exponentials which are periodic with period Nj.
From point (ii), we know that edwokn jg on periodic in the argument wyk,
so these signals {¢r }rez are not all distinct. We have that ¢g[n] =1 and

N, [n] = elwolNon = 2™ — 1 So ¢, ¢y, ..., dn,_1 are distinct, and the
rest can be discarded. °
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Section 2

Relevant MATLAB commands

define and plot signals

1 %Define a "CT" signal

2 T_max = 6; h=0.001;

3 t = -T_max:h:T_max;

4 X = cos(3xt).xexp(-0.2xt) +
heaviside (t+5) -heaviside (t-1);

6 %$Sample the signal with period T_s
7 T_s = 0.5;

g8 t_s = t(1l:T_s/h:end);

9 x_s = x(1:T_s/h:end);

11 %Plot both signals
12 plot(t,x); hold on; stem(t_s,x_s); hold off;

Fundamentals of Continuous and Discrete-Time Signals
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Supplementary reading

» O-W: A. V. Oppenheim and S. Willsky, Signals and Systems, 2nd Ed.

» BB: B. Boulet, Fundamentals of Signals and Systems.

» BPL: B. P. Lathi, Signal Processing and Linear Systems.

» K-S: H. Kwakernaak and R. Sivan, Modern Signals and Systems.

» EL-PV: E. Lee and P. Varaiya, Structure and Interpretation of Signals and Systems, 2nd Ed.

» ADL: A. D. Lewis, The Mathematical Theory of Signals and Systems.
Topic | ow | BB | BPL K-S EL-PV ADL
Signal basics 1.1-1.4 1 1.1-, 8.1- 2.1-2.3 11,22, 7.4 V4 1.1
Impulse signal 14,25 1 1.4 2.5, App. C 9.1 V4 3.1
Signal size 1.1 1 1.1 2.4 V412,13
Complex numbers 1.3 App B. B.1 App. A App. B V231
Complex exp. 1.3 1 B.4 2.2 App. B V412,13
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Personal Notes
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Personal Notes
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3. The Fourier Series

e approximating and representing signals

e the cosine Fourier series

e the sine Fourier series

e the continuous-time Fourier series (CTFS)

o CTFS coefficients and signal manipulation

e existence of the CTFS coefficients

e convergence of the CTFS and Gibbs phenomenon
e the discrete-time Fourier series (DTFS)

e application: analysis of an audio signal
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Approximating and representing signals

» suppose that we want to analyze (i.e., study, understand, interpret,

... ) the following finite-duration signal =

0.01

-0.01

While  might be complicated, maybe we can express x — either
approximately or exactly — as a weighted sum of many simple
basis (building block) signals {¢g, ¢1, 2, ¢3, ...}

Doing so may make analyzing x easier; this is the idea of Fourier analysis

3-90
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Approximating and representing signals

» given some building block signals {¢g, ¢1, ...}, we can construct a

new signal & via a linear combination
T =appo + 101 + aape + - = Zak¢k
k
where «y € C are constant weighting coefficients
Signal approximation problem: Given a signal x and a set of basis

signals {®o, #1, - ..}, find the choice of coefficients {a, a1, ...} such
that £ = >, a¢y is the best approximation of x.

» if we can find {ag, a1, ...} such that & = z, then we say that
& =x=>, apdi is a representation of x in the basis {¢o, ¢1,...}.
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Introductory example: an even periodic signal

» we start with a simplified case, then generalize. Assume that

x is real-valued, even, and periodic with fundamental period T} )

s 1
—_ 0= —
= T
= r —L 0
2
wo = —

| ‘ ‘ To

T — 0 L )

t
» since x is real, even, and Ty-periodic, it makes sense for our building

blocks to also be real, even, and Tp-periodic! Let's use

do(t) = =, @1(t) = cos(wot), ¢P2(t) = cos(2wot),

3-92
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Introductory example: an even periodic signal
» we therefore try to approximate x as

oo
2(t) = % + Z ag cos(fwot), ag, ay, . ..are real constants
=1

a(t)
L
[

note: all the cosines of

7 0 T
g/\/\/\ different frequencies
g

"T” "% 0 ]T 7‘-“ wo, 2w0, 30.)0, e

cos(2wyt)

fit perfectly within our

fundamental period T of x

cos(3wgt)

~T, z 0 ! Ty
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Introductory example: an even periodic signal

» naively, let's just set (¢) = z(t), and try to solve for {ag, a1, ..

o0
— ao <
x(t) = > + Z ag cos(Lwot)
=1
» the trick to solving is to use integration

» to solve for ag, just integrate both sides over one period:

2 2 2
— z(t)dt = — Wagry 2 E ag cos(fwot) dt
To J_To To - 2 Ty e

2

—a0+—2a5/ cos(fwot) dt

0
» therefore, agp = 7 [ %,

qu“ﬂ
8
=
S~—
(oW
=~

Section 3: The Fourier Series
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Introductory example: an even periodic signal

» to solve for ay for k > 1, first multiply both sides by cos(kwot)

cos(kwot)x(t) = cos(kwot)(;—o + cos(kwot) Z ag cos(bwot)

=1
P> next, integrate both sides like before
E E oo
2 2 2 2
7 | n cos(kwot)z(t) dt = o / n cos(kwot) [20 + ZW' Cos(Zwot)] dt
-2 -2 £=1

oo Tg
2 2
=0 E — kwot Lwot) dt
+ ag T /& cos(kwot) cos(fwot)
£=1 T2

=7

P let's evaluate this integral separately
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Introductory example: an even periodic signal

» recall: 2cos(A)cos(B) = cos(A — B) + cos(A + B)

Ty Ty

2 2 1 2
T n cos(kwot) cos(fwot) = T [& [cos((k — £)wot) + cos((k + £)wot)] dt

2 2

» if k # /, then both integrals evaluate to zero over one cycle
» if k =/, then

To To
2 2 1 2
T T cos(kwot) cos(fwot) = T ‘/7E [1+cos((k+wot)] dt=1+0=1
2 2
Io .
2 1 ifk=¢

“Orthogonality": cos(kwot) cos(fwot) dt =

Ty J T 0 ifk£¢
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Introductory example: an even periodic signal

» completing our calculation then, we find that

T x(t) cos(kwot) dt = Z ap — / cos(kwot) cos(fwot) dt = ay,

=1 if and only if £=k

Theorem 3.1. If 2 is a real-valued, even, and periodic CT signal with
fund. period T}, then we can represent x via the cosine Fourier series

ag o0 27
t)y=— + ay, cos(kwot), wo = —
J== Ek:l % cos(kwot) 0=7

To
2 2
a = x(t) cos(kwot) dt, ke{0,1,2,...}.
0

» note: The integrals can be taken over any interval of length T
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Example: a square wave

For Ty > 0 and 0 < 7 < T consider

1.5

1
1 if —Z2<t<Z =
2 — — 2 = 05
xﬁn(t) - . =
0 otherwise o
05 T
3 -30 3 3
t
» we Ty-periodize xg, to generate the signal x in the figure above
» to compute the cosine Fourier series, we first compute ag
To
2 [7 2 [T/? 27
ap = = x(t)dt:—/ (1)dt = 2T
1o 7% Ty —7/2
Section 3: The Fourier Series
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Example: a square wave

» for k > 1 we compute that

Lo T/2
2 2 2
ap = — z(t) cos(kwot) dt = — cos(kwot) dt
To ) To To J_, /s

2

- Tozwo fsin(kwor /2) — sin(—kwor/2)]

= 2 sin(kwoT/2)
wk

where we used that woTy = 27

» therefore, we find that x can be represented as

9]

z(t) = 4 Z %207—/2) cos(kwot)

T

k=1

» if we keep only K terms in the sum, we instead get the approximation
K

N T 2 sin(kwoT/2)
Tr(t) = —+ Z — cos(kwot)
k=1
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Example: a square wave — approximation quality

1.5 1.5 1.5

1 1 1
= = =

L 05 / < 05 = 05
& « \ &

0 0 0

-
-0.5 -0.5 -0.5
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
t t t

1.5 1.5 1.5

1 Arand) 1 ! 1
= = =

= 05 = 05 = 05
2 S 2
)] 83 |

0 \J LA 0 N L 0

-0.5 -0.5 -0.5

- -0.5 0 0.5 1 -1 -0.5 0 0.5 - -0.5 0 0.5 1
t t t

More terms = closer approximation of original signal J
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Example: a square wave — the frequency domain

27 /Ty

o
o ;o=
ag,

(=)
—e
—o
ro
le
1o

of

o

ol
e
to
)

> the coefficient aj, = 2 sin(kwyT/2) multiplies cos(kwot)

» q; tells us how much the harmonic kwq contributes to the overall
signal x(t)

» we can think of {a;}?2, as equivalently representing x(t) in the
frequency domain — the domain consisting of multiples of the
fundamental frequency. We call {a;}72, the spectrum of x.
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Fourier series for odd periodic signals

What if the signal = of interest is periodic and odd? )

» as you might guess, we could instead express = as
o0 .
z(t) = Zk:l b sin(kwot), b1,ba, ... are constants

and follow the exact same procedure!

Theorem 3.2. If  is a real, odd, and periodic CT signal with fund.
period Tp, then we can represent x via the sine Fourier series

I
2

€ 2
z(t) = Zkil by, sin(kwot), b,

= o e z(t) sin(kwot) dt.
2

» note: The integral can be taken over any interval of length T}
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Fourier series for periodic signals

What if the signal = of interest is periodic, but not even or odd? )

» we can just combine the two methods, and write

x(t) = 5 + Zk:l ay, cos(kwot) + Zk:l by, sin(kwot)

even part of = odd part of =

» this is called a sine/cosine Fourier series of x

» it turns out that working with these formulas is a pain .. .instead,
using complex exponential signals will

(i) make our notation shorter and easier to read

(ii) allow us to work easily with complex-valued periodic signals
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The complex exponential Fourier series

Im{z}
starting point: remember that 1
edkwot

Jkwot _ o 3 <8
"0t = cos(kwot) + j sin(kwot) > ()

is periodic with period Tj

> we now take ¢ (t) = e¥**ot as our building blocks, and try to
represent x as a weighted sum of these signals

oo
2(t) = Z apeFeot ay € C.

k=—o0

» note: the sum runs from —oo to 0o, so both ef®wot and e—ikwot 3re
part of the sum; this will allow us to pair up ei*<ot and e=3kwot to
form sine or cosine
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Continuous-time Fourier series (CTFS)

Theorem 3.3 (CTFS). Let = be a periodic CT signal with fundamental
period Ty and angular frequency wo = 27w /Ty. Then

o0
B)= D, ane™

k=—oc0

is called the continuous-time Fourier series (CTFS) of the signal z,
where the Fourier series coefficients cy, are given by

1 [To

= — x(t)e R0t ¢,
To Jo (¥

875

» note: The integral can be taken over any interval of length T}
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Derivation of the CTFS via approximation

» we will take an alternative path to arrive at the formula for oy

» simultaneously, we will find an interpretation of what it means if we

only consider a finite number of terms in the Fourier series expansion

» for some positive integer K, consider the order K approximation
i) =" a0t (note: & = lim i)
k=—K ' Koo

» how can we quantify how close the approximation Zx is to the
original signal x? Let's look at the energy of the error

1

J(OL—K’-”aaK):fo

To
/ lz(t) — &g (t)]? dt, (mean-square error)
0

Our goal: find the choice of constants {a} & _ - which minimizes J.J
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Derivation of the CTFS via approximation

Theorem 3.4. The selection of coefficients {ay }< - which minimizes

the mean-squared error J is
1

= — z(t)eIFwot ¢
To Jo ®)

a,
(which are exactly the CTFS coefficients!).

» if we choose the coefficients as above, then the finite approximation
K .
Tr(t) = aedFwot
ROED S

is the best* possible approximation to x that one can build using
2K + 1 complex exponential signals

*Where “best” means “the error has the smallest possible energy”
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Orthogonality of complex exponentials

» for the cosine Fourier series, we used an “orthogonality result”;

something similar holds for exponentials. For any m, ¢ € Z:

. e To e o 1 iftm=/¢
Orthogonality”: — elmwoteTItwot gt —
To Jo 0 ifm#/4
The calculation for m = £ gives T%J OTO (1)dt = 1. If m # £, then we have
To
L pdm—Owot gy - L 1 [edm=00t] 70
To 0 To j(m - Z)‘UO t=0
— L 1 [e.i(m—f)ono _ 1}
To j(m — Owo
1 1

= H im0

=0
where we used that wo = 27/Tp and that ei2™™ = 1 for all integers n.
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Proof of Theorem 3.4

The function of interest is

1 [T

J=—
To 0

To
1 oy * A
|z (t) — & ()] dt = o / (2(t) — 2K ()" (2(t) — 2K (1)) dt
0
where we used that |2|2 = 2*2. Expanding out, we have
To

- |2()® — 2(t)*Ex (1) — 2 (8)"2(t) + |25 ()] dt

J=_—
Ty J,

The last term can be written as

2 K jwolt - K j t
@ = (30 o) (320 et
=—K m=—K
K K
— E E azame—ﬂwote_]mwgt.
l=—Km=—K
Section 3: The Fourier Series
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Optimal selection of coefficients

Substituting into J, we can write things out as

K

1 [T 1 [T
J=— lo(t)|? dt — — z(t)” E Q390 dt
T() TO
0 0 m=—K
1 [T
- — E are —dwomt | () de + —/ E E ajame —Jtwot dmwot gy
To
0 m=— b=—Km=—K
To —jwomt ; ; ;
If we define 3,, = TO fo z(t)eI¥0™" d¢t, then we can more simply write this as
Ty Ty
_1 Jwo(m—2)t
J = o x(t)|* dt— (atm B+, Bm)+ ay Qm e dt
0 m=—K f=—K m=—K
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Optimal selection of coefficients

The third term in J therefore simplifies to

K

Z Z aéam /T wo(m=0t g4 — Z ol am = Z |am|2

l=—Km=—K

We therefore have that

1 [T
= F |(
0 Jo

1 [T

To

Section 3: The Fourier Series

m=—K m=—K

K K

DPdt— Y (amBh +aBn)+ Y lamf?

m=—K m=—K

K
2P+ Y (—amBh, — apbm + lam )

m=—K
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Optimal selection of coefficients

Our expression is now

1 [T -
J= | ®Pdt+ Y (—amBh — ambm + lanl?)

To 0 m=—K

If we add and subtract |3 |? inside the sum, we can complete the square:

K

To K
T=o [ O det S (Bl - ambi — @b tlam®) = S [8ml
o Jo m=—K m=—K
1 Ty K K
= [ leOFdtt Y G am) G am) = Y 1Bl
0 m=—K m=—K

The first and third terms do not depend at all on a! Therefore, the best thing we can

do to minimize J is to make the middle term zero. We therefore find that oy, = Sy,

which completes the proof.
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Summary of CTFS results

K .
order K approximation of z: Tk(t) = Zki X« aedkeot J

. 1 et o
coefficients: ap = i : a(t)e Ikwot gt o9 — T J

Comments:

» roughly speaking, the magnitude |ay| of oy tells us how strongly the
frequency harmonic kwo appears in the overall signal x

» the k =0 term in £k () is constant; this is called the “dc” term

» you can do the integral over any interval of length Ty and obtain the same

result, e.g., from —75/2 to To/2 instead of 0 to Tp
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»

Section 3

Example: sum of harmonic signals

x(t) = cos(4nt) 4+ 2 sin(67t)

4
cos(4mt) = cos(2 - 2mt) has period 1/2 9
sin(67t) = sin(3 - 2mt) has period 1/3 0
fundamental period Ty is the least ol
common multiple of the two periods, 4
-3 -2 -1 0 1 2 3
which is 1; this does indeed match up with ¢

the plot. So wo = 27 /(1) = 2.

using Euler’s relation, we can rewrite x(t) as
ej47rt + e—j47rt ejﬁﬂ't _ e—j6ﬂ't
x(t) = + 2 .
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Example: sum of harmonic signals

Recall our useful formula

To o
1 okt gy _ )1 ifk=1

To J, 0 otherwise

With Tp = 1 and wg = 27, we now compute « to be

1 jamt —jamt j6rt —j6mt
o = ! ST e +26J . 7.6 = e—42mkt gt
1/, 2 2j

1
:/ % [ef2m(@=h)t | h2m(=2-k)t] _~_% [ef2m (3=t _ h2n(=3-R)t] gy

0 J
i if k=42
2 mr=
_ % =—j ifk=3
=+ ifk=-3
0 otherwise
1 . .
Therefore, ar = a9 = 3 a3 = —j, a_3=+j.
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Example: sum of harmonic signals

> let's write out £x (t) = ZiiiK apefkwot
» for K =1 we have 21 (t) = 0 + 0e§27t 4 0e 327t = 0

» for K = 2 we have

1

1 ., .
2a(t) = 56"4” + 56_"4ﬂt = cos(4rt)

so our approximation captures the lowest frequency component of the signal.

» for K > 3 we have
:l?g(t) — }€j47rt + }e—j47rt + }ejGTrt _ }e—jGTrt
2 2 j j
1, . .
= cos(2mt) + 2;(@'6’” — 7367 = cos(4nt) 4 2sin(6mt)
J
so our approximation captures both frequencies present in the signal x

4 1.5
2
. 1
= =
= = 0.5
-2 ) T T
4 0
-3 -2 -1 0 1 2 3 -10 -5 0 5 10
t k
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Example: a square wave (revisited)

For Ty > 0 and 0 < 7 < T, consider '

1 if — % <t S =05
x(t) = . E
0 |f T < |t| 7 0

-0.5

=t

t
» we copy this pattern every Ty seconds to make things periodic
» first we compute the dc coefficient ag

To
1 [ 1 [T T
ag = — z(t)dt = — dt = —
To 7% To )2 To

Note that the dc coefficient ag is just the average value of z(t) over one period.
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Example: a square wave (revisited)

For k # 0, recall that wpTp = 27 and now compute that

1 To/2 1 T/2
ag m(t)e—jk:woiﬁ — 7/ e—jkwot

To —Ty/2 To —r/2
11 [e—hwot] =7/ L (emdkwor/2 _ gwor/2y = L i (kuor/2)
To —jkwo t=—7/2  2jmk wk
Therefore,
— sin(kwoT/2 X sin(kwor/2
B (t) = Tl0+ Z sin :;ST/ )ejkw0t+281n( :;ST/ ) kwot
k=—K k=1

Since the coefficients are even functions of k, this simplifies nicely to

K .
() = = 4 Z sin(kwoT/2) (ejkwot n efjkwot)

To 7k
k=1
- 2 sin(k 2
=+ Z Zsin(kwor/2) cos(kwot) (success! same formula as before)
To £ 7k
=1
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Example: a square wave (revisited)

1.5 1.5 1.5
1 1 1
= 05 = 05 = 05
& & &
0 0 0
0.5 0.5 0.5
1 05 0 05 1 105 0 05 1 1 05 0 05 1
t t t
15 15 15
1 1 1
— = —
R 205 = 05
£ £y &
0 y kr 0 y } 0 4 b
0.5 0.5 0.5
405 0 05 1 405 0 05 1 405 0 05 1
t t t

More terms = closer approximation of original signal
“It takes high frequencies to make sharp corners” J
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The CTFS and signal manipulations

» suppose we have the CTFS coefficients {a}52 . of some signal x

— o0

» how can we find the CTFS coefficients of signals obtained by simple
manipulations, e.g., 3z(t) + 2, z(t — 5), Re{z}, $(t) ... 7

There are many useful properties of the CTFS that you can use as
shortcuts to find the CTFS coefficients for these transformed signals J

> for example, if z(t) = > po_ aged™0!, note that

oo

z(t —tg) = Z aeihwot—to) — Z (akefjkwoto)ejkwot

k=—o0 k=—00
so the CTFS coefficients of 2(t — ty) must be B = e dFwoto
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Table of CTFS properties

We let « be an Tp-periodic CT signal with CTFS coefficients ay, and wo = 27/Tp.

Name z(t) = T% OTO x(t)eSkwot d¢
Time-shift by to x(t — to) e~ dkwoto oy
Frequency-shift by kg edkowot y (1) kg
Conjugation z*(t) ar
Time-reversal z(—t) o
Differentiation z(t) (jkwo)ak
Convolution T% fOTO z(T)y(t —7)dr ok Bk
Multiplication z(t)y(t) Zziw oBr—s

Real Part Re{x(t)} %(ak +a*,)

Imag Part Im{z(t)} 2—J.(oz;C —ar,)

Section 3: The Fourier Series
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Conjugate-symmetry for real signals

» suppose that x is a real-valued Ty-periodic signal

» the CTFS coefficients are given by

Lo (t)e~3keot 2T kex
ap = — z(t)e wy = — .
k T() o ) 0 T07
» from this it follows that
1 [T .
af = %) z(t)* (e Skwoty gt
1 [T .
=7 m(t)e_J(_k)wot dt = a_y.

0Jo

So a_j = aj, and in particular then, |a_g| = |ax|. The
magnitude of the CTFS coefficients is an even function of k. J
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Summary

» we have now seen that

(i) we can “approximate/represent” a periodic CT signal with an infinite

sum of CT complex exp. signals

(ii) the coefficients {au } 72 _ o provide a frequency-domain representation
of the signal, and give us insight into the important harmonics

(iii) properties of the signal are transferred into properties of the
coefficients (e.g., a real-valued signal leads to conjugate-symmetric
coefficients)

» some things we still need to understand are
(i) for what kinds of signals does Fourier series “work"?
(ii) in what sense does the approximation Zx “converge” to z?

(iii) what can we do for DT signals?
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Does every periodic signal have a Fourier series? No.

» consider the periodization of the signal

30
/:2
ena(t) = 4, ifo<t<l1 B L
0, else
4 -2 (t) 2 4

(=)

[==}

(==}

» compute the Oth Fourier coefficient to be

11
aozf/ ;dtzln(l)—ln(O):—i—oo
0

So unfortunately, some periodic signals simply cannot be represented using
Fourier series. Under what assumptions do things work as expected? J
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Existence of the CTFS

Theorem 3.5. If = has finite action, i.e., z € L}, then the Fourier
1 rTo

coefficients ay, = 7 [ x(t)e=3F«ot dt are well-defined and satisfy

li = 0.
e 1

Proof: Since x has finite action, we can bound the Fourier coefficients as

To 1 To
z(t)e dFwot il < — lz(t)] - |e~3*wot| dt
0 To Jo

To
so all coefficients are well-defined. The proof of the second statement is outside our

ap| = —
vk | T

1

= — z(t)| dt =
ol A

llly
— < 0
To

scope, but can be found by searching for “Riemann-Lebesgue Lemma”.
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Convergence of the CTFS

> if z € LY, it at least makes sense to form the approximation

T (t) = ZK aedFeot
k{t)=p O

» how do we capture the idea that £ converges to x?

Definition 3.1. Let ex = Zx — « denote the error between the

approximation and the signal z. We say i converges to x
(i) pointwise at time to € R if limg_,o ex(tg) =0;
(i) wniformly if limg_ ., |lek || = 0;

(iii) in energy if limg o |lex||2 = 0.

» uniformly = amplitude of error goes to zero

» in energy = energy of error goes to zero

Section 3: The Fourier Series

3-126



Pointwise convergence of the CTFS

Theorem 3.6. Suppose that z has finite action, i.e., x € LY.
(i) If 2 has a continuous derivative at time tg € R, then £ converges to
x pointwise at %.

(ii) If the left-side limits z(t; ), 9 (¢, ) and the right-side limits

z(td), S2(t$) all exist at time ¢ € R, then

Jim arc(to) = (2(t5) +2(8)).

» point (i): over time intervals where the signal is smooth, the
approximation converges pointwise

» point (ii): at a finite jump discontinuity, the approximation converges
to the mid-point of the discontinuity
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Example: a square wave (7 = 1,7, = 2)

1.5 1.5
1 P AA 1 v v
S S
= 0.5 = 05
— N
R RS
0 < b 0 A "
-0.5 -0.5
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
t t

» approximation converges pointwise at all t # +0.5
» approximation converges to discontinuity midpoint at t = £0.5
» the ripple near t = £0.5 is called the Gibb’s phenomenon; it never

goes away, it just becomes more concentrated around ¢ = +0.5.

Section 3: The Fourier Series 3-128



Uniform convergence of the CTFS

» uniform convergence requires stronger assumptions; one assumption
that works is that the signal has a continuous derivative everywhere

Theorem 3.7. Suppose that z € LY. If = has a derivative which is

continuous everywhere, then Zx converges to = uniformly.

1.5 1.5
1 l\vA Avl\ 1 r v
= =
= 0.5 = 05
. =
) R
0 W/ v 0 A 1
-0.5 -0.5
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
t t

P in this example we do not have uniform convergence
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Convergence in energy of the CTFS

» signals with finite energy are often the nicest case to consider

Theorem 3.8. If = has finite energy, i.e., z € L}, then
(i) £k converges to x in energy;

(ii) the CTFS coefficients {ax}2 _ . have finite energy, i.e., o € {;

— 00

(iii) the signal and the coefficients satisfy Parseval’s relation
1o 2 = 2 1 2 2
T ), e@)Pde=Y " faxf’ or 7 Iellz = lledlz.

k=—oc

A beautiful and surprising relationship between the energy of
the signal and the energy of the CTFS coefficients. }
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Proof of Part (iii) of Theorem 3.8

Proof: Begin by computing that

oo o0
()2 = azt)" = | > agelot| |} " apelteot

*

k=—o0 £=—o00
oo (o)
= Z Z oo k=0t
k=—ococf=—00
Recall that
To o
i k—Owot _ 1 ifk=¢
To J, 0 otherwise

Therefore we have

1 [T = 1 [T
- t 2 dt = * 6j(k*l)w0t dt
o RS D akaeTO/O

k=—oco0fl=—00
oo
= Z |k |
k=—o0

Section 3: The Fourier Series

3-131




The discrete-time Fourier series (DTFS)

Everything we just did also holds (with some minor
changes) for discrete-time signals! J

» let = be a DT periodic signal with fundamental period Ny

1.5

UL

-0.5

_ N1 No-1
2 0 2

> we want to express z as x[n] =Y, apdi[n]

» as building blocks ¢y[n] we use the DT exponential signals
pr[n] = Fwon wo = 27 /Ny
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The discrete-time Fourier series (DTFS)

» we therefore look for a representation of x of the form

z[n]

cos(won)

TN g Mt

YIS TTIITIII I

cos(3wyn)  cos(2wyn)

FETTTTITETTITITE

Section 3: The Fourier Series

No-1
]

No-1
2

_ 27
Wo—m

note: all the exponentials of
different frequencies

070.}0, 2(,00, ey (NO — 1)LUO

are periodic and fit nicely
within our fundamental
period Ny of z. Moreover,

ej(Nowo)n _ ej(27r)n — eJ(O)n
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Orthogonality of complex exponentials

» DT exponentials satisfy the following orthogonality relationship

1 Nﬂil Jmengtson _ ) 1 1m0 =L+ kNo, b EZ
— e =
No n—0 0 otherwise

21
—1 jkNo5—
No—1 eJ 0 No n _
n=0

For m = £ 4+ kNy, we have NLO Zgio_l el(m—Qwon — _1 Z 1.

No
For the other case, we have

. No—1 . No—1
il el(m—Owon _ _— Z (é(m—@)wg)n
N 2 3

0 n=0 0 n=0

1 1 — ed(m—8woNo
T No 1-_elm—bwo
1 1—¢llm=027 1 1—-1
T Nol—elm—Bws  Nol—elm—bwo

where we used the geometric series formula and €327 = 1 for all integers n.
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The discrete-time Fourier series (DTFS)

Theorem 3.9. If z is a periodic DT signal with fundamental period N,
with wy = 2m/Ny, then the discrete-time Fourier series of x is the sum

No—1
x[n] = aefkwon
k=0

where the Fourier coefficients «y, are given by
No—1

x[l]e
1=0

1

_ 1 — Pl
No

Ak

» note: both sums are finite!
» note: the sums can be taken over any window of length Ny
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Let Ny € Z>3 be a desired period.

Example: the repeated unit impulse

Consider (the periodization of)

Zo05
z[n] = d[n] for 0 <n < Ny —1 0
0.5 ‘ : : : ‘
—2N, Ny 0 No 2N,
n
» the DTFS coefficients are
No—1
ap = €1 E §[n)edkwon — i(e—jkwo-O +0+---40) = !
No No No
n=0
» we say the spectrum is flat or “white", since all the Fourier coefficients are equal
to a constant; an impulse contains equal contributions from all frequencies.
» the Fourier series is therefore

Section 3

No—1
ol = A S ke

No k=0
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Example: a growing signal

10

Let Ny = 4 be the period, and sl

consider the periodic extension of _ ¢}

z[n] =2" for 0<n<3 g TT‘ TT[ T]" T]‘ 1]

—2N, —Np 0 No 2N,

n

> note that wo = 27/4 = 7/2. we can compute the DTFS coefficients as
1 & 1 &
an = = 2ne—jkw0n _ = Z 267jk% n
=72 122

n=0 n=0
11— (2e 373 )
41— (2e79k%)
1 1-16 15 1

AT-2(9)F 4 1-2()F
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Example: the windowing signal
Let Ny € Z>3 be odd, and let
WeZsatisfyOSWS%

Consider the periodization of

1 if|n|<W
n| =

zw[n]

0 if W< |n|< Mot

» to compute the coefficients in this example, it's convenient to take the sum as

running over the window of length Ng running from —(No —1)/2 to +(No — 1) /2.
» for the dc coefficient ap we have

(No—1)/2

w
1 1 2W +1
N - = 1=
TN Z @[n] No Z No
n=—(No—1)/2 n=—W

Section 3: The Fourier Series
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Example: the windowing signal

» for k # 0 we can compute that

(No—1)/2 w
ag = 1 Z z[n]edkwon — 1 Z e—dkwon
No No
n=—(No—1)/2 n=—Ww

» making the change of variable m = n + W, we can rewrite this as

2W ejkw()W 2W

1 . .
ag = E ef.]kwo(mfw) — E eﬁ]kwgm
No No
m=0 m=0
elkwoW 1 _ e*jwok(2W+l)

No 1 — e—Jkwo
1 edkwoW _ o—jwok(W+1)

F@ 1 — e—dkwo
1 e dwosk dwo(WH)k _ —jwo(W+3)k

No e—iwosk w0tk _ gmiwok
1 sin(wo(W + %)k)
T No sin(woék)
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Example: the windowing signal (N, = 21, W = 2)

ap'proximations: 2x[n] :Zkz_K agedkeon
o/l .l ...l
#JI...... ...
1T

ccccccccccccccccccccccccccccccc



Periodicity of DTFS coefficients

» interesting observation: the coefficients ;. are themselves periodic

with period Ny! That is, axyn, = ay, for all k.

» Proof: we compute directly that

1 No—1
« = - E xr|n
1 No*l s s
_ 2 .I‘[TL}(B kaone JNowon
NO n=0

1 No—1 o _iNg 2T,
_ 2 : x[n}e kaone J oN,
NO n=0

1 No—1 .
Z ’ Q:[n}eﬂkwon

- NO n=0

:O(k

e—j(k+No)won
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Comparison of CTFS vs. DTFS

1 [To

TF : — jkwot — —jkwot .
CTFS: z(t) Z Rty A z(t)e dt

k=—o0

» represents periodic x(t) as infinite discrete sum of CT complex exp.

v

ay, captures the “amount” of harmonic kwy contained in =

» in general, the sequence {a;}72 _  is aperiodic

No—1 1 No—1
DTFS: zn] = ape?on = — z[n]e Ikwon,
k=0 No nz::o

» represents periodic x[n] as a finite discrete sum of DT complex exp.
» «y captures the "amount” of harmonic kwqy contained in x

» the sequence {ax}32 _ . is always Ny-periodic
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More on DTFS

» in the appendix of these slides, you will find
1. a derivation of the DTFS
2. convergence of the approximations
3. matrix-vector formulas for computing the DTFS

4. a derivation showing that you can use the DTFS coefficients to

numerically approximate the CTFS coefficients

If you take ECE431H1: Digital Signal Processing, you will
spend much more time on the DTFS and the closely-related
idea of the Fast Fourier Transform.
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Application: analysis of a real signal

» remember the complicated CT signal from the start of this section:

0.04

0.02
=0 F = 0
-0.02
-0.04

» sample at f; = 48,000 samples/sec to obtain a DT signal z[n]

» take the interval between 4 and 6 seconds, and repeat it over and
over; this yields a periodic signal of period Ny = 96,001

» compute the DTFS coefficients {ak}zigoo and plot them!

Section 3: The Fourier Series
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Application: analysis of a real signal

400 ¢

£ 200

0
0 1 2 3 4 5 [§ 7 8 9 10

k x10*

» note: the plot is symmetric about the mid-point (why?)

» The horizontal axis is k, which is the multiple of wy = 2w/Ny. Since
Ny is number of samples per period, wy has units rad/sample

» To convert horiz. axis units to Hz, we plot k52 f, = k]{,o instead of k

» we will plot the vertical axis in decibels, i.e., 201og;, ||
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Application: analysis of a real signal

20 logyg |cu|

0
0 100 200 300 400 500 600 700 800 900 1000

Frequency (Hz)

» we have strong spikes at o ) )
is signal is a recording of a

“ This signal ding of
(i) ~ 207Hz = G; G7 note played on an acoustic

(i) ~ 415Hz = G# 3 play _

(iii) ~ 622Hz — D¥ guitar! The DTFS analysis
(iv) ~ 830Hz = G reveals the frequency content.

- 5

Section 3: The Fourier Series
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Table of DTFS properties

We let « be an Nyp-periodic DT signal with DTFS coefficients oy, and wg = 27/Np.

Name

ow -

No—1
Nio Znio

x[n}e—jkwgn

Time-shift by ng

z[n — no]

e—Jwonok g,

Frequency-shift by kg

ejkowg ":E[n}

Ak
Conjugation z*[n] ar
Time-reversal z[—n] a_y
First-difference z[n] — z[n — 1] (1 — e~dwok)qy,

. No—1
Convolution N%, Yoy @[mlyln —m] B
Multiplication z[n]y[n] évzo(;l ofr—e
Real Part Re{z[n]} %(ak +a*,)
Imag Part Im{z[n]} %(ak —a*,)
Section 3: The Fourier Series
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Relevant MATLAB commands

» compute the DTFS coefficients of a DT signal z

-
o

% Define one period of the signal
2 N_O = 50;
x = randn(N_0,1);

5 %% Compute DTFS coefficients
6 alpha = fft(x,N_0);

8 %% Plot magnitude of coefficients
9 stem(0:N_0-1, abs(alpha));
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Section 3

Supplementary reading

O-W: A. V. Oppenheim and S. Willsky, Signals and Systems, 2nd Ed.
BB: B. Boulet, Fundamentals of Signals and Systems.

BPL: B. P. Lathi, Signal Processing and Linear Systems.

K-S: H. Kwakernaak and R. Sivan, Modern Signals and Systems.

EL-PV: E. Lee and P. Varaiya, Structure and Interpretation of Signals and Systems, 2nd Ed.

ADL: A. D. Lewis, The Mathematical Theory of Signals and Systems.

Topic |o-w|BB| BPL | K-S | EL-PV ADL
The CTFS 33| 4 |34,35(6.1,6.4|7.5,10.2|V45.1-5.3
CTFS properties 35| 4 [34,35 6.4 7.5 V4 5.1-5.3
Convergence results || 3.4 4 134,35 6.4 7.5 V4 5.2
The DFTS 3.6 | 12 10.1 6.4, 7.3|7.6,10.3 V4 7.2
DTFS properties 37 | 12| 103 [64,73 7.6 V472
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Personal Notes
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Personal Notes
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Personal Notes
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4. The Fourier Transform

e extending the CTFS to aperiodic signals

o the continuous-time Fourier transform (CTFT)
e examples

e existence of the CTFT

e the CTFT of a complex exponential

e properties of the CTFT

o the discrete-time Fourier transform (DTFT)
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Introduction

» we now know how to use the Fourier series to analyze periodic signals

4 1.5
2
. 1
a1} S
= < 0.5
) .( T T
4 0
-3 -2 -1 0 1 2 3 -10 -5 0 5 10

(i) we represent a periodic signal as a sum of complex exponential signals

(ii) we analyze the frequency content of a periodic signal by examining oy,

» what if our signal of interest is aperiodic? What can we do ...

The Fourier transform is the extension of the Fourier series to aperiodic
signals, and is one of the most powerful tools in all of engineering! J
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Derivation of the CT Fourier Transform

» suppose we have a general CT signal z, e.g.,

SOANVV\/\/\/\

0
t

Key idea: an aperiodic signal is a periodic signal with infinite period ... J

Steps we will take:
(i) window the signal to [T, T), then periodize it
(i) compute the CTFS of the periodized signal

(iii) take the limit as ' — oo
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Derivation of the CT Fourier Transform

» we begin by windowing x to obtain a finite-duration signal

Tn,r(t) = x(t) - [ut+T) —u(t —T)]

Toin, 7 (t)
(=]
F
\\
N
/
/|
\
\
|

t
» we can

now periodize xq, T to obtain the 27T -periodic signal

Tper,(t) = Z::_oo Zfin,7 (t — m(2T))

Tpor7(t)
(=)

Section 4: The Fourier Transform
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Derivation of the CT Fourier Transform

P since zper, 7 is 27 -periodic, we can represent it via the CTFS

o0

Tper7(t) = Zk;m s L

where wo = (27)/(2T) = 7/T is the fundamental ang. frequency

» as always, the CTFS coefficients «y, are given by
1 T

= ﬁ . :L'penT(t)eijkwot dt

af

» however, over the interval [-T,T), we have Tpe,,r(t) = z(t), so
1 7

= — t)e SRt 4
U = o _Tx( )e
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Derivation of the CT Fourier Transform

» as some simplifying notation, if we define the function
T .
XriRC,  Xp(jw) = / 2(t)e It dt
-7
then the CTFS coefficients are simply samples of X

1 .
Qg = ﬁXT(ka0)7 ke {—OO,...,OO}

» plugging this back into the CTFS, we find that

bl 1

1 . . > . o
xperﬁT(t) = Z ﬁXT(kao)eJkWUt = % Z XT(.]kw0>€‘]k Otwo

k=—o00 k=—o00
since T' = 7 /wo.
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Derivation of the CT Fourier Transform

R ,
Our Fourier Series:  Zper7(t) = 5 Z X (jkwo)el¥ ot

k=—00
» The sum here is a Riemann sum: Xr(jkwg)ed*ot are samples of
the function w +— X7 (jw)elt, spaced by a width of wy

XT(jW)eij 44 N

N
AN TR

Xr(hewo)et 0t -~ T 44=FF11-F

EV

kwo
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Derivation of the CT Fourier Transform

Our Fourier Series: Tper,T(t) = Z Xp kao)eJkWOtwo
kf

P as T — o0, wy = 2% — 0, and the sum becomes the integral

Tlgn Tper7(t) = z(t) / X (jw)el“! dw
where .
X(jw) = lim Xp(jw) :/ z(t)e 3t dt
T—o0 N

These last two formulas extend the CTFS to aperiodic signals! )
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The CT Fourier Transform (CTFT)

Definition 4.1. The continuous-time Fourier transform (CTFT) of a
CT signal z is the complex-valued signal X : R — C defined pointwise by

€3 .
X(j )z/ x(t)e It dt.
—o0
We call X the Fourier transform or spectrum of .
Definition 4.2. The inverse continuous-time Fourier transform

(inverse CTFT) of a CT spectrum X is the CT signal z : R — C defined
pointwise by

z(t) = %/ X (jw)e*t dw.
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CTFT Example: right-sided decaying exponential

for a > 0 consider the signal

z(t) = e “u(t)

x(t)

0

l/‘u
» we can compute the spectrum to be

o

Z)a
t
X(jw)z/ e “u

—at (t)e—jwt dt:/ e—(a+jw)t dt
oo 0

1t _ 1
a4+ jw

a+ jw
0

» the magnitude and phase of X (jw) are

X (jw)] = ——

b
Vw? + a?
Section 4: The Fourier Transform
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CTFT Example: right-sided decaying exponential

» let's plot | X (jw)| and £X (jw)

1/a

Notes:
(i) magnitude of X is larger at
small values of |w|; the signal
x contains lots of

L L L L L L L L
—10a —6a —2a 0 2a

w (rad/s)

m “low-frequency content”

L
6a

(ii) the plots have a nice

symmetry; this is actually a
general property for any
real-valued signal x; we will

show this soon

10a 6a 2a 0 2 6a 10a
w (rad/s)
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CTFT Example: two-sided decaying exponential
for a > 0 consider the signal

x(t) = e—altl

EI U

_2 _1
a

» we can compute the spectrum to be

1
0 3

- 0
oo . 0
X(jw):/ e_ame_wtdt:/

ete It qt 4 / e~ et gt
—oo 0
o 1

1
Ta—jw  a+jw
a+jw—jw+a
(—a+jw)(a+ jw)
_ 2a

a2+ w?

2

Section 4
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CTFT Example: two-sided windowing signal

For 7 > 0 consider the signal

x(t) =u(t+ %) —ult—7F) Lr

x(t)

1 if —7/2<t<7/2

0 otherwise

R

» we compute the CTFT of z to be

oo T/2
X(jw):/ [u(t+3) —u(t — 3)] eﬂ'wfdt:/ e IWt qy

oS} —7/2
2
_ _.ie*th 7/ _ .i eij/Q _ 67JWT/2)
Jw —r/2 2jw
_ sin(wT/2)
o w/2

Section 4: The Fourier Transform
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CTFT Example: two-sided windowing signal

e =u(t+3) —uit-1)  LET X(uw) = M“g”/;/?)

Signals of the form sin(z)/x
are called “sinc” signal, and
occurs frequently in signal
processing theory.

Note: The window size in the time-domain was 7, but the

spectrum is concentrated in an interval proportional to 1/7. J

Section 4: The Fourier Transform
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CTFT Example: two-sided windowing signal

» how could we compute the CTFT of the signal shown below?

P> we can express x as
a(t) = [u(t + 5) —ult = §)] + [ult + 7) —u(t — 7)]

» we can combine the CTFTs of the two pieces to obtain

sin(wr/2)  sin(wt/4)
w/2 * w/2

X(jw) =
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CTFT Example: shifted impulse

» for 7 € R consider the delayed-by-7 impulse z(t) = §(t — 7).
» the CTFT of this signal is

X (jw) = / St —T)e ¥ dt = e 79T

oo

and therefore | X (jw)| =1 and £ZX (jw) = —wT

2 T
~ ERE
\% 1 3 0
=1 2
o —m/2
~
0 —T
—2m —T 0 ™ 27 —27 —T 0 ™ 27
w w

General principle: If x is very concentrated in the time domain,

the spectrum X will be very spread out the in frequency domain.

)

Section 4: The Fourier Transform
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i-CTFT Example: band limited spectrum

For wy, > 0 consider the spectrum

X(jw) = u(w +wp) —u(w —wp)

X(jw)

1 iffwb§w<wb

Il
(=]

0 otherwise

o
£

—Wh

z(t) = %/ X (jw)el*t dw

I

1 [
=5 et dw
T

x(t)

Wh

“r _ sin(wpt) 0

L1 et
27 jt

Tt i
— W 505
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i-CTFT Example: partial fraction expansion

Partial fraction expansion is a useful technique for doing i-CTFT
calculations when you are dealing with rational functions of w. J

» suppose that some CT signal x has spectrum given by

. Jw
X = ——
W) = a0 o)
» we rewrite this as
. A B 2A+ B)+ jw(A+ B
X(Jw) — - _|_ - — ( .) Jw( - )
1+jw  2+4jw (14 jw)(2+ jw)

» comparing, we find that A= —1 and B =2, so

-1 2
X(jw) =
(Jo) 1+jw+2+jw

z(t) = —e tu(t) + 2 u(t).
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Section 4

i-CTFT Example: partial fraction expansion

When the numerator degree is equal to (or greater than) the
denominator degree, this procedure needs to be modified a bit. J

consider the spectrum

] 1—w?+jw
X(w) = 5573

—w? + 3jw
the easiest way to proceed is to first note that

lim X(jw) =1

w—r 00
and to express X as X (jw) = 1 + X (jw) where

~ 1—w?+jw -1 —2jw
X(jw) = X(jw) - 1= —L TIW 72 —90
() () 2 —w? + 3jw 2 —w? + 3jw
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Section 4

i-CTFT Example: partial fraction expansion

we therefore have that

, 1+ 2jw 1+ 2jw
X(Gw)=1—-—— 2 4 TAY
() 2 — w2 + 3jw Gw + D(jw + 2)

note that the second term has numerator degree strictly less than

denominator degree; we can therefore apply partial fractions
14 2jw A B
(ot DGwt2) jwt2 jorl
and quickly find that A = 3 and B = —1, therefore

1 3
jw+1 Jw+2

X(jw)=14 ——
based on our previous calculations, we finally obtain

x(t) = 6(t) + e tu(t) — 3e~*tu(t)

The Fourier Transform
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Does every CT signal have a CTFT? No.

for a > 0 consider the signal

z(t) = e u(t) go _— |

0
t

» let's try to compute the spectrum ...

X(j ):/ e tu(t)e ! dt:/ ele=ilt gt
- 0

oo
[e%s}

1

_ pla—iw)t

= - =00
a— jw

So unfortunately, some CT signals simply do not have a spectrum. UnderJ

what assumptions do things work as expected?
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Existence of the CTFT for finite action signals

Theorem 4.1. If x has finite action, i.e., z € Ly, then the CTFT X (jw)

is well-defined and satisfies lim,, 4 o | X (jw)| = 0.

Proof: Since z has finite action, we can bound the spectrum as

oo oo
/ z(t)e It dt| < / ()] - le™ 3t dt
—oo —oo

oo
=/ lz(t)| dt = [lz]1 < oo
so X (jw) is well-defined for all w € R. The proof of the second statement is outside our

X (jw)| =

o]

scope, but can be found by searching for “Riemann-Lebesgue Lemma”.

This condition is not necessary; signals such as e¥°* do not
satisfy this, but nonetheless have well-defined CTFTs! J
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Existence of the CTFT for finite-energy signals

» it turns out that finite-energy signals are also CTFT-able
» as for finite-action signals, this condition is sufficient for existence,
but not necessary

Theorem 4.2. If x has finite energy, i.e., x € Ly, then
(i) X exists and has finite energy, i.e., X € Ly, and

(ii) the signal and its spectrum satisfy Parseval’s relation
/ lz(t)|* dt = —/ X (jw)|? dw

A beautiful and surprising relationship between the energy of J

the signal and the energy of its spectrum.
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CTFT Example: the complex exponential

the complex exponential z(t) = e¥*°! does not have finite action nor
finite energy, but is nonetheless CTFT-able

consider the spectrum X (jw) = 270(w — wp); an impulse placed at
the frequency wy € R

we compute the inverse CTFT of X to be

x(t) = % / 276 (w — wp) el dw = eI*ot

— 00

so ed“ot and 270 (w — wp) must be CTFT pairs!

o) = (ot CET  X(w) = 276(w — wp)

spread out in time concentrated in frequency

4: The Fourier Transform 4176



CTFT Example: a periodic signal

We can also apply the CTFT to periodic signals J

» let z be a periodic CT signal with fundamental period T, and let
wo = 27 /Ty be the fundamental angular frequency

» we represent z using the continuous-time Fourier series

o) =3 apedet,

» going term by term, the CTFT spectrum must be

[ee)

X (jw) =27 Zk

~ogd(w — kwo)

The CTFT of a periodic signal is a sum of impulse functions
located at multiples of the fundamental frequency wy! J
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Section 4

Example: the CTFT of a periodic signal
1.5
1k il
8 0.5 B
8
0
-0.5 L L 1 L
_T I z Iy
2 2 2 2
t
27 /Ty - B
g
060006y 0 %P9 PP TT TT PE) 2?9 S xR
| | | | | | |
-20 -15 -10 -5 0 5 10 15 20
k
dnr [Ty - A 4
> 0abdba, S X N AT TA abta, abda
& LY DY 1% - w3
L L L L L L L
—20wy —15w, —10wy —5wy 0 Bwy 10wy 15wg 20wy
w

The Fourier Transform
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Relationships between CTFT and CTFS

Finite Duration x(t) To-Periodization Periodization xpe(t)
3
= H To-Windowing
H
CTFS
CTFT i-CTFT CTFT i-CTFT
H Spectrum X (jw) CTFS Coefficients ay, Spectrum X (jw)
<
g
: I T T
g 29 TT TT 99 244, TT TT 4,
& 0% 5] 5 oo IS¢ TE A
g
. ~_ 7
Sampling aj, = TL“X(jk’wo)

0

27
Sampling Xper(jw) = F’r E X (jkwo)d(w — kwo)
0
k=—o0
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The CTFT and signal manipulations

» suppose we have calculated the spectrum X of some signal x

» how can we find the spectra of signals obtained by simple
manipulations, e.g., z(t — 1), (2t), Re{z}, %(t), 7

There are many useful properties of the CTFT that you can use as
shortcuts to find the spectra for these related signals J

> example: since z(t) = &= [ X (jw)ed*!, note that

w 1 > . —jw jw,
x(t—tp) / XJw)eJ o(t—to) — 27r/ (X(Jw)e J °t°) elwot

so the spectrum of x(t — tg) is X (jw)e w0
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Table of CTFT properties

We let = be a CT signal with CTFT spectrum X.

Name z(t) X (jw)
Time-shift by to z(t —to) eIt X (jw)
Frequency-shift by wo edwoty(t) X ((w — wo))
Conjugation z(t)* X(—jw)*
Time-scaling z(at) ﬁX(jw/a)
Differentiation z(t) (jw)X (jw)
Time Multiplication tx(t) j%
Convolution = a(r)y(t—r)dr X(jw)Y (jw)

o0

Multiplication z(t)y(t) L fj"oo XY (jlw —v)) dv
Real Part Re{z(t)} %(X(Jw) + X (—jw)*)
Imag Part Im{z(¢)} %J.(X(jw) — X (—jw)*)
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CTFT Example: Importance of Magnitude vs. Phase

Conjugation | z(t)* | X(—=jw)*

Time-scaling | z(at) | = X (jw/a)

la]

» suppose that s(t) represents your favourite (real-valued) song

» if we play it backwards b(t) = s(—t), what happens to the spectrum?
B(jw) = 5(=jw) = S(jw)" = [B(jw)| = |S(w)]

» the songs s(t) and b(t) would sound completely different to your
ear, but their spectra have equal magnitudes at all frequencies . ..

While we focus in ECE216 mostly on magnitude, because it's
simpler, much of the important information is actually in the phase!J
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CTFT Example: Gaussian distribution

For o > 0 consider the signal

z(t)

1 1 2
z(t) = ——e 2/
®) oV2T

» Fact: ffooo z(t)dt =1 (unit area)
> first, note that x(t) satisfies the ordinary differential equation

(t) = — L

1 2
t N, —5(t/o) _
— 1tV 2 —
oV 2T ?) o?

» from our table, we know that
CTFT of i(t) = (jw)X(jw),  CTFT of tz(t) :j%X(j )
» equating both sides, the CTFT X (jw) satisfies the ODE

1 dX (jw) dX (jw)
o2 dw At dw

wX (jw) = = —0’wX (jw)
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CTFT Example: Gaussian distribution

» this is the same ODE, just with the replacement o — 1/0

» the solution therefore has the form
X (jw) = cem (o) ¢ = unknown constant

» however, since we know that

X(0) = /_oo 2(#)e— IO gt — /_OO s(t)dt =1

it must be that c =1

1 _1 2 CTFT 1 2
)= — e 2t/ Al i X (iw) = (ow)
z(®) O’\/27T6 () = e
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CTFT Example: Gaussian distribution

The CTFT of a Gaussian of width o is a Gaussian of width l/U!J

—200 20 —200 20

General principle: If x is very concentrated in the time domain,
the spectrum X will be very spread out the in frequency domain.J
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CTFT Properties: conjugate symmetry

If z is a real signal, meaning z(¢t) € R for all ¢t € R, then the spectrum
X (jw) is conjugate symmetric, meaning X (jw)* = X (—jw) for all w € R.J

Proof: From the definition X (jw) = ffooo x(t)e™3¥t dt we have

X(jw)* =/ ONCE N =/ z(t)e ("D = X (—jw).

oo

In polar form: X (jw) = | X (jw)|e?“X0U+), so we have
X (jw)" = X (jo)|e 3440
X(—jw) = |X (—jo) | X )

so the magnitude | X (jw)| is an even function of w € R and the phase
/X (jw) is an odd function of w € R.
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CTFT Example: right-sided decaying exponential

o) =etu(t)  DET X(jw) = -

6a 10a

-2a 0 2

T a—
w (rad/s)

(X (1) (deg)

6a 10a

2a 0 2

w (rad/s)

10a 6a
4-187
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CTFT Properties: multiplication

» suppose we multiply two CT signals z, & and set y(t) = z(t)Z(t)

» we can calculate the CTFT of y

Y (jw) = /°° (t)E(t)e ¥ dt = /°° z(t) (;ﬂ_ /°° X (jv)elrt dl/) eIt gt
1 oo ) e ot
= X(jv) (/ x(t)e 3= dt> dv

= [ XXGe -

» this kind of integral is called a convolution between X and X

Multiplication in time-domain < convolution in frequency-domain. J
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Example: amplitude modulation

» in communication systems one often modulates a signal by
multiplying it by a harmonic signal:

(e.jwct + e—jwct) x(t)

N =

y(t) = cos(wct) - x\(ﬁ)/ =

“carrier”  “baseband”

» the spectrum of cosine is C(jw) = 27‘&'%

» the spectrum of y is therefore given by

Y >=§/ O X (0 = 1)) dv = 5 (X[ = we) + X (i + )

» modulation shifts the entire frequency spectrum of X!

» in practice, this can allow for easier signal transmission and
simultaneous transmission of multiple signals
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Example: amplitude modulation

> z(t) =2+ cos(2mt) + 3 cos(4mt), we = 60T ~ 188

4 15
ANNNNNNNNN
=0 2
8 Y N 5
-4 0 f T T f
0 2 4 6 8 10 -20 0 20
t w
4 hooA Lo 15
\ 1] \ |
i i
21\ ‘1 | | \ \I 1l I 10
= e
= ol | =
-2 . FAE -~
l \ \ { Al / \
LYY LA 0
0 2 4 6 8 10 -200  -100 0 100 200
t
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CTFT Properties: convolution

» the convolution of two CT signals x and % is defined to be

y(t) = /OO 2(F)E(t — 7) dr.

— 00

» let's compute the CTFT of y

Y (jw) = /Oo {/w a(T)E(t — T) dT:| eI at
= /oo z(7) [/m #(t —7)e 1" dt:| dr
- /oo x(T) [/OO i(a)e—j“<”+’>d0] dr
= [/w x(r)e %7 d-r:| {/w #(o)e i dJ:| = X (jw) X (jw)

Convolution in time-domain < multiplication in frequency-domain. J
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The discrete-time Fourier transform (DTFT)

Everything we just did also works (with some minor changes)
for aperiodic discrete-time signals!
» let x be an aperiodic DT signal

)

s ?T?$ll TT?*U’ ??7
-10 :

0 5
n

10
» you can directly mirror all the arguments we did for CT signals

Section 4

The Fourier Transform

» Steps: (i) window the signal to a duration of 2N + 1, (ii) periodize,
(iii) compute the DTFS, and (iv) take the limit as N — oo
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The DT Fourier Transform (DTFT)

Definition 4.3. The discrete-time Fourier transform (DTFT) of a DT
signal z is the function X : R — C defined pointwise by

oo

X () = Z x[n]e ™",

n=—oo

We call X the Fourier transform or spectrum of x.

Definition 4.4. The inverse discrete-time Fourier transform (inverse
DTFT) of a DT spectrum X is the DT signal = : Z — C defined
pointwise by i

x[n] S X (e3)e™ dw.

T o .
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DTFT Example: a sum of impulses

Consider the signal

0.8

z[n] = 16[n] + Ld[n —1 £
0.4

+ %6[71 - 2] 0.2

» we compute the DTFT to be

oo oo

X(ev) = Z z[n]e ¢ = Z (36[n] + 36[n — 1] + 16[n — 2])edwn

n=—oo n=-—oo

= 10 4 Lomiel) 4 1o—jw(®

= % (1 +2e7dv 4 e_jz“’)
= %e_j“’(ej“’ +24e799)
= %e‘j“(Q + 2 cos(w))

Section 4: The Fourier Transform
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DTFT Example: a sum of impulses

> magnitude is | X (e3)| = 1(2 + 2cos(w)), phase is ZX () = —w

1.5

X (e)]

» the magnitude plot is 27-periodic
» the phase plot is linear, but since phase is an angle, it is always

2m-periodic; in the plot above, the phase is “wrapped”
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Example: Right-sided decaying exponential

For 0 < a < 1, consider the signal os
o6
x[n] = a"uln] 0.4
0.2
0 o X I T ! ¢ o
2 0 2 4 6 8
n
» we compute the DTFT to be
oo oo
X (eI = Z a"u[n]e I = Za"e_jw"
n=-—oo n=0

M

(ae™)"
n=0
. 1
T 1—aqe v
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Example: Right-sided decaying exponential

» The spectrum has magnitude

()| =

1 1
‘ 1 — acos(w) + jasin(w) ‘ V(1 = acos(w))? + a? sin(w)?

L

=1l 1
EY

|X(

~ ,ﬂ-/g L L L L L
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The DTFT spectrum is always 27-periodic

The spectrum X (ei*) of a DT signal  is a 27-periodic function of w. )

Proof: Using X (el) = Zoo e x[n]e™4“", we compute that

X(ej(u+27r)): Z m[n]e—j(w+27r)n: z x[n]e—jwne—j(Zw)n

n=-—oo n=-—oo

oo

Z x[n]efjwn (€7j (2m) )n

n=—oo

oo

= Z z[n]e~Ion(1)"

n=-—oo

= X ().
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Comparison of CTFT vs. DTFT

oo

CTFT: z(t) = %/_OO X(jw)et, X (j ):/

— 00

z(t)e I+t dt. J

» represents aperiodic x(t) as continuous sum of CT complex exp.
» spectrum X (jw) captures “amount” of frequency w contained in x

» in general, the spectrum X (jw) is aperiodic

DTFT: z[n|= % @ X(er)e]wn dw, X(e‘]w) _ i $[n]€7jwn. J

= n=—o0

» represents aperiodic x[n] as continuous sum of DT complex exp.
» spectrum X (e*) captures “amount” of frequency w contained in

» the spectrum X (ei*) is always 27-periodic
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Table of DTFT properties

We let « be a DT signal with 2w-periodic DTFT spectrum X.

Name z[n] X (ed@)

Time-shift by ng z[n — ng] e—dwno X (edw)
Frequency-shift by wg elworg[n) X (ef(w—wo))
Conjugation z[n]* X (e—dw)*
Time-reversal x[—n] X (e~iw)
Differencing z[n] — z[n — 1] (1 —e 39X (ed¥)
Convolution Z::—oo z[mly[n —m] X (ed9)Y (ed*)
Multiplication z[n]y[n] i fjﬂX(ej”)Y(ej(“’_”))du
Real Part Re{z[n]} %(X(ej“’) + X (e™39)*)
Imag Part Tm{afn]} L(X () — X (e ")
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Time Domain

Frequency Domain

Relationships between DTFT and DTFS

Finite Duration z[n] Periodization pe[n]

Ny — Periodization

T
TJTT No ~ Windowing il TTTTT TTTTT TTTTT f

o1 Nyl Nl Nl

2 / F] F]
DTFT < i—DTF'I> Dy <DTFT >i—DTFT

Spectrum X (/) DTFS Coefficients oy, Spectrum Xpe, (e*)
aalale]  [afafald
Sampling ay, = NLX(eik“’”)

oo

. j 2 j
Sampling X, (€!) = Fﬂ Z X (3505 (w — kwp)

0 k=—o00
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Extra: proof of inverse CTFT relationship

Proposition 4.1. If z is a CT signal with CTFT X, then the i-CTFT of

X recovers the original signal x.

Proof: The i-CTFT of X is

1 oo 1 oo o0
— X (jw)e¥t dw = — / |:/ z(T)e v dT:| et dw
2 2
— 00 — o0 — 00

By our previous results, we know the term in brackets is

oo

1

— @te ™IV 4w = §(t — 7)
2
—o0

so we find that

%/ X ()&t dw =/ 2(r)8(t — 7) dr = (1)

oo

oo 1 oo
:/ (1) [/ ewte—ior dw] dr.
2
— 00 — o0

Section 4: The Fourier Transform
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Relevant MATLAB commands

» MATLAB has some symbolic tools for FT computations

1 %% Define symbolic variables

2 syms t w

4 %% Define signal

5 x = [heaviside (t+1l)-heaviside (t-1)]*exp(-abs(t));

7 %% Compute CTFT

8 X = fourier(x,t,w);
9
10 %% Compute inverse CTFT

11 x_recovered = ifourier (X,w,t);
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Supplementary reading

» O-W: A. V. Oppenheim and S. Willsky, Signals and Systems, 2nd Ed.

» BB: B. Boulet, Fundamentals of Signals and Systems.

» BPL: B. P. Lathi, Signal Processing and Linear Systems.

» K-S: H. Kwakernaak and R. Sivan, Modern Signals and Systems.

» EL-PV: E. Lee and P. Varaiya, Structure and Interpretation of Signals and Systems, 2nd Ed.

» ADL: A. D. Lewis, The Mathematical Theory of Signals and Systems.
Topic |o-w|BB| BPL K-S |EL-PV| ADL
The CTFT 4.1 5 4.1 71,72,74| 105 |V46.1-6.3
CTFT properties || 4.3 5 14.2,643,4.6 7.4 10.7 |V46.1-6.3
The DTFT 5.1 | 12 10.2 7.4 10.4 V471
DTFT properties || 5.3 | 12 | 10.3, 10.4 7.4 10.7 V4 7.1
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5. Sampling, Aliasing, and Interpolation

e introduction
e the sampling function
e sampling theorem for band-limited signals

e reconstruction and interpolation
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Introduction to sampling

» to sample some quantity of interest means to collect a measurement

» from “very few” samples, there is likely little we can learn
» if we collect “enough” samples, we may be able to conclude more

» we will study the sampling of CT signals, and try to formulate these
ideas mathematically
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The sampling function

The sampling function is defined as

s(t) = Z o(t — nTy) !

n=—oo

where Ty > 0 is the sampling period

- 3T -2T -Ty 0 Ty 20y 3Ty ---

t
» this is an infinite “train” of CT impulses, spaced by Ty seconds

» multiplication by s “samples” the values of z

oo

s(t)z(t) = Z o0(t —nTy)x(t) = Z 0(t — nTy)x(nTy)

n—=—oo n—=—oo

resulting in a weighted sum of impulses

Section 5: Sampling, Aliasing, and Interpolation
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The sampling function

Z o(t —nTy)x Z 0(t — nTy)x(nTy)

n=—oo n=—oo
—
S
— Nt
= n
= —
8 =
8
AA4AA4T T*AA"AA
t t

5-211
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The CT Fourier Series of the sampling function

» with fund. frequency ws = QT—: the CTFS coefficients ay, of s are given by

| [T T./2 ‘
ap = — / s(t)e —dhwst qp — / 5(t —nTy) e dkwst qq
L Jomyo T2 [ S0

1 Ty /2
_ L _ —jkwst
= Z 7 {/ o(t — nTy)e dt}

~T./2

n=-—oo

> the impulse §(t — nT%) is only in the interval [— %, L] if n = 0:

Ts/2 . e dkws(0) — 1 ifp=0
/ §(t — nTy)e Fst dt = {

—T/2 0 otherwise

» the CTFS coefficients are therefore a = T% so we find that

1 oo jkwst

— JRWs .

= — e note: wow!
Zs Zszoo ( )
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The CT Fourier Transform of the sampling function

» we previously studied how to take the CTFT of a periodic signal:

x(t) = Z apelol — X (jw) =27 Z ad(w — kwp)
k=—o00 k=—o00
» therefore
s(t) = 1 ZOO st —  S(jw) = n i O(w — kws)
TS k=—o0 T, = s

The CTFT of the sampling function is a sampling function! )

» the impulses are spaced in the frequency domain by ws rad/s
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The “picket fence miracle”

The CTFT of the sampling function is a sampling function! J

Section 5: Sampling, Aliasing, and Interpolation

S(jw)

S(jw) = = §(w — kws)
T

k=—oc0
2r 4
T
0
s 3w 2ws—ws 0wy 2w Bwg v

w
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Band-limited signals
Definition 5.1. A CT signal z is bandlimited with bandwidth B > 0 if
its CTFT spectrum X satisfies X (jw) = 0 for all [5%| > B.

» the spectrum is zero outside the interval [-27B, 27 B|

» bandlimited signals are an important model; many signals in practice
are bandlimited, or are filtered such that they become bandlimited

» for bandlimited z, suppose we sample with sampling period T

AA4AA4T T*AA"AA

t

Section 5: Sampling, Aliasing, and Interpolation
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Sampling of band-limited signals

» what is the spectrum of the sampled signal zs(t) = z(¢t)s(t)?

Multiplication in time-domain < convolution in frequency-domain. J
. [ .
Xa(jw) = o S X((w —v))dv
_ L 2m i 5(v — ks | X(i(w — 1)) dv
=0 | 7 2 ws Jjlw

— D X(jw ~ )

k=—o0

» the spectrum of the sampled signal is a periodized version of the

spectrum of original signal, with period wg in the frequency domain!
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Sampling of band-limited signals

» if ws > 47 B, or equivalently Ty < % then the periodization is nicely

spread out in the frequency domain, and the picture looks like this

Bandlimited x(t) Sampled Signal z4(t) = s(t)z(t)

T-Sampling

— T

?

CTFT i-CTFT CTFT i-CTFT

Spectrum X (jw) ws-Periodization Spectrum X;(jw)

=

w Window to [—27 B, 27 B] 2 0 9 ¢
%, —w, Wy 2w
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Sampling of band-limited signals

» from only the samples, we can obtain the periodized spectrum and

window it to recover the original spectrum X (jw)

X(jw) =Ts - Xs(jw) - [w(w 4+ 27B) — u(w — 27 B)]

LW (jw)

» now we can recover entire original signal z(t) using the i-CTFT!

Theorem 5.1 (Nyquist-Shannon Theorem). Let = be a bandlimited

CT signal with bandwidth B. If x is sampled with sampling period T

satisfying T, < %, then x can be exactly recovered from the samples.
» the minimum sampling frequency wy which satisfies this is equal to
47 B, and is called the Nyquist frequency
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Application: digital audio recording

» the human ear cannot perceive audio frequencies above 20kHz

» when recording audio, one can therefore filter out frequencies above
20kHz, producing a band-limited signal with B = 20kHz

» to perfectly reconstruct this bandlimited signal from samples, one
needs to sample at 2B ~ 40kHz

» this logic is how the standard rate of 44.1kHz was chosen for
high-quality audio

» the extra 2.05kHz added to the bandwidth allows for some wiggle
room in the design of the filter which produces the bandlimited signal
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Aliasing
» what happens if wg < 47B?

Bandlimited z(t) Sampled Signal z4(t) = s(t)x(t)

Ts-Sampling

/\

?

CTFT i-CTFT CTFT i-CTFT

Spectrum X (jw) ws-Periodization Spectrum X;(jw)

/\

Window

—27B 2B

Section 5: Sampling, Aliasing, and Interpolation
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Aliasing

» windowing the sampled spectrum X;(jw) no longer recovers the

original spectrum X (jw)

X (JW)W(JW)

/
|
2w

—2ws —wy 0 Wy

» performing the i-CTFT on this will obviously not recover the original
signal z. Instead, you will obtain a distorted version of the original

signal; this distortion is called aliasing

» to avoid aliasing, you must sample faster!
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Extra: reconstruction and interpolation

» we can derive a more direct formula to express the original signal z(t)

in terms of the samples
> if Ty < 5%, our formula for the spectrum of z is

X(jw) =T - Xs(jw) - [u(i(w + 27B)) — u(j(w — 27 B))]

AW (jw)

Multiplication in frequency-domain < convolution in time-domain.

» we already know that

oo

ze(t) = > a(nTy)s(t — nly)

n=—oo

Section 5: Sampling, Aliasing, and Interpolation
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Extra: reconstruction and interpolation

» from our previous calculations, the i-CTFT of W (jw) is
sin(27 Bt) sin(2wBt) 4 :
t) = =2B = 2Bs 2Bt
w(®) mt (2w Bt) sinc(25)

Note: sinc(x) = sin(wx)/(7x) 1}
(i) sinc(0) =1, and

(ii) sinc(z) = 0 for all 0
v e {£1,42,43,...).

sinc(z)

Section 5: Sampling, Aliasing, and Interpolation
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Extra: reconstruction and interpolation

» we can now recover T as

z(t) =Ty / zs(T)w(t — 7)dr

oo

=T, /OO [ Z z(nTy)o(T — nTS)] [2Bsinc(2B(t — 7))] dr

X | n=—cc

= 2BTs i x(nTs) /°° 0 (1 — nTs)sinc(2B(t — 7)) dr

n=-—oo

= 2BT; Z (nTs)sinc(2B(t — nTy))
» the reconstruction is a sum of scaled and time-shifted sinc signals

» if we assume that T, = ﬁ, things simplify
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Extra: reconstruction and interpolation

Time-domain reconstruction: x(t) = Z x(55 )sinc(2Bt — n)

n=—oo

» the samples of = are at times t; = % for € Z
» at the sampling instants, we have

z(ty) = Z x(%)sinc(ZB% —n) = Z x(5% )sinc(¢ — n)
= 2(%)
= z(ty)

since only one term in the sum gives a non-zero contribution
» for each sample, there is a sinc function centred directly at the sample

» we achieve exact reconstruction at the sampling instants
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Extra: convolution with the sampling function

» implicit in our previous arguments is the following nice fact

Periodization — convolution with s(t) J

(xxs)(t) = /OO xz(r)s(t —7)dr

—/_ lz 5(t —nTy—7)| dr
= Z/ Vo(t —nTy —7)dr
:H:Z_joo x(t —nT)

Section 5: Sampling, Aliasing, and Interpolation
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Supplementary reading

O-W: A. V. Oppenheim and S. Willsky, Signals and Systems, 2nd Ed.

BB: B. Boulet, Fundamentals of Signals and Systems.

BPL: B. P. Lathi, Signal Processing and Linear Systems.

K-S: H. Kwakernaak and R. Sivan, Modern Signals and Systems.

EL-PV: E. Lee and P. Varaiya, Structure and Interpretation of Signals and Systems, 2nd Ed.

vV vVvYyYVYYy

ADL: A. D. Lewis, The Mathematical Theory of Signals and Systems.

Topic ||Oo-w |BB|BPL|K-S| EL-PV |ADL|

The sampling theorem || 7.1 | 15 | 5.1 | 9.2 11.3
Aliasing 73 (15| 51 |92 (111,113
Signal reconstruction 72 15| 51|92 11.2
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6. Fundamentals of Continuous-Time Systems

e definition of a CT system and examples
e linearity, time-invariance, causality

e memory, invertibility, stability

e linear time-invariant (LTI) systems

e impulse response of a LTI system

e response of a LTI system and convolution

convolution

LTI system properties and the impulse response

e more on LTI systems and causality

e series, parallel, and feedback combinations of LTI systems
o differential equations and CT LTI systems
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What is a CT system

» a system is any entity that interacts with its external environment

though input and output signals

» in this course, we focus on systems which produce a unique output for

a given input, i.e., an input-output mapping system

Input=2 —| T » Output =y =T{z}

» notation: T{x}(t) is the value of the output signal at time ¢t € R.

» CT systems often (but not always) model physical systems with
inputs and outputs, such as circuits, electromechanical systems,

aerodynamics, thermodynamics, biological, chemical, social, ...

Section 6: Fundamentals of Continuous-Time Systems
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Pointwise definition of a CT system
» a CT system takes a CT input and produces a CT output
One way to define a CT system is pointwise: give a formula for

y(t) = T{x}(¢) in terms of (potentially) all the input signal values
{z(t) }+er. This yields an explicit formula for the output.

» example: the system Ty, defined by y(t) = (z(¢))? produces an
output which is the squared value of the input at each t € R

4 4
2, QQ\/VV\/\/\/\/
KO\/\/\/\ !
-2 -2
-5 0 5 -5 0 5
t t
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Pointwise definition of a CT system

» example: the 7-delay system Ticlay defined by y(t) = z(t — 7).
1

1
=0 =0
5 =
-1 -1
0 5 10 0 T 5 10
t t
» example: the derivative system Ty;x defined by y(t) = %x(t)
3 2
2
e N
8 1 >
0 -2
2 0 2 4 6 8 2 0 2 4 6 8
t t
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Pointwise definition of a CT system

> example: for a > 0 the system Ty {2 }(t) = & [T () dr

2a Jt—a
averages the input signal over the time window [t — a,t + a]

y(t)

2_|—|_|_ ?
=0 =0
=2 >
-2 -2
-2 0 2 4 6 8 2 0 2 4 6 8
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Example: the RC circuit

1
Capacitor: i(t) = C(Z;C, Ohm's Law: i(t) = R[vs(t) — ve(t)]
I\/]\‘E/\, i(t) 1st-order linear c.c. ODE
+ +
vs (¢ C== wv(t d
. “ RO +uc(t) = vi(t) J

» differential equations do not have unique solutions, but a system
must produce a unique output for any given input

» to ensure uniqueness, we will impose that the input vs and the desired
response v, should both be right-sided

Section 6: Fundamentals of Continuous-Time Systems 6-236



Section 6

Example: the RC circuit

let's compute vc(t) via the method of integrating factors

multiply both sides by e'/%¢ to obtain

¢!/ RC {dvc + gve®)] = (1)

which can be written as

d / -/re _ 1 +/re
ar (&7 we0) = e

integrating from —oo to t, the left-hand side simplifies to

vs(T)

¢
/ 4 (6T/RCUC(T)) dt = /"% (t) = lim e/ (1) =¢

oodT

T——00

=0 by right-sidedness
so the equation becomes
t
e/ FOp(t) = / %GT/RC’US(T) dr
— 00

Fundamentals of Continuous-Time Systems

t/RCUC(t)
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Example: the RC circuit

P rearranging, we obtain the point-wise system representation

t
ve(t) = / %e*@*ﬂ/RCUS(T) dr

» our RC circuit defines a system Trc, which transforms a voltage

source signal into a capacitor voltage signal

°—’\/\/\1T°
S

Vs _—

We will more systematically examine systems defined by ODEs
at the end of the chapter. J
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Example: a point mass

+p = position Newton's 2nd Law
_ d
m F(t) = force m&v(t) = F(t)
d

oo M bt = o)

» we again assume that the force F'(¢) and responses p(t),v(t) are right-sided

» integrating, we obtain

- / o)do,  p(t) = [ too o(r)dr

and we again get a pointwise system representation

— / / o)dodr or simply p = TNewton{F'}
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Response of RC circuit and point mass

» response of the RC circuit to a voltage input

2 2

’31 ::1

= =

-1 -1
0 5 10 0 5 10

» response of the point mass to a force input

= = 50
lno Y
-1 0

t t
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More complex example: control of COVID-19

» systems can also model very large-scale phenomena

Lockdown w w Deaths

Gov. Policy |<+—

» COVID-19/population system: complicated differential equations
modelling interaction between disease and population

» Government policy system: decision-making rules for when to

enact/lift restrictions and lockdowns (i.e., a feedback controller)
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More complex example: systems described by PDEs

» partial differential equations are also key sources of CT systems

» examples: fluid flow (Navier-Stokes), electromagnetic fields/waves

(Maxwell), and quantum mechanics (Schrédinger)

: h?
é — 3=V, ) + V()b ()
x ' N = ’Lh%/w(tv T)

» Input: photon excitation, Output: quantum state of atom/molecule

» more PDEs in APM 384
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System properties: linearity
Definition 6.1. A CT system T is linear if for any two input signals z, &
and any two constants «, & € C it holds that
T{azr + az} = aT{z} + aT{z}.
» in words: if the input is a linear combination of different signals, you

can apply T to each piece and add the results ("superposition”)

» for a linear system, zero input always produces zero output (why?)

» superposition extends to discrete and continuous sums (integrals)

7 iaﬂj :ilajT{xj}, T{/a(T):ETdT}z/oz(T)T{xT}dT.
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Example: the squaring system

» recall: the squaring system Ty, defined by y(t) = (z(t))?
» let x(t) and Z(t) be two inputs with corresponding outputs
y(t) = Tug{a}(t) = (2(t)*,  4(t) = T {Z}(1) = (&(1))*.
» for constants «, &, we have
Tig{ox + ai}(t) = (ax(t) + az(t))?
= o?(x(t))? + a2 (£(t))? + 204z (t)Z(t).

» on the other hand

aTq{a}(t) + AT {Z}(t) = alx(1)* + a(i(t))?

Therefore, the system T, is not linear J
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Example: the RC circuit

» recall: the RC circuit Tre{vs}(t) = [ Ame™ /By (1) dr
» let v, U. be two input signals and let o, & be constants

» we calculate that

t

Tre{av, + ) (t) = / e~ RE (q () 4 i (7)) dr

t t
= a/ %e‘“‘ﬂﬂwvs(r) dr + 64/ %e‘“‘ﬂmcﬁs(r) dr

— 00 —00

= aTrc{vs}(t) + @Trc{ds }(t)

Therefore, the system Trc is linear. J
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System properties: time-invariance

» notation: let x,(t) = x(t — 7) be short form notation for a

time-delayed signal

Definition 6.2. A CT system T is time-invariant if for any input  with
output y = T'{x}, it holds that y, = T'{x,} for all time shifts 7 € R.

physical meaning: an

t
. (t)

experiment on the system

tomorrow will produce the

same results as an

experiment on the system
today.

0 0 T

T{z}(t)
T{a, }(0)
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Example: the squaring system

To check if a system is time-invariant, we compute y., J

compute T{z.}, and see if they are equal.

» for the squaring system, let = be an input with corresponding output

y(t) = Tuq{a}(t) = (x(1))?

» if we simply shift the obtained output, we obtain

yr(t) = (x(t — 7))

» if we instead shift the input signal to be z,(t) = z(t — 7), we compute

Tig{z-}(t) = (2-(8)* = (a(t = 7))?

These two calculations agree, so Ty is time-invariant. J
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Example: the modulation system

» for the system Ty,,q let x be an input with output
y(t) = Tmoa{z}(t) = x(t) - Asin(wgt)
» if we simply shift the obtained output, we obtain
yr(t) =a(t —7) - Asin(wo(t — 7))
» if we instead shift the input signal to be z,(t) = z(t — 7), we compute

Tmod{2:}(t) = x(t — 7) Asin(wot)

These two calculations disagree, so Ti,oq is not time-invariant. )
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Example: the RC circuit

> for Tre we have y(t) = [1_ Ame” =/ ECu(0)do

oo R
» if we simply shift the obtained output by 7 € R, we have

t—7

yT(t) = y(t — 7-) = / %6_(15_7—_0)/}%0%(0') do.

—00

» if we instead shift the input signal by 7, the output T{z,} is

t
Tre{z-}(t) = / %ef(t*@/ch(f —7)d¢

9]

t—71
— / %e*“*'r"’)/Rcz(o-) do, where 0 =t — 7.

]

These two calculations agree, so Trc is time-invariant. Physically,
the circuit is time-invariant because R and C' are constant. J
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System properties: causality

Definition 6.3. A CT system T is causal if for all ¢ € R, the output

value y(t) depends only on the past and present input values {z(7)},<¢.

» physical meaning: the system does not “look into the future”

You can often check causality by just inspecting the formula for y(t)J

» the RC circuit y(t) = fioo %e’(t*T)/ch(T) dr is causal, because

the integral uses only the values {x(7)} for —oco < 7 <'¢.

> the averaging system y(t) = 5- :f;x(T) dr is not causal, because

the integral uses the values {z(7)} fort <7 <t+a
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System properties: causality (equivalent definition)

» the following equivalent definition is easy to visualize

Definition 6.4. A CT system T is causal if for any time #; and any two
inputs x, Z that satisfy (t) = Z(t) for all t < ¢y, the corresponding
outputs y = T{z} and § = T{z} satisfy y(t) = g(t) for all t < t.

= = interpretation: if two
= "
_\— inputs agree up to some

time, then the

corresponding outputs
5 must also agree up to
: that time.

to t

T{a}(t)
T{EH)
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Proof that Def. 6.3 and Def. 6.4 are the same

Proof: Suppose the system is causal in the sense of Definition 6.3. Let x be an input
with corresponding output y = T'{z}. Now let tg € R, and suppose Z is another input
satisfying (1) = z(7) for all 7 < ¢g. For any time ¢t < to, we have that §(t) = T{Z}(t)
depends only on & up to time ¢, which is identical to x up to time t. Thus,

g(t) = T{z}(t) = T{z}(t) = y(V),

and so the two outputs agree at time ¢. Since this holds for all times ¢ < g, the system

is causal in the sense of Definition 6.4.

Conversely, suppose the system is causal in the sense of Definition 6.4. Let top € R and

let  be an input. Define a new input & via
z(t) ift<t
a(r) = W Trsto
0 if t > to.
Obviously, Z just contains the values of = up to time to. Therefore, T{z} and T{Z}
also agree up to time tg, so y(t) = T{x}(t) = T{Z} depends only on the input values

of x up to time tp, so the system is causal in the sense of Definition 6.3.
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System properties: memoryless

Definition 6.5. A CT system T is memoryless if for all times t € R, the
output value y(¢) depends only on the input value z(t) at that same time.

» meaning: only the current time matters, not the past or future

» this is a special case of causality

» the squaring system T{x}(t) = (x(t))® is memoryless

» the modulation system T{z}(¢t) = Asin(wgt) - z(¢) is memoryless
> the derivative system T'{z}(t) = Lz(t) is not memoryless

» the RC circuit y(t) = fioo ame"=T/ECq (o) dois  not memoryless
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System properties: invertibility

Definition 6.6. A CT system T is invertible if there exists another CT
system Tl such that T {T{z}} = T{Tinv{z}} = z for all inputs z.

T{zx}

r — T —| Ty |— =z

» physical meaning: you can “undo” the operation of T'
» example: the delay system T{x}(t) = x(t — 7) is invertible, with its
inverse being Tin {2z }(t) = z(t + 7).

» example: the squaring system T{x}(t) = (z(t))? is not invertible,
2

for the same reason the function y = x~ is not invertible.
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System properties: stability (linear systems only)

» recall: a CT signal = has finite amplitude or is bounded if

||| o = maxer |2(t)] is finite, and if so, we write = € L

» note: if we label A = ||z||oo, then this means that |z(t)] < A for all
t € R; the signal's magnitude is always less than A

Definition 6.7. A linear CT system 7' is Bounded-Input
Bounded-Output (BIBO) stable if there is a constant K > 0 such that
lYlloo < K||z||oo for all bounded inputs x and outputs y = T{x}.

» roughly speaking: bounded inputs produce bounded outputs

» stability is a critical property in many engineering applications
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Example: the RC circuit

» recall: the RC circuit Tre{z}(t) = [*_ Fme™"D/BC () dr

» let = be a bounded input, i.e., z € Lo,. We try to bound y:

Wl =| [ ey ar

< / L= =D/RC (1) dr

t
< [ . _-t-n/RC.
<[ e maxe(o)] ) dr

t
= ||x||oo/ Rilcef(th)/RC dr = ”-rHoo

— 00

> 50 [|yl|oc = maxier [y(t)] < [[#]|oc-

Since x was arbitrarily chosen, Tgc is BIBO stable with K = 1. )

Section 6: Fundamentals of Continuous-Time Systems 6-256



Example: integrator system

» consider the integrator system T {x}(t) = ffoo x(r)dr

To show that a system is not BIBO stable, you need to give an
example of a bounded input which leads to an unbounded output. J

» let's try the unit step input z(¢) = u(t). We compute that

o) =Tl = [ amar=1" TN

—o0 t ift>0

» this output is unbounded, even though the input was bounded!

Therefore, Tyt is not BIBO stable. J
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Example engineering applications of system properties

>

>

Section 6

linearity: if | double the applied voltage signal, | will get double the
response from my circuit

time-invariance: if | design my circuit to my liking today, it will
behave the same way tomorrow

causality: important for real-time signal processing, filtering, and
control

memoryless: many important nonlinear phenomena (e.g., signal

saturation, deadband, quantization, friction) are memoryless.

invertibility: “CTRL+Z". Also, many feedback control problems are

implicitly about approximately inverting the system model

stability: unstable systems are often dangerous in practice, will lead

to component damage and failure.
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Linear Time-Invariant (LTI) systems

» we now focus on systems which are both linear and time-invariant

» remember that, roughly speaking

1. linearity: “the superposition principle holds”

1

2. time-invariance: “the system will be the same tomorrow as it is today’

» LTI systems are important for several reasons:
(i) many real physical processes are reasonably modelled as LTI systems
(ii

many useful engineering algorithms are described by LTI systems

y g g alg Y Y

(iii) we have good theoretical tools for analyzing LTI systems
)

(iv) we have good procedures available for designing LTI systems

» you will use LTI systems in many other courses: control,
communications, signal processing, energy systems, robotics, ...
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Recall: the CT unit impulse signal

» the CT unit impulse §(¢) is defined as §(t) = ima 0 pa(t)
» an idealized very fast pulse at t =0

» notation for shifted impulse: 0, (t)=0(t—1)

Unit Area: / o-(t)dt =1

pal(t)

Ini Sifting: L @ (t)or(t) dt = a(r)
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The impulse response of a LTI system

Definition 6.8. The impulse response h of a CT LTI system T is the
response to a unit CT impulse input applied at t =0, i.e., h =T{d}.

» key idea: we “hit the system sharply”, and observe how it responds

» example: the integrating system Tiy{z}(t) = fioo z(7)dr is LTI,
and we have h(t) = fioo S(7)dr = u(t)

» example: the delay system Tgelay{z}(t) = x(t — 7) is LTI, and we
have h(t) = 6(t — 7) = d,-(t), a shifted impulse function.

> example: the averaging system y(t) = 5- t+a$(7’) dr is LTI, and

we have h(t) = A (u(t +a) — u(t — ).
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Example: impulse response of RC circuit

» the RC circuit is linear, time-invariant, and causal

Q) :
+ W + ve(t) :/ %6—(1&—7—)/1?01)5(7) dr
s(t C== wv.(t -
v (f) ve(t) ve = Tre{vs}

¢ ift>0

1 _—t/RC
1 ~(t=7)/RC 5\ qr — ) BC®
RC“ (r)dr {0 ift <0

h(t) = Tac{5)(t) = [
— 00
» physically: we apply a big voltage spike to the circuit at ¢ = 0, the
capacitor quickly charges and develops a voltage R—lc, then the
capacitor discharges exponentially with rate ﬁlc
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The response of an LTI system

Remarkably, the impulse response enable us to compute the
output of the LTI system for any input signal. J

» consider the CT system y = T'{z} where T is LTI

» from the sifting formula, we have that

x(r) = / x(t)d-(t) dt
» if we just switch the labels ¢ and 7, then we obtain

2(t) = /OO 2(7)0,(7) dr = /OO 2(r)5. (1) dr

— 00 — 00

since 8,(7) = 8(r — t) = 8(t — 7) = 6.(t)
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The response of an LTI system

» this gives us an impulse representation of any signal z:

oo

x(t) = /OO x(r)d(t —7)dr or x = / x(r)o, dr

— 00 —00

ns

combination of the “basis

interpretation: we are expressing x as a (continuous) linear
signals d, with weighting coefficients z(7) }

» let's compute the output y = T'{x}:

y=T{z} = T{/OO ()5, dr} - /OO () T{8,} dr

— 00 — 00

where we used linearity (i.e., superposition) of the system T
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The response of an LTI system

» to go further, we need to calculate T{d,}

» since T is time-invariant, the response T'{d.} to an impulse at time
7 is equal to the impulse response h = T{¢} shifted by 7 time units:

T{6.} =h. or  T{6,}(t) = h(t— 7).

» we therefore have that

y(t) = T{z}(t) = /_ Z b ()(r) dr = /_ Z Bl — )l J

This very important formula is called the convolution of
the signals i and z, and is denoted by y = hx z J
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Some observations about convolution

o

Convolution:  y(t) = (h*x)(t) = /

— 00

h(t — 7)a(r) dr. J

» Observation #1: convolution is not a pointwise operation. For any
time t € R, the value y(t) depends on the entire signal x and the
entire signal h.

» Observation #2: computing the value y(¢) involves a few steps:

(i) time-reverse h
(ii) shift the result forward by ¢ seconds

(iii) multiply the result pointwise by x
(iv)

integrate over all 7
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Properties of CT convolution

» we can think of convolution as a general operation which takes two

signals v, w and returns another signal v * w defined as

(vxw)(t) = /00 v(t — T)w(r) dr.

— 00

For any CT signals v, w, x and any constants «, 8 the following hold:
(i) superposition: x* (v + fw) = ax *v) + Sz * w)
) commutative: v*xw =wx*v
) time-invariance: v *w, = (V* W),
(iv) identity element: §xx ==z
) differentiation:  D(v * w) = (Dv) xw = v x (Dw) where “D"

denotes differentiation

Section 6: Fundamentals of Continuous-Time Systems

6-267



Proof of commutative property of convolution

The convolution operation is commutative, meaning that

v*xw = w *v. More explicitly, we have that

/00 v(t — T)w(r)dr = /OO v(T)w(t —7)dr for all t € R.

— 00 — 00

Proof: For any fixed ¢, let 0 =t — 7, so that 7 =t — 0. Then

(v*w)(t) = / v(t — Tw(r)dr = / v(o)w(t — o) do = (w *v)(t)

oo oo

which shows the equality.

» the other properties are proved very similarly by applying the
definition and doing basic calculus; we will skip the details.
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Section 6

Can we always convolve any two signals? No.

convolution is a tool, and all tools have limitations

example: if v(t) =1 for all ¢ € R, then
(vxv)(t) = / (1)(1)dr = +o0, for all t € R.

question: when is v * w well-defined?

When is (v w)(t) = / v(t — 7)w(r)dr finite for all t?

—0o0

intuitively we would get a finite result if

(@) 7+ v(t — 7)w(7) has finite duration for all ¢, or
(b) v or w (or possibly both) tend to zero fast enough as 7 — +oc0
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Conditions for existence of convolution

Proposition 6.1. The following statements hold:
(i) If v and w are right-sided, then v x w exists and is also right-sided;

(i) If v or w has finite duration, then v * w exists. Moreover, if v and w both

have finite duration, then v x w also has finite duration;

(iii) If v,w have finite action, then v * w exists and also has finite action.

Moreover, [|v* w|1 < ||v|l1]|w]|1;

(iv) If v has finite action and w has finite energy, then v * w exists and has

finite energy. Moreover, [|v * w|2 < ||v||1]|w]|2;

(v) If v has finite action and w has finite amplitude, then v % w exists and has

finite amplitude. Moreover, ||v * wlco < ||[v]1||w]|oo-

In cases (i), (ii), or (iii), convolution is also associative, meaning that

z*x (vxw) = (z*xv)xw, forallsignalsz,v,w.
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Partial Proof of Proposition 6.1

Proof: Our convolution formula is

z(t) = / v(t — 7)w(T)dr. (1)

oo

(i): If v,w are both right-sided, then

» there is a time 71 such that w(7) =0 for all 7 < 71, and

» there is a time 72 such that v(7) = 0 for all 7 < 72, so therefore v(t — 7) = 0 for

all 7>t —m
and we therefore have that
o] t—T2
z(t) = / v(t — Nw(r)dr = / v(t — T)w(r) dr.
—o0 T

This is now a finite integral, so we will get a finite result as long as v and w are “nice
enough” signals. To see that z is also right-sided, note that if ¢ < 71 + 72, then
v(t — 7)w(7) will always be zero for all 7, and the integral will yield zero. Thus, z is

right sided from time 71 + 2.
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Partial Proof of Proposition 6.1

(ii): Similar reasoning to part (i).

(iii): We can calculate directly that

Hz||1:/ |l2(t)| dt = ‘/ v(t — T)w(r)dr| d
S/ / [o(t =) - [w(r)|d7 dt

(iv): Omitted because it's a bit tricky to prove.

(v): Omitted, but it's an easy calculation; try it.

=/ {/ v(tT)dt} Jw(m)ldr = [ollflw]-
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Convolution example: integrator system

» the integrator system Tiy has h(t) = u(t). Let's compute the output
to input z(t) = u(t) via convolution:

y(t) = /DO u(t — mu(r)dr

—00

0 o)
fort <0: y(t)= / u(t —7) u(t) dr + / u(t —7)u(t)dr =0
jn o X

oo ~
0 oo
fort >0: y(t) = / u(t —7) u(r) dr +/ u(t —7) u(r) dr
- 0 R 1
= =1lif <t =

t
:/ dr =t
0

so we again obtain the output y(t) =t - u(t)!
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Convolution example: Gaussian and wavelet

» you can use convolution as an operation to build interesting signals

» consider the Gaussian, the “wavelet”, and their convolution:

1 1 0.01
=
= = B
= 0.5 3 0 * 0
>
0 -1 -0.01
-5 0 5 -5 0 5 -5 0 5

» if we instead convolve w(t) with various shifted Gaussians . ..

1 1 0.01
=
= = B
0.5 5 0 * 0
)
0 -1 -0.01
0 10 20 30 -5 0 5 0 10 20 30
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LTI system properties and the impulse response

» summary: the output of any LTI system is given by the convolution
of the impulse response with the input signal

y=hxzx y(t):/oo h(t —1)x(T)dr

o0

» 1 is very useful for understanding properties of LTI systems

Theorem 6.1. A CT LTI system 7" with impulse response h = T{6} is
(i) causal if and only if A(t) =0 for all ¢ < 0;

(ii) memoryless if and only if h(t) = ad(t) for some a € C;

(iii) BIBO stable if A has finite action, i.e., h € Ly, in which case

lulloo < IBll1l|Z]lco, for allz € Lo with y = T{z}.
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Proof of Theorem 6.1 (sufficiency only)

Proof: Our convolution formula for the output is

y(t) =/ h(T)z(t —7)dr :/ h(t — 7)z(7) dr. 2)

oo oo

(i): A system is causal if y(t) depends only on {z(7)},<;. If h(t) =0 for all t < O,
then (2) simplifies to

t
y(t) = / h(t — 7)a(r)dr

oo
which shows that 7" is causal.
(ii): Try to make the argument yourself using the convolution formula.
(iii): Let € Loo be a bounded input. Then

S/ Ih(T)|~|x(t—T)|dT§IIxHoo/ |h(r)ldT

oo — 00

ly()| = ‘/ h(r)ax(t —7)dr

50 ||ylloo = maxser [y(t)| < ||h]l1]|z||co, and hence the system is BIBO stable.
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More on LTI systems and causality
» models of physical systems are always causal, so it is particularly
important to understand causal LTI systems
» recall: a linear system always produces zero output for zero input

» this simplifies the interpretation of causality from Definition 6.4

Proposition 6.2. A linear CT system 7 is causal if and only if for any
time to and any input x such that z(t) = 0 for all t < ¢y, the output
y = T{x} satisfies y(t) = 0 for all ¢t < tg.

Equivalently: if the input is right-sided from time %, then the
output will also be right-sided from time t;. J
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More on LTI systems and causality

» the case of an input starting at time 0 comes up quite often

Theorem 6.2. Let T be a causal LTI system with impulse response
h =T{é}. If  is right-sided from time 0, then y = T{x} is right-sided
from time 0 and

y(t) = /°° h(t —7)x(r)dr = / h(t — 7)z(7)dT, t>0.

— 00 -

Proof: Suppose t < 0. When —oco < 7 < t < 0, z(7) is zero, since z is right-sided from
time 0. When ¢t < 7 < 0o, h(t —7) = 0, by causality. So the integrand is zero over all
7, so y(t) = 0 for any t < 0. Now suppose t > 0. Since z(7) = 0 for 7 < 0, we can

start the integral at 7 = 0~ instead of —oco. Since h(t — 7) = 0 for 7 > t, we can stop

the integral at time ¢ instead of +oo.
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Convolution example: RC circuit

» the RC circuit is LTI, causal, and BIBO stable

» our goal: compute the response y(t) to the unit pulse input

z(t) = % [ut) —u(t—A)] or z= 1

A(U—UA)

» note: since this input is right-sided from time 0, and the system is LT/ and
causal, we know immediately that y(t) = 0 for all t <0
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Example: RC circuit

y=hx*(x(u—ua)) (convolution)
= x(hxu) = x(h*up) (superposition)
= X (h*u)— x(h*u)a (time-invariance)

» therefore, we can just focus on calculating h * u for ¢t > 0:

t
(h*xu)(t) = / %e%t*ﬂ/}w u(r) dr = —e ™
0 ~~ 0

=1

» therefore for all t:  (hxu)(t) = (1 — e ¥/ E)u(t)
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Example: RC circuit

» putting it all together, we find that

y(t) = x(hxu)(t) — x(h*xu)(t — A)
= %(1 — eit/Rc)u(t) — i(l — ef(th)/RC)u(t —A)
0 0 A
[ —

Section 6: Fundamentals of Continuous-Time Systems

6-281



Series combinations of LTI systems

» consider the series combination of two LTI systems

x _— Tl —i'> T2 E—— )

» if hy and hy are the associated impulse responses, then
y=haxZ =hgyx(hyxx)=(ha*xhy)xx
where we used the associative property of convolution. Therefore
(i) the series combination has impulse response ho * h1

(i) by the commutative property ha x h1 = hy * ha, so we can always
change the order of two LTI systems and still get the same result.

Since the above requires the associative property, we are implicitly
assuming we are in cases (i), (ii), or (iii) of Proposition 6.1. J
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LTI systems and invertibility

‘

» recall: a system T is invertible if we can “undo” the operation by

applying some other system Ti,,

T{z}

r — T ——| Ty |— =z

» for LTI systems, we can say more about invertibility

Lemma 6.1. Suppose that T is a LTI system with impulse response h.
Then T is invertible if and only if there exists another impulse response
hiny such that A * by, = 6.

» immediate consequence: the inverse of a LTI system (if there is
one) is also a LTI system!
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Example: invertibility
» consider the LTI system T with impulse response
h(t) = 6(t) + (a —b)e  u(t),  a,beR,a#b.
» claim: T is invertible and inverse has impulse response

hiny (t) = 0(t) — (a — b)e™""u(t).

hox iy (1) = / h(t = T)hiny () d7
0

/4(6“_””“—5)”“ D)(6() — (a — b)e*T) dr
0

t
=5(t) — (a —b)e™ " + (a — b)e " — (a — b)Ze™ ¥ / e~ (=7 qr
0

=5(t) — (a—ble 4 (a—b)e " + (a — b)e e e’ — 1]
—5(t)
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Parallel combinations of LTI systems

the parallel combination of two LTI

systems is given by this diagram
Ty

—>0—2 »

» if hy and hgy are the associated impulse responses, then

y=(hy*x)+ (ha*xxz) = (hy + ho) xx

where we used the linear property of convolution.

The impulse response of the parallel combination is A1 + hs J
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Feedback combinations of LTI systems

—“ro0——| T3 >

the negative feedback combination

of two LTI systems is given by the

diagram T, |«

> y=hi*x(@—haxy)=hixx—hi*(haxy)
» since ¢ x y = y, we can rearrange to find that
(0+hyxhe)xy=hy*xx (can we solve for y?)

If the LTI system with impulse response (§ + hy * hs) is
invertible, then y = h * x where h = (§ + hy * ha) ™! % hy. J
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Differential equations and CT systems

» many physical phenomena are described by differential equations; the
RC circuit and a point mechanical mass are two simple examples

» when studying those two, we explicitly solved the ODE to obtain a

pointwise system definition; this isn't always easy to do ...

» fact: under mild technical conditions, ODEs with inputs still define
CT systems, even if you cannot solve the ODE explicitly!

We will now study a special case of this general fact, and argue
that linear, inhomogeneous, constant-coefficient ordinary
differential equations can define causal CT LTI systems.
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LICC-ODEs and CT systems

» we consider an nt" order, linear, inhomogeneous, constant-coefficient

ordinary differential equation (LICC-ODE)

d"y(t) d"y(t) dy(t)
=g T n-1—g Tt ey + aoy(t)
o dma(t) dm=1ta(t) da(t)
= by, am +bmflw+"'+b17+box(t)

which must hold for all times ¢ € R. In this equation
(i) z is a given CT signal,

(ii) y is the unknown CT signal to be solved for,

(iii) n, m are nonnegative integers, and
)

(iv) the coefficients ag, ..., an,bo, ..., bm are real constants.

» without loss of generality, we can always assume that a,, = 1
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LICC-ODEs and CT systems

_ d*y()

> we will use the short-form notation D*y(t) = <4, and

Q(D)=D"+ap, D" ' +---+a1D+am
P(D) = b, D™ + by, 1 D™t - 45D + by

» with this, we can write our ODE succinctly as

Q(D)y(t) = P(D)z(t) (LICC-ODE)

When does (LICC-ODE) define a (causal, LTI) CT system? )

» we need to think carefully about
(i) the possibility of multiple outputs for one input
(ii) the issue of “initial conditions”
(iii) the issues of time-invariance and causality
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LICC-ODEs and CT systems

(i) Issue of multiple solutions: Consider n =1, m = 0, with input
z(t) = 4(t), i.e., d%—(;) = §(t). This equation has infinitely many solutions

y(t) = u(t) +c, ceR.

However, this is not allowed: by our definition, a system must produce only

one output for each input.

(ii) Issue of “initial” conditions: Sometimes you can use initial conditions at
some time, e.g., t = 0, to fix the non-uniqueness issue. But what if y(¢)
contains a CT impulse at ¢ = 0?7 Then y(0) is not even well-defined. So if

we want to include impulsive signals, initial conditions are not the answer.

(iii) Issue of causality: Nothing in the ODE stipulates that y(¢) must only

depend on {z(7)}-<¢; we should not automatically expect causality
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LICC-ODEs define LTI CT systems

» it turns out that all these issues will be resolved if we

(i) restrict our attention to right-sided inputs x(t), and
(ii) restrict our attention right-sided solutions y(t).

Theorem 6.3. For each right-sided input x(t), the LICC-ODE
Q(D)y(t) = P(D)x(t) possesses exactly one right-sided solution y(t), and

therefore defines a system y = T'{x}. Moreover
» the system T is linear, time-invariant, and causal;

» the system T is BIBO stable if and only if m < n and all roots of
Q(s)=s"+apn_18" 4+ +ais+ag
in the complex variable s € C have negative real part.
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Proof sketch for Theorem 6.3

Existence and Uniqueness of a Right-Sided Solution: Establishing this is beyond our
scope.

Linearity: Take two right-sided inputs x1,x2, with corresponding right-sided outputs
Y1, y2. Now consider the right-sided input * = c1x1 + caox2 for c1,c2 € R. We want to
establish that y = c1y1 + cay2 is the corresponding right-sided output. This is verified
by direct substitution into Q(D)y(t) = P(D)z(t) as follows:

Q(D)y = Q(D) - (c1y1 + c2y2) = c1Q(D)y1 + c2Q(D)y2
=c1P(D)x1 + c2P(D)x2
= P(D) - (c1z1 + c2z2)
= P(D)z

We must also establish that if x = 0 is the zero input, then the response y is zero. The

zero-input response is determined by the homogeneous ODE Q(D)y = 0:

dy(t) dnly(t) dy(t)
T an— T+t a1 LY 4 aoy(t) = 0.
den =17 ggn—1 T a0y (?)
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Proof sketch for Theorem 6.3

Linearity (Continued): We know from the theory of ODEs that the general solution to
this linear constant coefficient ODE has the form

n
y(t) = Z btk Pkt
k=1

where by, ..., by, are free constants, m1, ..., my, are nonnegative integers, and p1,...,pn
are the roots of the polynomial Q(s) = s™ + An_18""1 4+ .-+ ap. (Aside: as a case
that might be more familiar, if the roots of Q(s) are all distinct, then the constants my
are all zero, and you just have a sum of exponentials).

However, by the existence/uniqueness result, we also know that y(t) must be right-sided,
so there must exist a time 7* such that y(t) and all its derivatives are zero for all times
t < 7*. This is only possible if all constants by, are zero, and thus y(t) = 0 for all time,
which shows that zero input produces zero output.
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Proof sketch for Theorem 6.3

Time-Invariance: Let = be a right-sided input with corresponding right-sided output y
satisfying Q(D)y(t) = P(D)xz(t). We want to consider the effect of a shifted input. Let
7 € R and consider the shifted input z-(t) = z(t — 7); since z is right-sided, so is z ..
The system'’s response 1(t) = T{z+}(t) to z-(t) must be right-sided as well, and satisfy
Q(D)n(t) = P(D)z-(t). But because acting with the differential operators P(D) and
Q(D) only consists of taking derivatives and multiplying by constants, and adding, both
operations commute with time-shifting. Therefore
Q(D)n(t) = P(D)z+(t) = [P(D)z]+(t) = [Q(D)yl-(t) = Q(D)y-(t)
so we conclude that Q(D)(n(t) — y-(t)) = 0. Note we can also write this as

QD) - (n(t) —y-(t)) = P(D) - (0).

By uniqueness of the response, it follows that 7(t) — y-(t) must be the response of the
system to the zero input. However, the system is linear, so the response to zero input

must be zero. We conclude that 7(t) = y-(¢), so the system is time-invariant.
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Proof sketch for Theorem 6.3

Causality: Let t9 € R be an arbitrary time, and suppose that z(t) is an input that
is right sided from time tg. We need to show that the response y(t), determined by
Q(D)y(t) = P(D)x(t), is also right-sided from t¢.

From existence/uniqueness, we know that the response y(¢) is right-sided. Let 7* be the
largest time such that y(t) is right-sided from time 7*, i.e., the response y starts from
time 7*. By contradiction, let's assume that 7* < ¢g. Then for any time ¢ in the range
(7*,t0), we know that x and all its derivatives must be zero, and thus Q(D)y(t) =0
for all t € (7*,t0). In fact, Q(D)y(t) = 0 for all t € (—o0,tp), due to right-sidedness
of y. Similar to our previous argument for linearity, this can only be true if y(t) = 0 for
all t € (—oo, o), but this contradicts the assumption that y begins from time 7* < tg.

Thus, y(t) is right-sided from time to, which shows causality.
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Proof sketch for Theorem 6.3

BIBO Stability Part 1: Suppose that m > n. As an example of such a system, consider
n=0and m =1, ie., y(t) = dz(tt). The right-sided input z(t) = sin(t?)u(t) is

bounded, but with this input we have

d
y(t) = [sin(t?)u(t)] = 2t cos(t?)u(t) + sin(t?)3(t)
= 2t cos(t?)u(t) + sin(0)5(t)
= 2t cos(t?)u(t)
which is unbounded. This argument can be generalized to any situation where m > n;

we omit the details. Thus, if m > n, the system will never be BIBO stable.
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Proof sketch for Theorem 6.3

BIBO Stability Part 2: Suppose then that m < n. The impulse response h of the
system is determined by applying the input z(t) = §(t), i.e., as the solution to the ODE

Q(D)h(t) = P(D)S(1).

We now apply the Laplace transform to both sides of this equation, and use the fact
that all initial conditions are zero. Using the derivative rule, we have that

Laplace{Q(D)h(t)} = s"H(s) 4+ an—1s" " TH(s) +--- +aoH(s) = Q(s)H(s)
and since Laplace{d(¢)} = 1, we have Laplace{P(D)d(t)} = P(s), so H(s) = gg‘:;

So H(s) is a ratio of two polynomials, with the order of the denominator greater than

or equal to the order of the numerator. Using partial fraction expansion and the inverse

Laplace transform will give us an expression of the form
n
h(t) = |:co5(t)+ E cpt™rePRt | u(t)
k=1

where co, ..., cn are constants, mi,...,m, are nonnegative integers, and p1,...,pn
are the roots of Q(s). The only way we h(t) will have finite action is if these are decaying

exponentials, which will occur if and only if Re{pr} < 0 for all roots.
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Example: the RC circuit

» we now know that any right-sided input vs will lead to a right-sided
output v., and the ODE defines a causal LTI system

» the single root of the polynomial Q(s) = s+ % is

b
RC

S =

which always has negative real part, so the circuit is BIBO stable
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Example: the series RLC circuit

R i(t) L
NN YN d%i(¢ di(t) .
LC dt(2 ) + RC ar + Z(t)

u(t) @) —cC _ oW

» we now know that any right-sided input v(¢) will lead to a right-sided
output i(t), and the ODE defines a causal LTI system

> the roots of the polynomial Q(s) = s* + &5+ 7L are

—i—\/RQCz 4LC———i—

2LC RQC
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Example: the series RLC circuit

__R R/ AL
ST oL oL R2C

» case #1: if F?Z,LC > 1, then the second term is imaginary, and both
roots have real part —%, so the circuit is BIBO stable

> case #2: if 0 < é}c < 1, then the entire square root is strictly
between 0 and 1, so the first term always out-weighs the second term,
and the circuit is again BIBO stable

Final comment: In cases where Q(s) is a more complicated
polynomial, you must try to factor (s) into simple pieces. In ECE311
you will learn other, more general techniques for assessing stability.
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From time-domain to frequency-domain analysis

» we now understand a good amount about CT systems in general, and
even more about CT LTI and causal systems

P the next two chapters are devoted to analyzing CT LTI systems in the
frequency domain, via two different methods

» the two methods have different assumptions and strengths

Laplace Trans. Method

Fourier Trans. Method
» two-sided CTFT-able inputs

» LT-able inputs which are

right-sided from time 0

» causality not required
» causal systems only

» used in signal processing, > used in control, energy

communications, ... .
robotics, aerospace, ...
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Section 6

Relevant MATLAB commands

computing a “CT" convolution

1 %Define Time

2 T_max = 10; step = 0.001; t = -T_max:step:T_max;

4 %%Define impulse response of RC circuit
5 R=0.3; C =1; h = heaviside(t).xexp(-t/R/C)/R/C;

7 %% Define input signal

8 x = heaviside(t) - heaviside(t-3) - heaviside(t-6);
9
10 %% Compute convolution

11y = stepxconv(x,h, "'same');

14 plot(t,x); hold on; plot(t,y); hold off;

Fundamentals of Continuous-Time Systems
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Supplementary reading

» O-W: A. V. Oppenheim and S. Willsky, Signals and Systems, 2nd Ed.

» BB: B. Boulet, Fundamentals of Signals and Systems.

» BPL: B. P. Lathi, Signal Processing and Linear Systems.

» K-S: H. Kwakernaak and R. Sivan, Modern Signals and Systems.

» EL-PV: E. Lee and P. Varaiya, Structure and Interpretation of Signals and Systems, 2nd Ed.

» ADL: A. D. Lewis, The Mathematical Theory of Signals and Systems.
Topic | oow |BB| BPL | K-S |ELPV| ADL
Definition of a system 1.5 1 1.6 3.1, 3.2 1.2,23|V51.1-1.2
System properties 16,23| 1 1.7 3.2,3.3,36
LTI systems, impulse response 2.2 2 |21-28| 33,34
Convolution 2.2 2 2.3 35 9.1 V4 4.1-4.2
System interconnections 15,98| 1 3.9
Differential equations 2.4 3 25 4.1-4.6 13.7
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7. Analysis of Continuous-Time Systems using
the Fourier Transform

e response of a LTI system to a complex exponential input
e response of a LTI system to a periodic input

e response of a LTI system to a general two-sided input

e frequency response conditions for invertibility

e filtering in the frequency domain using LTI systems
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Warm-up: LTI systems with complex exponential inputs

» let T be a LTI system with impulse response h

y(t) = /OO h(t —1)x(T)dr

/ h(T)z(t —7)dr

» if the input x is a complex exponential z(t) = eJ“o*, then

y(t) = / " ()t dr = [ / h h(T)e_ijTdT} vt

— 00 —00

z(t) ——| T |—

CTFT of h at w = wo

If the input is a complex exp., then the output is also a complex exp.
with the same frequency, but scaled by the CTFT of h! J
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Frequency response of a LTI system

The CTFT of the impulse response is known as the system’s frequency
response, and is denoted by H(jw) = [ h(t)e 3+ dt. J

» write H(jw) € C in polar form as H(jw) = |H (jw)|ed )

a(t) = = y(t) = H(jwo)e!*" = |H(juwo)|“H 0D elot |

(i) “eigenfunction” property: if x(t) = e¥*ot, then y(t) o ei*ot
(if) amplitude scaling: output amplitude is scaled by |H (jwo)|

(iii) phase shifting: output phase is shifted by ZH (jwo)

A LTI system amplitude-scales and phase-shifts any complex exp. input! J
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Example: RC circuit

> the RC circuit has impulse response h(t) = e /(1)

» the frequency response is

o0 A 1
. _ —jwt _
H(jw) = /_oo At)e " dt =5 + RC(jw)

» in terms of magnitude and phase, we have

) 1] s 1 .
|H (jw)| = ———— ZH(jw) = Z£1 — Z(1+ RC(jw))
/1 l(RCoJ)2 =0 —tan" ' (RCw)
T JROPP 41 = —tan~ ' (RCw)
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Example: RC circuit (RC = 3)

» it is often very useful to plot these as a function of w

Notes:

(i) mag — 0 as w — too

oo (ii) phase — 490° as w — Foo

(iii) low frequencies are passed,

high frequencies are

attenuated

H(jw) (deg)

/

7-311
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Section 7

Example: RC circuit

more often, we plot this information with slightly different axes:

(i) log (base 10) scale for frequency;
(i) log (base 10) scale for magnitude, multiplied by 20 (decibels)
(iii) only plot for positive frequencies w > 0 (why?)

with a log-log scale, the key features of the magnitude plot often

become more obvious
such a plot is called a Bode plot of the frequency response
note that if H(jw) = Hyum (jw)/Hden(jw) then

201og; ‘H(JW” = 20log;, |Hnum(jw)| — 20logy, |Hden(jw)‘

Analysis of Continuous-Time Systems using the Fourier Transform
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Example: RC circuit (RC = 3)

i

20log;o|H (jw)|

1 Notes:

1 (i) magnitude max. value of 0

1 dB
] (if) magnitude shows “break
102 107! 10" 10! 10* 10° H " ~
o (tad/s) point” at & 2 rad/s,

transition from flat to linear

-60 -

H{(jw) (deg)

L

-80

-100

(iii) frequencies above = 2 rad/s
are attenuated

(iv) frequencies below ~ 2 rad/s

are passed

107

. . . . .
10 10 10° 10' 10? 10°
w (rad/s)

We call such a system a low-pass filter J
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Response of a LTI system to a periodic input

» we previously studied how to take the CTFT of a periodic signal:

oo oo
x(t) = Z apetot = X(jw) =27 Z apd(w — kwo)
k=—o0 k=—o0
» we can now compute the output of the LTI system as

oo

Y (jw) = H(jw)X (jw) =27 > apH(jkwo)d(w — kwo)

k=—oc0

and therefore, taking the inverse CTFT:

y(t) = Z o H (jkwo) edFwot (Fourier series of output!)

k=—00 Equrier coefficients

» amazing: the output is Ty = i—’; periodic, just like the input!
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Response of a LTI system and the CTFT

These ideas generalize to more general input signals J

tt) —| T |— = [Z_h(t—T7)z(r)dr

» recall: convolution in time <= multiplication in frequency
y(t) = (hxz)(t) <= Y(jw)=H(jw)X(jw)
In the frequency domain, the output spectrum Y (jw) is given

by the product of the frequency response H (jw) and the input
spectrum X (jw). Much simpler than convolution!
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Response of a LTI system and the CTFT

Input Signal z(t) Impulse Response h(t) Output Signal y(t)
2 (h*x)(t)
- — N
CTFT CTFT CTFT
Input Spectrum X (jw) Frequency Response H (jw) Output Spectrum Y (jw)
X H(jw)X (jw)
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Example: computing the output for the RC circuit

> the RC circuit has impulse response h(t) = e/ (1)

» the frequency response is

H(j )=/ h(t)e_j“’tdt:/o L t/RClet g

[e'S) 1 o0
- % e*(,TlCﬂ‘w)t dt = — 1% e*(,TlCﬂ‘w)t

0 7 Hiw 0
_ 1
1+ RO(jw)

» for ¢ > 0 consider the input signal
1
t) = e “u(t = X(jw) =

2(t) = e u() () = 55

Let's compute the output using the FT method )
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Example: computing the output for the RC circuit

» the spectrum of the output signal y is

V() = H)X(9) = 1o o5

» using the method of partial fractions, we write

L A B A(c+jw)+ B(1+ RC(jw))
YU) =T RoGe) T et T M ROGOT vl
_ Ac+ B+ (A+ BRO)(jw)

[1 4+ RC(jw)][c + jw]

so Ac+ B =1 and A+ BRC =0, yielding
Ao “RC o1
1—cRC 1 —cRC

(assuming cRC # 1)

» inverting Y (jw) term by term, we obtain

1

—RC 1 —t/RC —ct
e u(t)+1fcRCe u(t)

v =1 Rc RO
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LTI systems and invertibility

» recall: a LTI system with impulse response h is invertible if there
exists an impulse response hi,, such that h * hj,, = 0.

Let's look at what this says in the frequency domain ... J

» take CTFT of both sides and use convolution property:
h * hinv - 5 — H(j )Hinv(jw) = 1

so we can always solve for Hi,(jw) as long as H (jw) # 0

Proposition 7.1. A LTI system T with impulse response h is invertible if
and only if H(jw) # 0 for all w € R.
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Example: invertibility

» recall: the LTI system T with impulse response
h(t) = 6(t) + (a — b)e~ tu(t), a,beR, a#b.

» this system has frequency response

a—b jw+ta
jut+b  jutb

Hjw) =1+
» since H(jw) # 0 for all w € R, the inverse Ti,, of T exists and has
freq. response

Cjwtd
Cjw+a

Hipy (jw) hiny (t) = 6(t) + (b — a)e” “u(t)

which agrees with Chapter 6.
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Example: invertibility and feedback interconnections

the negative feedback combination Ty o 7 >

of two LTI systems is the LTI system

T with impulse response

h = (6+h1*h2)_1*h1.

» we now know that (§ + hy * ha) is invertible if and only if
1+ Hi(jw)Hz2(jw) #0 for allw € R

» if this holds, then we have

S Hi (jw)
i) = 5 + Hy(jw)Ha(jw)
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Filtering via LTI systems

» to filter a signal means to emphasize or de-emphasize some subset of

frequency content within the signal

» several common classes of filters are

(i) low-pass filters (attenuates/removes all “high”-frequency content)
(ii) high-pass filters (attenuates/removes all “low”-frequency content)
(iiif)

(iv

band-pass filter (attenuates/removes all content outside a band)
band-stop filter (attenuates/removes all content inside a band)

Filters can be conveniently designed using LTI systems
through an appropriately chosen frequency response J

» we will examine simple ideal and non-ideal filters
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The ideal low-pass filter

For w. > 0 consider the freq.

response !
3
. 1 if —w.<w<w:. =
H(jw) . 0
0 otherwise

—We We

£ or

This system perfectly passes frequencies |w| < w..

Se

The impulse response is

sin(wct) <

Tt

h(t)

st

Ela
+~ ot
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The ideal low-pass filter

The filter is not causal, since w
h(t) is not zero for all t < 0.
We therefore cannot use this

h(t)

ideal filter in any real-time 0

application.

-zoz

t

» we often instead prefer non-ideal but causal filters, because
(i) they can be modelled using differential equations

(ii) they can be easily implemented in hardware/software for real-time use

» another issue with the ideal LPF is that its impulse response
oscillates; when convolved in the time-domain, this tends to produce

undesirable oscillations (“ripple”) in the output signal
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The RC circuit is a non-ideal LPF

» the RC circuit is an example of a non-ideal but causal LPF

1
Hico(jw)| = —m———
()] = s
with R—IC = We
hro(t) = gge” /" u(t)

——Ideal
- - RC Circuit
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Comparison of RC circuit and ideal LPF

» for w, = 2 rad/s, let's consider the input z(¢) = [1 4 0.1sin(3¢)]u(t)

Input Signal
=)
o

Filter Output

» the ideal filter

——Ideal
——RC Circuit

10 15

(i) anticipates the input change (because it is not causal)

(ii) perfectly removes the oscillatory component above w.

» the RC circuit

(i) reacts only after the input changes (because it is causal)
(ii) attenuates the oscillatory component, but cannot remove it

Section 7: Analysis of Continuous-Time Systems using the Fourier Transform
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The ideal high-pass filter

For w. > 0 consider the freq.

response )
ol 2
. 1 if |w| > we =
H(jw) = . of
0 otherwise
—We 6 We
This system perfectly passes frequencies |w| > w.. J

The impulse response is

in(ct) /\I/\
h(t):é(t)f% \/

0
i

h(t)

S [

Rl
Rt
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A non-ideal HPF via the RC circuit

t
vc(t):/ R—lce_(t_T)/Rcvs(T)dT
0

P let's measure the resistor voltage instead of the capacitor voltage

» the voltage across the resistor is v, = vs — v, SO
t
v (t) = vs(t) — / %67(#7)/1{01}3(7’) dr
0

t
= / [5@—7)—%@—“—7)/% vs(T) dr
0

h(t—T)
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A non-ideal HPF via the RC circuit

» this impulse response defines a non-ideal but causal HPF

- 1 l—— ==
H(jw)| =1-———e= 2
THRCW? £ P ]
- - RC Circuit
Wlth % = We —We 0 We

» for w. = 2 rad/s, let's consider the input z(¢) = [1 + 0.1sin(3t)]u(t)

—_

(=)

Input Signal
o
S
Filter Output

——Ideal
——RC Circuit

10 15 20

'
—_

!
ot
o
ot
=
o
—
ot
[\
o
!
ot
o
ot
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Relevant MATLAB commands

» MATLAB has very useful LTI system commands

1 %% Define the system via its transfer function
= tf('s");
2/ (s+2);

w
jusIN0]
1

5 %% Plot the Bode plot, impulse response, step response

6 bode(H); impulse(H); step(H);

8 %% Simulate response to any input
= 0.0001: T_max = 10;

O:h:T_max;

sin(t) .*xexp(-t) .+xheaviside (t);
lsim(H,u,t);

S
oo oo o
Il
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Supplementary reading

O-W: A. V. Oppenheim and S. Willsky, Signals and Systems, 2nd Ed.

BB: B. Boulet, Fundamentals of Signals and Systems, Chp. 1.

BPL: B. P. Lathi, Signal Processing and Linear Systems, Chp. 1, 8

K-S: H. Kwakernaak and R. Sivan, Modern Signals and Systems, Chp. 2, Appendix A
EL-PV: E. Lee and P. Varaiya, Structure and Interpretation of Signals and Systems, 2nd Ed.

vV vvVvYyYVYYy

ADL: A. D. Lewis, The Mathematical Theory of Signals and Systems.

Topic | oow |BB| BPL |K-S|EL-PV |ADL|

6.2
6.3, 6.4

8
5 8

Frequency response
Filters

44,71,7.2
4.5, 75-7.8

7.5
9.4

8.1, 8.2
9
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Supplementary reading

» Oppenheim & Willsky, Chp. 3.2, 3.10, 6.2, 6.3, 6.7.1
» Boulet, Chp. 5, 8
» Lathi, Chp. 4,7

» Kwakernaak & Sivan, Chp. 7.5
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8. Analysis of Continuous-Time Systems using
the Laplace Transform

e response of a LTI system to a complex exponential input

e signals of exponential class and the Laplace transform

e response of a causal LTI system to a right-sided input

e analysis of LICC-ODEs via the Laplace transform

e steady-state interpretation of the freq. response for causal LTI systems
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Warm-up: LTI systems with complex exponential inputs

» let T be a LTI system with impulse response h

y(t) = /OO h(t —1)x(7)dr

/ h(T)z(t —7)dr

» if the input = is a complex exponential z(t) = et for s € C, then

1) = [ Z h(r)est=) dr = { [ O; h(r)e™ dT] =

“Transfer function” H (s)

x(t) _— T —_—

If the input is e*! then the output is also proportional to e, but
scaled by the “transfer function” H (s). Seems familiar! J
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Motivation for transfer function methods

What is this new object H(s) = [*_h(t)e " dt, and what
use is it compared to the CTFT H (jw)? J

» main idea: we saw that the CTFT is not always well-defined; it turns
out that H(s) will exist in many situations where H (jw) does not

» while the theory here can be developed for two-sided signals and for
non-causal LTI systems, we will study only

(i) CT signals that are right-sided (in this section, always from time 0)
(ii) CT systems that are LTI and causal

» this setting describes physical systems (e.g., circuits, mechanical
systems, etc.) ...analyzing such systems is crucial in all engineering
problems that involve “atoms” and not “bits”
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Signals of exponential class

Definition 8.1. A right-sided CT signal z is of exponential class if
|z(t)] < Me“! for some constants M > 0,0 € R and for all ¢ > 0. The
smallest possible value for o that works is denoted by o*(x).

» idea: o*(z) is our sharpest bound on the “growth rate” of .

10

-10

> examples: e u(t) is not of exponential class

Section 8: Analysis of Continuous-Time Systems using the Laplace Transform

8-339



The right-sided Laplace transform

Definition 8.2 (Laplace Transform). Suppose x is of exponential
class, and let R, = {s € C | Re(s) > o*(z)}. The Laplace transform of

x is the complex-valued function
X:R,>C,  X(s)= / s(t)e=" dt

”

» the lower limit “0~" means we will include CT impulses at ¢t =0

» X(s) is only defined for s € R, the region of convergence
Im(s) Im(s)

Re(s) Re(s)
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Existence of the Laplace transform

Let's check that this definition makes sense. J
For any s € C, we can bound X (s) as

oo oo
/ z(t)e st dt| < / |z(t)] - |e” 5| dt
0— 0—

If s =0 + jw, then |e75t| = e~ te™I¥t| = e 9%, so

o0 o0
| X (s)] §/ |z(t)|e” 7t dt S/ Me? te™ ot dt.
0 0—

[X(s)] <

Since x is of exponential class, |z(t)| < Me“"t, so
o0
1X(s)| < / Me=(@=o7)t q¢
0

For o > o* (i.e., for s € Rz), the exponential term is decaying, so the integral evaluates

to a finite number. Thus X (s) is well-defined for all s € R;.
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Example: LT of right-sided exponentials

» for a > 0 consider the signals x1(¢) = e~ %u(t) and z2(t) = e®tu(t)
1

—a, so Rg; = {s | Re(s) > —a}.

z5(t)

> the signal x; is exp. class with o*(z1)

» the LT of x7 is

o0 oo oo
1 .
X1(s) = / e % y(t)e st dt = / ettt gy =~ o~ (sta)t
0= 0 s+a =0
_ Sia if s € Rz,

undefined otherwise
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Example: LT of right-sided exponentials

x1(t)
(=]
z5(t)

1
0
0 0
_ 1 H 1 .
Xi1(s) = ;4. if Re(s) > —a Xo(s) = =, if Re(s) > a
Im(s) Im(s)
1 Re(s) 1 Re(s)
4 a
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Connection between LT and the CTFT

» observation: for the decaying exponential signal =1, the region of
convergence R, contains the imaginary axis {s = o + jw | 0 = 0}.

» it is therefore fine to substitute s = jw, and we find that

1
s+a

1
Cjw4a

s=jw

Xi(s)

= CTFT of xl(t) = Xl(jOJ)

s=jw

General Fact: when R, contains the imaginary axis, the CTFT
X (jw) of z(t) is obtained by substutitng s = jw into the LT X(S)J

» when R, does not contain the imaginary axis, the CTFT cannot be
obtained from the LT; the CTFT may not even exist!
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Important Laplace transforms

Name z(t) X(s) Ra

Impulse 5(t) 1 all s

Step u(t) 1/s Re(s) >0
Ramp tu(t) 1/s2 Re(s) >0
Monomial t"u(t) nl/snt1 Re(s) >0
Sine sin(wot)u(t) wo/(s? + w?) Re(s) >0
Cosine cos(wot)u(t) s/(s? + w}) Re(s) > 0
Exponential etu(t) 1/(s — a) Re(s) > a
Exp/Sin e sin(wot)u(t) | wo/[(s —a)? +w?] |Re(s) >a
Exp/Cos | e cos(wot)u(t) | (s — a)/[(s — a)? + w2] | Re(s) > a
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Properties of the Laplace transform

We let x be a right-sided CT signal with LT X.

Name

z(t)

X(s)

Ra

Superposition

az(t) + Bza(t)

aXi(s) + BX2(s)

at least Rz NRay

Time-shift by tg >0 | z(t — to)u(t — to) e~ 05X (s) Ra
Differentiation z(t) sX(s) at least Ry
Integration up to t > 0 fot z(7)dr %X(s) at least R, NCxso
Convolution (z1 * 22)(t) X1(s)X2(s) at least Rz; NRay
Initial value theorem z(0t) lims— 00 X () -

Final value theorem

lim¢— 00 (1)

lims—0 sX(s)
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Response of a causal LTI system and the LT

The Laplace transform can be used to compute the response of a
causal LTI CT system to a general right-sided input. J

» T causal LTI, impulse response h with LT H(s) and RoC Ry,
» 2 right-sided with LT X (s) and RoC R,

r — T |[—— y=h=xz

» by the convolution property of the LT, we have

Y(s)=H(s)X(s) with RoC at least R, "R,

Section 8: Analysis of Continuous-Time Systems using the Laplace Transform 8-347



Response of a causal LTI system and the LT

» Time-domain expression for output y(t):

¢
Convolution: y(t) = / h(t — m)z(T)dr, t>0

» Laplace-domain expression for output Y (s)
Multiplication: Y(s) = H(s)X(s), sERy DRLNR,

In the Laplace domain, the output Y (s) is given by the
product of the transfer function

H(s) = /OO h(t)e st dt

and the input X (s). Much simpler than convolution!
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Response of a LTI system and the LT

Input Signal z(t) Impulse Response h(t) Output Signal y(t)
. (hx2)(®
N\ R — R —
0 0 0
LT LT LT
Input Transform X (s) Transfer Function H(s) Output Transform Y (s)
X H(s)X(s)
E— —_—
0 0
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Example: RC circuit

h(t) = gae "/ ult),  a(t) = 1 [u(t) = ult — A)]

1
A

Let's compute the output using the LT method J

» The two LTs are

1 11 1e @ 11
H(s)= ==  X(s)= 1~ —x——=~-(1—e)
RCs+1 As A s A s
» Therefore 1 1
Y - -  (1- —As
(®) A s(RCs + 1)( c )
» Using partial fractions, note that
1 7é+ B _ (ARC+B)s+ A
s(RCs+1) s RCs+1  s(RCs+1)

so A=1and B=—-RC
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Example: RC circuit

» Therefore we have

O e

1<11>1(11>6A5
A \s s—f—% A \s s—l—%

» Going back to the time-domain, we have
_ 1 C(—
y(t) = < (1 — e Ru(t) - Al-e (=R ROYy(t — A)

which is the same solution we obtained via convolution
Note: The LT method can also be used to include non-zero

initial conditions the response calculations. We don't care
about this in ECE216, but in other courses you might.
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Analysis of LICC-ODEs via Laplace Transform

» recall: the LICC-ODE Q(D)y(t) = P(D)x(t) defines a causal LTI
system which produces a unique right-sided output y(t) for each
right-sided input z(t)

» the quantities Q(D) and P(D) are the linear differential operators

Q(D)=D"+ap, D" ' +---+a;D+ag
P(D) = by, D™ + by, 1 D™t 4 b1 D+ by

and D¢(t) = %(:) is the derivative operation

We can use the Laplace transform to compute the impulse
response of this causal LTI system. J
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Analysis of LICC-ODEs via Laplace Transform

The key idea is to take the LT of both sides of the
differential equation Q(D)y(t) = P(D)z(t), then rearrange.J

» using the LT derivative rule
(8" + ap_18" 14 +ais+ag)Y(s)
= (b 8™ 4 byy_18™ 4 - brs 4 bo) X ()
» rearranging

Y(s)
X(s)

_H(s) = b 8™ + by—18™ L+ -+ bys + by _ P(s)
N s a8t 4 dastag Q(s)

The transfer function of an LTI system defined by a LICC-ODE is very
easy to find; this is often the preferred way to compute outputs. J
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Analysis of LICC-ODEs via Laplace Transform

» now we have the rational function

H(S)_b §" 4 b1 8™ -+ s+ by P(s)
s ap, 8" 4 dastag Qs)’

and you can compute the impulse response h(t) by:

(i) factoring the denominator
(ii) performing a partial fraction expansion on H(s)
(iii) computing the inverse Laplace transform term-by-term

» if m < n, you will obtain an expression of the form

h(t) = byd( Z bit™ PRt sin(wit + o) | u(t)
k=1
for appropriate constants by, pg, My, wk, @k - . .often complicated, but
occasionally useful
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Example: the series RLC circuit

R i(t) L
AAAY N, d?i(t) Edi( ) i)
de? L dt LC
oit) (&) —¢ 1 doft)
T L
» Following our procedure we obtain
1(s) Is is

H(s) = = =

Vis) 2+ 854+ s24+20wns +w
—_—

standard form

» Equating the coefficients, you can easily find that
1

wn = “natural frequency” = Y7ok ¢ = “damping ratio” = —
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Steady-state interpretation of the frequency response

» in Chap. 7, we understood frequency response H (jw) as telling us
about the response of a LTI system to two-sided complex exp. inputs

z(t) = &t =  y(t) = H(jwo)ed*t = ‘H(jw0)|ej(4H(jwo))ejwotJ

» in this chapter though we have been looking at right-sided inputs
and causal systems — how should our interpretation change?

» consider applying a right-sided complex exponential input

z(t) = edotu(t)

z(t) —| T |— yt)= ffooo h(r)x(t —7)dr
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Steady-state interpretation of the frequency response

» main assumption: h has finite action, so T is BIBO stable

» the system responds with the output signal

y(t) = / h(r)ed0t= "yt — 1) d‘r:| u(t)

ropt

= h(T)e 90T dr | I“0ty(t) (prop. of unit step)

— 00

- =(t)

= / h(r)e3woT d'r:| z(t) — |:/ h(T)e_jWOTdT:| z(t) (rewriting)
LJ —co t

CTFT of h L1 (t)

= H(jwo)z(t) — F(t)x(t)

The first term looks familiar from our CTFT analysis of LTI
systems. But what is this new term F'(¢)? J
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Steady-state interpretation of the frequency response

» since h has finite action, we can bound |F(t)| as

/ h(T)ef‘iw(’T dr| < / |h(7)| dT
¢ ¢

=/:h<r>dr—/_;h<r>dr

some number M m(t)

[F ()] =

where m(t) > 0 satisfies lim;_,o, m(t) = M. So

lim |F(t)] < M — lim m(t) =0 = lim F(t) =0.
t—o0

t— o0 t—o0

The new term F'(t) vanishes as t — co. We think of this term
as capturing the transient response. J
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Steady-state interpretation of the frequency response

» if we define the steady-state response as
Yss (1) & H(jwo)a(t) = |H (juoo) | 00D oty 1)

then
lim [y(t) — yss(t)] = lim F(t)z(t) = 0!

t—o00 t—o0

» the output y(t) converges to yss(t)!

For a causal and BIBO stable system, the frequency response H (jwo)
quantifies the steady-state amplitude scaling and phase shift experienced
by right-sided complex exponential signal.

Section 8: Analysis of Continuous-Time Systems using the Laplace Transform 8-359



Example: steady-state response of RC circuit

» RC =1/2, input is z(t) = cos(wot)u(t) with wg = 2 rad/s

0
= —a(t) — — ys(t
3 1 z(t) —— yss(t)
Z 90
= B
& -0
2 -1
[N}
-60 :
107 10° 10° 0 2 4 6 8 10
w (rad/s) t
0
= 1 —y(t) - — us(t)
i}
= A
E 50 £ OW
= -1
~
-100
107 10° 10? 0 2 4 6 8 10
w (rad/s) t
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Steady-state interpretation of the frequency response

Theorem 8.1. For a causal and BIBO stable CT LTI system
(i) the response to a sinusoidal input is sinusoidal in steady-state;
(ii) the s.s. response has the same frequency as the input;
(iii) the s.s response amplitude is the input amplitude times |H (jwo)|;
)

(iv) the s.s response phase is the input phase plus a shift of ZH (jwy).

» The frequency response H(jw) of a BIBO stable physical system can
be measured by applying a sinusoidal inputs, waiting, and recording
the steady-state output

» Bode plots are the standard way to visualize H (jw)
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» working

Relevant MATLAB commands

with transfer functions for simulations

)

H_
H_.
bode (H_1+H_2);

step(H_1 + H_2);

1
2

tf('s");
= 1/(s"2 + 0.1%s+1);%Define two TFs
= 1/ (5*s+1);

%$Plot's Bode diagram

%$Response with unit step input

» MATLAB also has symbolic tools for doing LTs

1

2

syms s;

syms t a real;

X
X

X_

exp (—axt) xheaviside (t); %Define a right-sided signal
laplace (x); %Compute the LT

recovered = ilaplace (X); %Compute the inverse LT
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Supplementary reading

O-W: A. V. Oppenheim and S. Willsky, Signals and Systems, 2nd Ed.

BB: B. Boulet, Fundamentals of Signals and Systems.

BPL: B. P. Lathi, Signal Processing and Linear Systems.

K-S: H. Kwakernaak and R. Sivan, Modern Signals and Systems.

EL-PV: E. Lee and P. Varaiya, Structure and Interpretation of Signals and Systems.

vV vvVvYyYVYYy

ADL: A. D. Lewis, The Mathematical Theory of Signals and Systems.

Topic | ow |BB| BPL | K-S | EL-PV | ADL |
Laplace transform (| 9.1-9.6, 9.9| 6 |6.1, 6.2 8.1-8.5|13.3-13.7 | V4 9.1
Transfer functions 9.7 7 |6.3-6.5|8.6-8.7 | 13.3-13.7
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9. Fundamentals of Discrete-Time Systems

e definition of a DT system and examples

e linearity, causality, time-invariance

e memory, invertibility, stability

e linear time-invariant (LTI) systems

e impulse response of a LTI system

e response of a LTI system and convolution

e LTI system properties and the impulse response
o finite impulse response (FIR) systems

e difference equations and DT LTI systems

e frequency-domain analysis of DT LTI systems
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What is a DT system

» a DT system is some operation T that takes a DT input and
produces exactly one DT output

» notation: T{z}[n] is the value of the output signal at time n € Z.

» while CT systems often arise from physics, DT systems tend to come
from engineering processes or phenomenological models, such as

(i) discretization of CT systems,
(i) digital filtering or signal processing,
(iii) economic/financial models, . ..
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Pointwise definition of a DT system

One way to define a DT system is pointwise: give a
formula for y[n] = T{x}[n] in terms of (potentially) all the
input signal values {z[n]},cz.

> example: the system Ty, defined by y[n] = (z[n])? produces an
output which is the squared value of the input at each n € Z

y[n]
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Pointwise definition of a DT system

» example: the system defined by y[n] = max{z[n], z[n — 1], z[n — 2]}

ol

z[n]

y[n]
[CRR<I RN

|
N O N

n n

» example: the system Ty;g defined by y[n] = z[n] — z[n — 1]

x[n]
o
o
o
—  »
o
o
y[n]
[N o (3]
—o
—o
—o
1|
o
o

-5 0 5 10 -5 0 5 10
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Pointwise definition of a DT system

» example: the three-point moving average filter
ylnl = 3(zln — 1]+ z[n] + z[n + 1)

=3
6 4
’ — g
% 3 T |||||||||T| % 0 T‘l
-2 w) -2
-4 -4
0 10 20 30 40 50 0 10 20 30 40 50

n n

> example: the summing system Ty, defined by y[n] = > x[k]

6 40
4
— 92 -
z M =2
= () QUITTITHTTITT, EY
: T i
; ' {
0 10 20 30 40 50 0 10 20 30 40 50
n n
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Example: discretized RC circuit

‘ dve
5 RO +ve(t) = s (8) J

» suppose we sample the values of the voltages every Ty seconds, and
approximate the derivative with a first difference

Uc(nTs) - UC((” — I)TS)
Ts

RC + ve((n — 1)T5) = vs((n — 1)Ts)
P rearranging, we have the recursion

veln] = (1 — £5)ven — 1] + F5vs[n — 1]
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Example: a bank account

Discrete-time systems are often useful for modelling financial or J

economic processes that are indexed at discrete times (e.g., quarterly)

» consider a bank account where

(i) s[n] = savings balance at end of month n (we start at month n = 0)
(ii) x[n] = earnings deposited at end of month n

» let r > 0 be the monthly interest rate, s[0] = x[0] the initial balance

» a simple model describing the balance evolution is
sln]= (14+r)sln—1] + =z[n]
—_—— ~—~

old balance plus interest  new deposit

» this is again a recursive definition of a DT system
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Example: a bank account

» in this simple case, we can actually convert the recursive definition

into a pointwise definition by iterating:

s[0] = z[0]
s[1] = (1 +7r)s[0] + z[1] = (1 4+ r)z[0] + z[1]
s[2) = (1 +7)s[1] + 2[2] = (1 + r)2z[0] + (1 + r)z[1] + z[2]
sln] =) (1 +7r)" Falk]
k=0
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Example: a bank account

0 20 40 60 80 100 120
n
15000
10000
=
5000
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Properties of DT systems: linearity and causality

Definition 9.1. A DT system T is linear if for any two input signals z, &
and any two constants «, @ € C it holds that
T{azx + az} = aT{z} + aT{z}.

» the summing system y[n] = >"7_ __ xz[k] is linear

» the squaring system y[n] = (z[n])? is not linear

Definition 9.2. A DT system T is causal if for all n € Z, the output
value y[n] depends only on the present and previous input values
{...,z[n=3],z[n — 2],2[n — 1], z[n]}.

» the 1-step delay system y[n] = z[n — 1] is causal

> the system y[n] = % (z[n — 1] + z[n] + x[n + 1]) is not causal

Section 9: Fundamentals of Discrete-Time Systems 9-376



Properties of DT systems: time-invariance

» notation: let zx[n] = z[n — k] be short form notation for a time-shifted signal

Definition 9.3. A DT system T is time-invariant if for any input signal
x with output signal y = T{x}, it holds that y; = T'{x} for all possible
time shifts k € Z.

» physical meaning: an experiment on the system tomorrow will produce the same
results as an experiment on the system today.

» the squaring system y[n] = (z[n])? is time-invariant

» the summing system y[n] = >_;____ x[l] is time-invariant

» the system y[n] = sin(n/10)z[n] is not time-invariant
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Example: time-invariance of reversal system

» consider the time-reversal system Ti, defined by
y[n] = x[-n]
» let x be an input with correspond. output
y[n] = Ti{x}{n] = x[-n]
» if we simply shift the obtained output, we obtain
yrln] = yln — k] = z[=(n — k)] = z[-n + K]

» if we shift the input signal as zy[n] = x[n — k|, we compute the
output
Ti{zr}[n] = xx[—n] = 2[-n — K]

These two signals are not equal, so the system is not time-invariant. J

Section 9: Fundamentals of Discrete-Time Systems 9-378



Properties of DT systems: memory and invertibility

Definition 9.4. A DT system T is memoryless if for all times n € Z,
the output value y[n| depends only on the input value x[n].

» the squaring system y[n] = (z[n])? is memoryless
n

ke — oo Z[K] is not memoryless

» the summing system y[n] =

Definition 9.5. A DT system T is invertible if there exists another DT
system T}y, such that T {T{x}} = T{Tinv{z}} = x for all inputs x

» the 1-step delay system y[n] = z:[n — 1] is invertible, with inverse
yln] = zfn +1].
» the squaring system y[n] = (z[n])? is not invertible
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Properties of DT systems: stability (linear systems)

» recall: a DT signal = has finite amplitude or is bounded if

||| o = maxpez |[n]| is finite, and if so, we write & € o

Definition 9.6. A linear DT system T is Bounded-Input
Bounded-Output (BIBO) stable if there is a constant K > 0 such that
l¥lloo < K|z||0o for all bounded inputs x and outputs y = T{x}.

“Bounded inputs produce bounded outputs” )

» the 1-step delay system y[n] = z[n — 1] is BIBO stable
> the summing system y[n] = >_,___ z[k] is not BIBO stable
» the difference system y[n] = z[n] — z[n — 1] is BIBO stable
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Linear Time-Invariant (LTI) systems

» we now focus on systems which are both linear and time-invariant

» remember that, roughly speaking
1. linearity: “the superposition principle holds”

2. time-invariance: “the system will be the same tomorrow as it is today”

» recall: the DT unit impulse and sifting formula

1
0 if 0 T os
5[n] _ mn # = 0.5
1 ifn=0 0
-0.5

-10 5 0 5 10

Sifting formula: x[n] = Z x[k]d[n—k] or T = Z x[k]og
k=—o0 k=—oc0
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Visualization of sifting formula

8 8
6 6
= =
f4 I “ (§4
2 2
) TLLT . I
-5 0 5 -5 0 5
8 8
— 6 ~ 6
X X
52 ‘ 32
0 0
-5 0 5 -5 0 5
8 8
= 6 =6
L4 Ly
F2 ‘ ]2 T
0 0
-5 0 5 -5 0 5
n n
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The impulse response of a LTI system

Definition 9.7. The impulse response h of a DT LTI system T is the
response T'{d} to a unit impulse § input applied at n =0, i.e., h = T{d}.

> example: the system y[n] = >, _ __ z[k] has impulse response
- 0 ifn<0
hin]= ) o[k = _ = u[n]
e oo 1 ifn>0

> example: the system y[n] = % (z[n — 1] + z[n] + z[n + 1]) has
impulse response

o] = 5000 — 1] + 8ln] + 6 + 1)

Section 9: Fundamentals of Discrete-Time Systems 9-383



Response of a DT LTI system

» let's apply the input x to a DT LTI system

z=Y 1. xlklly ——| T |—— y=T{z}

» using linearity of T', we calculate that

sz{x}zT{ S x[k]ak} = 3 M6}

k=—o0 k=—o0

» since T is time-invariant, the response T{d;} to an impulse at time
k is equal to the response h = T'{dp} shifted by k time units, i.e.,

T{or} = hy, or explicitly T{ox}[n] = hln — K]
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Response of a DT LTI system

» putting everything together, we have

o0 oo

ylnl = T{e}lnl = 3 elklhill = 3 hln— Klalk]

k=—oc0 k=—00

This is the DT convolution of the signals h and z, and is
denoted by y = h x x J

» compare convolution in continuous and discrete time:

CT Convolution DT Convolution

vy = [ he-nemar )= Y hin - Hell
k=—oc0
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Examples of DT convolution

» example: consider the impulse response h[n] = d[n — ng), a shifted

impulse function. We compute via convolution that

Z 0[n — k — nglz[k] = z[n — no]

k=—o0

so this impulse response corresponds to a ng-step delay system

» example: consider the impulse response h[n] = §[n] — d[n — 1]. We

compute that
Zén— k] —0[n — 1 — kz[k] = 2[n] — z[n — 1]
k=—o00
so this is actually the impulse response of Tyg!
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Properties of DT convolution

» as with CT signals, we can think of convolution as an operation which

takes two signals v, w and returns another signal v * w defined as

oo

(v*w)n] = Zk:_oo v[n — klwlk].

For any DT signals v, w, x and any constants «, 8 the following hold:
(i) superposition: x * (av + fw) = a(z *v) + B(z * w)
) commutative: v x w = w * v
(i) time-invariance: v x w; = (v * W)
)

identity element: § xx =z

» as with CT signals, convolution is not always well-defined, but
Proposition 6.1 applies also to DT convolution with no changes
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Example: DT convolution and polynomial multiplication

» convolution pops up in some other unexpected places

» consider the two polynomials P and @ defined by

P(s) = Z::o alk]s*,  Q(s) = ZZO ble]s".

with coefficients a[0], ..., a[n] and b[0],. .., b[m]

» if we pad both sets of coefficients with zeros on either side, i.e.,

..,0,a[-2],a[-1],al0],...,a[n],a[n + 1],0,...
T A

we can think of a and b as DT signals defined for all £ € Z, and we
can then write P and @) as

P(s) = Z:;_OO alk]s®, Q(s) = ZZ_OO ble]s.
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Example: DT convolution and polynomial multiplication

» multiplying these two poly. we get a degree n + m poly.

oo

> ) alklp)stt (double sum)

k=—o0 f=—00

P(s)Q(s)

o0 oo

=Y Y ar-apgs (r=k+1)

r=—00 f=—00

L¢[r]

» therefore, we get coefficients c[r] = (a * b)[r]

The coefficients of a product of polynomials are given by the DT J

convolution of the original coefficients!
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LTI system properties and the impulse response

» summary: the output of any DT LTI system is given by the
convolution of the impulse response with the input signal

y=hxzx yln] = Z hin — klx[k]

k=—oc0

»  is very useful for understanding properties of LTI systems

Theorem 9.1. A DT LTI system T with impulse response h = T{5} is
(i) causal if and only if A[n] =0 for all n < 0;
(ii) memoryless if and only if h[n] = ad[n] for some a € C;

(iii) BIBO stable iff h has finite action, i.e., h € ¢1, in which case

lYlloo < ||Bll1l|2]|co, for allz € £o, with y = T{x}.
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Proof of Theorem 9.1

Recall that our convolution formula for the output is

oo

yln] = ZZ;OO BKaln — K = Y hln— Kalk]. 3)

k=—o0

(i): A system is causal if y[n] depends only on {...,z[n —2],z[n —1],z[n]}. If h[n] =0
for all n < 0, then (3) simplifies to

y[n] = Z hlklz[n — k] = h[0]z[n] + A[1]z[n — 1] + - --

k=0
which shows that T is causal. Conversely, if T is causal, then all terms k = —oo to
k = —1 in (3) must be zero for any input z, so it must be that h[n] =0 for all n < 0.

(ii): A system is memoryless if y[n] depends only on z[n], and not on the value of x
at any other time. If h[n] = 0 for all n # 0, then (3) simplifies to y[n] = h[0]z[n] so
we conclude that T' is memoryless. Conversely, if T' is memoryless, then all terms in (3)

must be zero except for k = 0 any for any z, so it must be that h[n] = 0 for all n # 0.
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Proof of Theorem 9.1

(iii): Suppose that h € ¢1 and let « € ¢oo. Then

[e'e] oo oo

winll < | Y hlklaln— k]| < > (K- leln = K] < el Y IRIK]

k=—o0 k=—o0 k=—o0

50 ||y|loo < ||B]l1]|2z||oo- Since = was arbitrary, T is BIBO stable with K = ||Ah]|1.

To show the converse, we show that if h is does not have finite ation, then T is not
BIBO stable. To show that 7" is not BIBO stable, we need only construct one bounded
input which produces an unbounded output. Consider the candidate input

h[=n]*/|h[=n]| if h[-n] #0

=1, if hj—n] = 0
which is bounded since |z[n]| = 1 or |z[n]| = 0 for all n € Z. We compute that
T S R S L D DL
k=—oc0 k=—o00 k=—oc0 k=—o00

which equals 400 since h ¢ ¢1, so y is not bounded, and hence T' is not BIBO stable.
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Example: bank account model

» the equation for the bank account model is

s[n] = Zzzo(l +r R, > 0.

» the impulse response is computed to be

B} =300 ()R] =
= (1+7)"u[n]

-10 0 10 20 30
n

» note that
(i) the system is causal, since h[n] = 0 for all n < 0;
(ii) the system is not memoryless, since, e.g., h[1] =147 #0
(iii) the system is not BIBO stable, since

Z:;ioo(l + ) Fulk] = Z:O:O(l 1) = 4oo
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Example: bank account model

» consider the input z[n] = 5u[n], corresponding to a $5,000/month deposit
» for n < 0, the response (h * x)[n] will be zero

» we compute the response y = hxx for n > 0 as

oo e}

yinl = > hln—Helk] = > (1+7)"Fuln — k] - (5ulk])

k=—o0 k=—o0

=5% (1+n)"*
k=0

751—(1—4-7“)”""1 (@4t

1—-(1+r) r
» therefore, we have the final answer
0 ifn<O0
y[n] = (hx2)[n] = nt1_
U L i >0
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Example: bank account model

2
=1
£
=
0
0 10 20 30 40 50 60 70 8 90 100
n
6
4
=
52
0 Il Il Il Il Il Il Il Il Il
0 10 20 30 40 50 60 70 80 90 100
n
600 F
E400
8
*
Szoom
0
0 10 20 30 40 60 70 80 90 100
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Finite impulse response (FIR) systems

» a causal finite impulse response (FIR) system is a DT LTI system

of the form

yln] = Z brx[n — k] = box[n] + bix[n — 1] - -+ + byra[n — M|
k=0

where {b;}4L are constants and M is the order of the system

“The current output value is a finite linear combination ofJ

the past and present input values”

» FIR systems are commonly used in signal processing and filtering; one
can also consider non-causal versions by incorporating terms

proportional to z[n + 1], z[n + 2], etc.

9-396
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Finite impulse response (FIR) systems

» we compute the impulse response of an FIR system to be

M .

by O<n<M
B = bidln — k] = nh=ns
=0 0  otherwise

» the impulse response is non-zero only for a finite number of time

steps, hence the terminology FIR system

» note that this LTI system is

(i) causal, since h[n] =0 foralln < 0
(ii) BIBO stable, since

oo M
Z |h[n]| = Z |bx| = some number < oco.
k=0

k=—o00
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Example: FIR system

10
= 5+ 1
8
0 o & o T T T T o
-8 -6 -4 -2 0 2 4 6 8
4 T
| | f
£
=0 L T T
-9 | | | | | | |
-8 -6 -4 -2 0 2 4 6 8
20
£10- 8
) ‘7 (I,
e es e | ;
-8 -6 -4 -2 0 2 4 6 8
n
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Difference equations and DT systems

» DT systems sometimes arise from recursive relationships called
difference equations; we saw this when we discretized the RC
circuit, and in the bank account model

» sometimes it is easy to transform the recursive definition into a

pointwise definition, sometimes it is more difficult

» fact: under mild technical conditions, difference equations with
inputs always lead to DT systems, even if you can't solve the

recursion explicitly!

We will now study a special case of this general fact, and argue
that linear, inhomogeneous, constant-coefficient difference
equations can define causal DT LTI systems.
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LICC-DEs and DT systems
» we consider an nt" order, linear, inhomogeneous constant-coefficient
difference equation (LICC-DE)
aoylk] + arylk — 1] + - + apylk — n] = box[k] + - - + by x[k — m]

which must hold for all times k& € Z. In this equation

(i) « is a given signal,

(ii) y is the unknown to be solved for,
(iii) m, m are nonnegative integers, and
(iv) the coefficients ag, ..., an,bo,...,bm are real constants.

» without loss of generality, we will assume that ag =1
» example: bank model y[k] = (1 + r)y[k — 1] + z[k]
> examaple: RC circuit y[k] = (1 — 2=) y[k — 1] + 25k — 1]

9-400
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Section 9

LICC-DEs and DT systems

we will use the short-form notation D’y[k] = y[k — £], and set

QD) =1+a1D+ayD*+ -+ a,D"
P(D) =by+b1D +byD* + - -+ + b,, D™

we can now write our difference equation
ylk] + arylk — 1]+ - - + anylk — n] = boz[k] + - - + bx[k — m)|

in the short form
QD)y[K] = P(D)alK] (LICC-DE)

When does (LICC-DE) define a (causal, LTI) DT system? )
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LICC-DEs define LTI DT systems

» as with LICC-ODEs for CT systems, we will consider only right-sided
inputs and outputs

Theorem 9.2. For each right-sided input z[k], the LICC-DE
Q(D)y[k] = P(D)x[k] possesses exactly one right-sided solution y[k], and
therefore defines a DT system y = T{z}. Moreover

» the system T is linear, time-invariant, and causal;

» the system T is BIBO stable if and only if all roots of
QRQz)=2"+a12" + - tan_1z+an

in the complex variable z € C have magnitude less than one.
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Example: discretized RC circuit

» the RC circuit discretized with sampling period Ty is

ve[n] — (1 — 2£5)ven — 1] = Z5v5[n — 1]

> this is a difference equation with n =m =1, a; = —(1 — £&),

bo ZO, and b1 =

T
RC"

> the polynomial is Q(z) = z — (1 — %) = 0, which has one root.

» the root has magnitude less than one if and only if

-1<1-4s<1 o T,<RC.

The original CT model is BIBO stable. The DT model is also
BIBO stable when sampling period is sufficiently small! J
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Warm-up: LTI systems with complex exponential inputs

» let T be a LTI system with impulse response h
uln) = 3" hln— Halk]
oo
= Zk__ hlk]z[n — k]

zln] ——| T |—

» if the input x is a complex exponential z[n] = ei“™, then

yln] = i h[k]ej“"’(”fk) = [ i h[k]ejwok] elwon

k=—oc0 k=—o0

DTFT of h at w = wo

If the input is a complex exp., then the output is also a complex exp.
with the same frequency, but scaled by the DTFT of h! J
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Frequency response of a LTI system

response, and is denoted by H(el*) = 3> h[n]e=3«m

n=—oo

The DTFT of the impulse response is known as the system's frequency J

> write H(el*) € C in polar form as H(e3) = |H(&1)[ed<H ()

zln] = e = yln] = H(@)ekom = |H(e0)|J(“HE ) leon |

(i) “eigenfunction” property: if z[n] = eJ“°", then y[n] oc eJon
(i) amplitude scaling: output amplitude is scaled by |H (ei“0)]

(ii) phase shifting: output phase is shifted by /H (ei*0)

A LTI system amplitude-scales and phase-shifts any complex exp. input! J
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Response of a LTI system and the DTFT

These ideas generalize to more general input signals J

zn] ———| T | yln] =2 hln— kK]

» recall: convolution in time <= multiplication in frequency

yll = (hxa)ln] = V() = H(E)X()

In the frequency domain, the output spectrum Y (i) is given
by the product of the frequency response H(ei*) and the
input spectrum X (e3). Much simpler than convolution!
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Proof of convolution <= multiplication

Y () = ZN y[n]e " (def. of DTFT for y)
n=—oo
= ZOC [Zw hln — k]'r[k]] eTIwn (convolution)
00717_2 k=—o0
= Z Z h[n — k]z[k]e <™ (change order of summation)
k=—o0c n=—o0
oo oo
= Z z[k] Z h[n — kle 3« (group terms)
k=—o0 n=—oo
- Z [k] Z h[g]e™3@+0) (t=n—k)
k=—oco t=—oo
oo oo
= Z h[e)e it Z z[k]e 3wk (rearrange)
t=—o0 k=—oo0
= H()X () (def. of DTFT)
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The ideal discrete-time low-pass filter

For 0 < we < 7 consider

H(¥) =
0 otherwise

This system perfectly passes frequencies |w| < w..

1 if —we <w < we

3

1F

we

The impulse response is

sin(wen)
— n#0
Bl =4 ™ #
=, n = 0.
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Some non-ideal discrete-time low-pass filters

» the filter is not causal since h[n] # 0 for all n < 0. We can come up

with some causal alternatives.

Basic causal low-pass filter

iw 1—we
L(e®) = 1 — wee v
C

A better option is to
(i) take the ideal h[n]
(i) time shift it to the right
(i) multiply by u[n]
iv)

(iv) compute its DTFT

Section 9: Fundamentals of Discrete-Time Systems
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Comparison of ideal and non-ideal filters

» for w. = 0.4 rad/sample, let's consider the input
z[n] = (1 4+ 0.1sin(0.6n))u[n)

— N e ——
80 = d
< So05ld | H”HHHH HHHH”H”
: -4 \
K= ';: () el —o Non-Ideal
0 40 60 80
n n

» the ideal filter anticipates the input change

the non-ideal filter reacts only after the input change (and in this
case, initially reacts in the “wrong” direction)

» both filters do a good job of removing the oscillatory component
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Example: three-point moving average as a FIR LPF

Consider the impulse response

hn] = 1oln) + §ofn -1 =
+adln =2 o l [ ;

n

» in Chapter 4 we computed that H(eJ*) = %e*j“’(Q + 2cos(w))

|H (e)]

(e&) (rad)

/
|
B

Section 9: Fundamentals of Discrete-Time Systems 9-411



Example: difference system as a FIR HPF

Consider the impulse response 05F
hn] = j(aln] —aln 1))~ |
-5 0 5

sw

: Lud
> try it yourself: the frequency resp. is H(ed¥) = eIE) sin(w/2)

1.5

—
T
I

[H (e)]
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Section 9

Laplace transform analysis of DT LTI systems

in Chap. 8 we used the Laplace transform to analyze causal CT LTI
systems with right-sided (from time 0) inputs

there is a directly analogous tool called the z-transform for causal
DT LTI systems with right-sided inputs

for a DT signal x right-sided from time 0, its z-transform is defined as

X:R,—C, X(z) = ix[n]zfn

n=0

where R, is a region of convergence

The z-transform can actually be understood using what we
know about the Laplace transform and sampling. }
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Laplace transform analysis of DT LTI systems

» given a right-sided DT signal z, choose any sampling period T > 0

and construct the fictitious continuous-time signal

oo

re(t) =Y x[n]d(t — nTy)

n=0

» the Laplace transform of z is

Xet(s) = /OOO (i x[n]dé(t — nTQ) e stdt From this

n=0 observation, one can
o] oo .
B Z x[n]/ 5(t — nTy)e="t dt begin to translate all
— S
— 0 our CT system

- STor—m results over to DT
N Z il 2" = X systems.

n=0 wy» y
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Laplace transform analysis of DT LTI systems

The following results can all be established. J

» the transfer function H(z) of a causal DT LTI system is

H(z) =%7" ,h[n]z", the z-transform of the impulse response

» if the RoC of H(z) contains the unit circle {z € C | |z| = 1}, then
the freq. response H(eJ“) can be obtained by substituting z = e*
into H(z)

» the output of a causal DT LTI system can be computed in the
z-domain via Y (z) = H(2)X (2)

» the z-transform can be used to easily determine transfer functions of
systems defined by LICC-DEs
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Relevant MATLAB commands

» computing a DT convolution

-
o\

% bank model example

% define time

[N)
o\®

3 N_max = 100;
n = -N_max:1:N_max;

6 %% define impulse response and input

7 r =0.05/12;

8 h = (l+r).”"n.*heaviside(n); h(n==0) = 1;
9 x = 5xheaviside(n); x(n==0) = 5;

10

11 %% compute convolution

12y = conv(x,h, 'same'");
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Supplementary reading

» O-W: A. V. Oppenheim and S. Willsky, Signals and Systems, 2nd Ed.
» BB: B. Boulet, Fundamentals of Signals and Systems.
» BPL: B. P. Lathi, Signal Processing and Linear Systems.
» K-S: H. Kwakernaak and R. Sivan, Modern Signals and Systems.
» EL-PV: E. Lee and P. Varaiya, Structure and Interpretation of Signals and Systems, 2nd Ed.
» ADL: A. D. Lewis, The Mathematical Theory of Signals and Systems.
Topic | oow |BB| BPL | K-S |EL-PV|ADL|
Definition of a system 1.5 1 1.6 3.1, 3.2 1.2,23
System properties 1.6 1 1.7 3.1,3.2, 36
LTI systems, impulse response || 2.1, 2.3| 2 |9.1-9.4 33,34
Convolution 2.1 2 9.3 35 9.1
System interconnections 10.8 1 3.9
Difference equations 2.4 3 9.5 4.1-4.6 13.7
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10. Appendix: More on the DT Fourier Series
and DT Fourier Transform

e introduction

e more on the discrete-time Fourier series (DTFS)
e DTFS as a numerical approximation of the CTFS
e more on the DT Fourier transform (DTFT)

e DTFT as the CTFT of a sampled CT signal
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Introduction

The CTFS, DTFS, CTFT, and DTFT share many similarities and
properties; once one understands the CTFS/CTFT, the corresponing
DT methods are typically easy to pick up and use.

» this appendix contains additional information regarding the DT
Fourier Series and DT Fourier Transform

» the material has been placed in this appendix not because it is

unimportant, but to minimize monotonous repetition in the lectures

» refer to this appendix as needed for additional exposition
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The discrete-time Fourier series (DTFS)

» let © be a DT periodic signal with fundamental period Ny

1.5

UL

-0.5

_ N1 No-1
2 0 2

Theorem 10.1. The discrete-time Fourier series of x is

No—1 | Nol
x[n] = Z apedFeon o = 7o x[l]e kol
k=0 0 1=o

» we will now derive these formulas, mirroring the CT derivation
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Derivation of the DTFS via approximation

» for some positive integer K, consider the order K approximation

K—1 . 2T
N k
Txn] = E 0 agel™eor wo = Ny

where we try to approximate x via a sum of DT complex exponentials

note: all the exponentials of

R different frequencies

cos(wyn)

O,(JJo, 20.)0, 3(4)07 ey (No—].)wO

are periodic and fit perfectly

cos(2wyn)

TSR within our fundamental

XA E I I period Ny of »
FTTTTTTTTTTTLTT

0

cos(3wyn)
-
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Derivation of the DTFS via approximation

» since i is periodic in frequency, the two signals e*“o™ and
ei(k+No)won gre actually the same signal:

ej(k'—i—Ng)won — ejkwonejNowon _ ejkwgnejQﬂ'n — ejk:won.

Therefore, we restrict ourselves to K < Ny, since adding additional
terms to the sum will not give us any higher-frequency exponentials. J

» approximation error quantified via mean-square error

No—1

J(ao, ... ax_1) Z |z[n] — &k [n]%

Our goal: find the choice of constants {ay}_,' which minimizes J.J
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Orthogonality of complex exponentials

» DT exponentials satisfy the following orthogonality relationship

1 Nﬂil Jmengtson _ ) 1 1m0 =L+ kNo, b EZ
— e =
No n—0 0 otherwise

21
—1 jkNo5—
No—1 eJ 0 No n _
n=0

For m = £ 4+ kNy, we have NLO Zgio_l el(m—Qwon — _1 Z 1.

No
For the other case, we have

. No—1 ) No—1
- ej(m—f)won - = Z (é(m—@)wo)n
N 2 N

0 n=0 0 n=0

1 1 — ed(m—8woNo
T No 1-_elm—bwo
1 1—¢llm=027 1 1—-1
T Nol—elm—Bws  Nol—elm—bwo

where we used the geometric series formula and €327 = 1 for all integers n.
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Optimal selection of coefficients

Theorem 10.2 (Optimal Coefficients). The selection of coefficients

{ak}i{:_ol which minimizes the mean-squared error J is

1 No—1
_ —Jjkwon
ap = — x[n]e
TNy Z []
n=0
where wy = 27/Nj.
Proof: The function of interest is
. No—1 . No—1
T= e D lelnl =kl = = Y (aln] — xcln])* (aln] - xcln)
n=0 n=0
where we used that |2|2 = z*2. Expanding out, we have
) No—1
T= 5o D lelnll? = alnl*axcln] — dxclnlzln] + 2]
n=0
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Optimal selection of coefficients

K—1 0 * K—1 .
§ Oége" won § Q0T
m=0

£=0

We compute that

&k [n]|®

K—-1K-1

= E E a;ame"(m_k)won"

£=0 m=0

Substituting into J, we can write things out as

No—1 .
1 .
E |m[n] — z[n]” E an, emeon 2[n] § oé:ne—meon

=N
n=0 m= m=0
K—-1K-1
+ a;a e_i(nl—l)won
E E ) QU
£=0 m=0
) 1 No—1 —jmuwgn . .
If we define 8,, = g Z o z[n]e then we can more simply write this as
Np—1 K—1K-—1 Np—1
m—L)wgn
J= 15 E je[n]|? E (amﬂm tal )+ Y ajam —N ) o
n=0 £=0 m=0 n=
—,_/
=1 iff m=¢

10-428
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Optimal selection of coefficients

We therefore have that
No—1 K-1 K-1

1 * *
T= |57 Do el | =Y (eamBh + afuBn) + ) laml®
0 n=0 m=0 m=0
1 No—1 K-—1
= |55 Do el [+ D (-amfi — afbm + laml?)
n=0 m=0

If we add and subtract |3 |? inside the sum, we can complete the square:

1 No—1 K—1 K—1
I= |5 2o el |+ D (6ml — amBiy — afubm +laml) = Y [6ml?
n=0 m=0 m=0
No—1

- N%Z'IW +Z = am)” (B — am) Z'WQ

The first and third terms do not depend at all on a! Therefore, the best thing we can
do to minimize J is to make the middle term zero. We therefore find that ay, = Sy,

which completes the proof. °
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Summary of results

The order K approximation & of an Ny-periodic DT signal x is

K—1 | Mol
Zkn] = Z ety = e Z z[n)e~IFwon,
k=0 0 n=0

» roughly speaking, the magnitude of «y tells us how strongly the frequency
wr = kwo is present in the overall signal x

» the k = 0 term in £x[n] is constant; this is called the “dc” term

» we limit ourselves to K < Ny, since we know there are only Ny distinct

complex exponentials which are periodic with period Ny

» to compute aj, you can sum over any interval of length Ny, i.e., if

. . No—
convenient you can instead use the sum Zz";no ! for any n € Z.
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Convergence of the approximation

» in continuous-time, we had our approximation Zx (t) of a periodic signal
z(t), and we saw that the energy in the error signal £x(t) — z(t) tended
to zero as K — oo; we needed an infinite linear combination of complex

exponential functions to achieve zero error

» in discrete-time, we know that there is no point in considering K > Ny,
since there are only a finite number of distinct periodic complex exponential
functions with period Np.

» a major consequence of this fact is that our approximation Zx[n] of a DT

periodic signal becomes exact if K = Ny (much simpler than CT signals!)

Theorem 10.3. Let z be a periodic DT signal with period Ny € Z>1,
and let T, be our approximation where we keep Ny terms. Then
2N, [n] = z[n] for all n € Z.
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Convergence of the approximation

Proof: The optimal coefficients are given by
No—1

1 .
ap = — z[l]e—Ikwol
= > el
=0

With K = Ng, our MSE approximation & is

No—1 No—1 ) No—1
vl = 3 eneteon = 30 | LY pgenseent| grenn
k=0 k=0 0 =0
No—1 No—1
— i Z x[l] Z edkwo(n—=1)
No
=0 k=0

We previously determined though that
No—1

€ Z hwotn—py _ )1 1=l
No 0 ifn#l
k=0
and therefore
2N, [n] = z[n] (approximation is exact at all times)
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Matrix-vector notation for DTFS

» our formula for the DTFS coefficients ay, is

1 No—1 .
= l]e—dkwol ke{0,...,No —1}.
=5 leo a[l]e { 0 -1}

» we can write these equations together in matrix-vector notation as

ag 1 1 1 1 2[0]
a1 1 eiMwo() cmiMwo@ L cmiMwe(Ng—1) <l1]
ag _ 1 | e—d(2)wo (1) e—i(2)wp (2) e—i(2)wo(Ng—1) (2]

: No : : . : :
aNg—1 1 e*j(NO;l)WO(l) efj(2>w6(N0*1) L. e*j(NO*l).WO(NO*l) z[Ng — 1]
= =H =

which gives us the very simple compact formula a = Nion

» H is symmetric, has complex entries, and has elements Hy,, = e~ Jkwon

» H is known as the discrete Fourier transform matrix; as you can see it is quite

structured, which makes it very amenable to fast algorithms for computing .
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Matrix-vector notation for DTFS

» our formula for 2, in terms of oy is

No—1
Eng[n] = Z ageihwon, n€{0,...,No—1}.
k=0

» we can write these equations together in matrix-vector notation as

&N [0] 1 1 1 1 a0
@ N [1] 1 edwo w02 edwg (Ng—1) a1
2N [2] _ |1 edw02 edwot o edwo2(Ng—1) as

@ N [No — 1] 1 edwo(No—1)  jwo(No—1)2 ... jwg(No—1)(Ng—1) ANg—1
=@ =G o

which gives us the very simple compact formula £n, = Ga

» note: the matrix G is symmetric and has complex elements G,,;, = edkwon
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Matrix-vector notation for DTFS
» combining the formulas o = NLOH:C and #n, = N%)Ga we find that
. 1
ENg = FOGH:L'

» what is the product NLOGH? We can compute its elements:

i No—1 i No—1
P — _ jkwon —jkwom
NO (GH)nm = Z Gnkam - NO Z € €
k=0 k=0
1 No—1
- jkwo(n—m)
P

1 ifn=m
0 otherwise
» therefore, NLOGH is the identity matrix, and we conclude that Zn, = .

This is again the statement that the approximation is perfect!
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Numerically approximating the CTFS coefficients

Recall our result for continuous-time Fourier series:

Let x.; be a periodic CT signal with fundamental period Ty. Then

A~

Too(t) = lim &g (t) = Z:o:,oo ozct,kejk‘*’ot

K—oo

is called the continuous-time Fourier series (CTFS) of x, where

1 (To . 2
Tee (t)e IR0t dt, wo = o
Ty

Atk =
£l TO
0

» the integral for computing a , can be difficult (or impossible) to
compute analytically; how could we numerically approximate it? Here
is one approach.
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Numerically approximating the CTFS coefficients

» first, we sample the signal x.; with sampling period T§:
x[n] =zt (t) = 2t (nTs)
t=nTy
» to ensure that x[n] is periodic, we need to sample an integer number

of times per period T. If we want Ny samples per period, we choose
Ts such that Ny = To/TS, i.e., Ty = T()/N()

» we can approximate the value of ag j as

T No—1
1 0 Shwat 1 " =~
Gk = [ wae Tt dtr Y " we(nh) - Ty - e i)
TO 0 To
n=0
Np—1
T —jkFE (nTy)
B 0
T Z z[nle
n=0
L No—1 ,
= z[nle N ™ = a),  (DTFS coeff.ll)
No &
-
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Numerically approximating the CTFS coefficients

> the DTFS coefficients {aj}, %" of the sampled signal z[n] can be
used to numerically approximate the CTFS coefficients
{oce, 1 }72 _ . of the continuous-time signal zc(t)

» the quality of the approximation depends on the number of samples
per period Ny; as Ny increases, the approximation will become better,
because we will be using more DTFS coefficients

» since the DTFS coefficients can be computed very efficiently via
numerical linear algebra (specifically, using the FFT algorithm), this
leads to efficient methods for approximating the CTFS coefficients
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Derivation of the DT Fourier Transform

» suppose we have a general DT signal z, e.g.,

Key idea: an aperiodic signal is a periodic signal with infinite period ... J
Steps we will take:

(i) window the aperiodic signal to [— N, N], then periodize it

(if) compute the DTFS of the periodized signal
(iii) take the limit as N — oo

Section 1
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Derivation of the DT Fourier Transform
» we begin by windowing x to obtain a finite-duration signal

zfin,n[n] = z[n] - (u[n + N] —uft — (N +1)])

Zein,N 1]
(=]
2
2
B-0
- ©
B0
0-¢
o
—o
50
233

» we can now periodize g, N to obtain the 2N + 1-periodic signal
Tper,N[N] = Z:Zioo Zin, N (n — m(2N + 1))
N R N N A R
1 I

—4N —-3N —-2N -N 0 N

Tper,n (1)
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Derivation of the DT Fourier Transform

P since Tper,v is 2V + 1-periodic, we can represent it via the DTFS

N

xper,N[n] = Zk:_N akejk:won

where wo = (27) /(2N + 1) is the fundamental ang. frequency

» the corresponding DTFS coefficients «y are given by
1 N

—jkwon
Mo 2 el

» however, over the range [—N, N], we have Zper, n[1]

N
—k:wn
2N+ Z e

O =
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Section 10

Derivation of the DT Fourier Transform

as some simplifying notation, if we define the function
N
X:R—C, X (39 = Z x[n)eion
n=—N

then the DTFS coefficients are simply samples of X

1
2N +1
plugging this back into the DTFS, we find that

ag = X (efkwo), ke {-N,...,N}

N

1 . .
:Eper,N[n] = Z SN T 1x(ekao)ekaon
k=—N

and substituting wp = we obtain

27
IN+1

27 2w
(e k2N+1 )eJk2N+1 n

Tper,N [ 27r 2N+ i~

Appendix: More on the DT Fourier Series and DT Fourier Transform
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Derivation of the DT Fourier Transform

X (€ ik

2m H 27
INFI )e-lk INFIT

N
. . 1
Our Fourier Series: Tper, N[N = o z_:

Recall that the integral f; f(w) dw is defined as the limit of a
Riemann sum, where one splits the interval [a, b] into M intervals of
width Aw = (b — a)/M and considers

b
/f(w)dw:MliglmZAw flk- Aw) hinoozb af(k-boa)

Comparing, we may set
a=-m, b=mn, M=2N+1, f(w)=X(d)e"
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Derivation of the DT Fourier Transform

» as N — oo, the DTFS sum becomes the integral

lim zper n[n] =z[n] = L X ()" dw

N—o00 B 27 —r

» similarly, as N — oo the function X becomes

oo

X () = Z z[n]e 3"

n=—oo

These last two formulas extend the DTFS to aperiodic signals! )
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The DT Fourier Transform (DTFT)

Definition 10.1. The discrete-time Fourier transform (DTFT) of a
DT signal z is the function X : R — C defined pointwise by

X () = Z z[n]e=iom,

n=—oo

We call X the Fourier transform or spectrum of x.

» we think of X (when it exists) as providing a frequency domain
representation of the signal z

» note that X is a function of the continuous frequency variable w € R
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Existence of the DTFT

Theorem 10.4. If z has finite action, i.e., z € ¢4, then the CTFT
X (e3*) is well-defined.

Proof: Since z has finite action, we can bound the spectrum as

oo

X)) = | 3 afle | < 3 je iz
= ) Jaln]l < oo

so X (e3) is well-defined for all w € R.

» there are lots of DT signals which do not satisfy this condition, but
nonetheless have well-defined DTFTs

» other signals (e.g., z[n] = 2"u[n]) simply do not have a DTFT
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The inverse discrete-time Fourier transform

Definition 10.2. The inverse discrete-time Fourier transform
(inverse DTFT) of a DT spectrum X is the DT signal 2 : Z — C defined
pointwise by

1 v

~ o o

()elm d,

a[n]

» the integral can be taken over an interval of length 27; this is because

the spectrum X is always 27-periodic in w

P as the name suggests, the inverse DTFT is the inverse of the DTFT,
meaning that if we start with x, apply the DTFT, and then apply the
inverse DTFT, we recover the original signal x
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Proof of inverse relationship

Let = be a DT signal and assume that the DTFT X () = > z[n]e 3"
is well-defined. We compute the inverse DTFT of X to be

/ X Jw and 7/ [ [E[k —jwk

&A™ dw

k=—o0

Z z[k] [2177 /7r =k dw]

Using orthogonality of CT complex exponentials, we have
1 ifn=k

0 ifn#k

% - R gy = d[n—k] = {

Therefore, the above simplifies to
> wlkloln — k] = z[n]
k=—oc0

so we recover the original signal x.
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The DTFT of a complex exponential signal

» consider the DT complex exponential z[n] = ¢/ where —7 < v <=
» if we try to directly compute the DTFT of z[n] = ¢/*" we have that
. oo . . oo .
Z(e‘]cu) _ Z Ve ion _ Z 6.](1/7w)n
n=—oo n=—oo
and it is not clear how to further evaluate this sum

P as an alternative, let's instead write out the inverse DTFT equation

. 1 i A
et = — Z(e)e™ dw
2 )

and try to guess what Z(e!“) must equal for this to be true.

» we can now guess Z (/) = 2m§(w — v) for —1 < w < 7, where §(w — v)

is the continuous-time unit impulse function from Chapter 2.
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The DTFT of a complex exponential signal

We can calculate that
1 T
2r J_,

Z ()" dw = QL / 276 (w — )" dw = ¥
71'

—T

so our guess worked!

For —m < v < 7, the DTFT of the DT signal z[n] = " is

X (eI?) = 216 (w — v), -1 <w<m.
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The DTFT of a periodic signal

We can also apply the DTFT to periodic signals J

» let = be a periodic DT signal with fundamental period Ny, and let
wo = 27 /Ny be the fundamental angular frequency

» we represent x using the discrete-time Fourier series

No—1 .
z[n] = Zkio apeikwon

» going term by term, the DTFT spectrum is (the periodic extension of)
X(eI¥) = 2772 ozkcs (w — kwp)

The DTFT of a periodic signal is finite sum of impulse functions
located at the first Ny multiples of the fundamental frequency wolJ
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Energy and the DTFT

» signals with finite energy are often the nicest case to consider

Theorem 10.5. If = has finite energy, i.e., x € {5, then
(i) X has finite energy, i.e., X € LY*, and

(ii) the signal and its spectrum satisfy Parseval’s relation

S 2 1 " jwy |2
> lell® = 57 [ 1X(E)P dw

n=-—00 =w

A beautiful and surprising relationship between the energy of
the signal and the energy of its spectrum. J
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Converting between time and frequency domain

» there are useful patterns to recognize when converting between the

time and frequency-domain representations of a signal

» Example: consider the DT spectrum defined by
X(ejw) = Z ape 9k
kek

where IC is some index set. This is a sum of complex exponentials,
and we know from our example of the ng-step delay that this
corresponds to delays in the time-domain signal. Therefore

x[n] = Z agd[n — k]

kel
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Converting between time and frequency domain

» Example: Consider the DT signal z[n] = a™u[n]| where |a| < 1. We
compute the DTFT of x to be

jw S n —jwn - —jw\n 1
X() = Z a™u[n]e ™" = Z(ae n = [t
n=-—oo n=0

Now suppose instead we are given the spectrum

i bk
X@) =) T
ke

Using the previous result term by term, the corresponding DT signal

x must be given by

x[n] = Z brajuln].

ke
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Converting between time and frequency domain

» Example: Consider the DT spectrum

1

HE) = T aemmyi = ge)

where |a| < 1, |B] < 1, and a # 8. We split H into two terms using
the method of partial fraction expansion. Begin by writing

oy a b _(a+b)—(ap+ ba)efj“’
) = e Y T8 ~ (1= ae%)(1 = Be—39)

for some constants a, b that we must solve for. Equating the two
expressions for H, we find that a +b =1 and af + ba = 0, from
which it follows that a = o/(a — ) and b = 8/(58 — «). Therefore
B

a"ul[n] + mﬁ"u[n]

h[n]:afﬁ
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Converting between time and frequency domain

» Example: Consider the DT spectra

. . . 1
joy _ —jnow joy _
Hy(¥)=1+2e , Hy () = =

Now multiply the two spectra to obtain

. . . —Jnow
H(e"w) — Hl(er)H2(er) — L

1— aeiv
_ 1 1 —Jjnow
1 — ae—iv 1— aedv

The first term we studied in the previous example. The second term
is the same thing scaled by 2, and then multiplied by e~370% which
we know arises from an ng-step delay. Therefore

h[n]

a™u[n] + 2a" " uln — ng|.
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DTFT as the CTFT of a sampled CT signal

The DTFT of a DT signal x can also be obtained by applying the
CTFT to the fictitious continuous-time signal

#(t) = Z:":m [n]o(t — n)

which has impulses at all n € Z, weighted by the value x[n].

1
= ogggetlt T ettt 2o RIES AH\H“AH
AR | S0

-10 -5 0 10 -10 -5 0

(S

5 10

t
X (jw) :/ [ Z z[n]é(t—n)] e It gt = Z z[n]e I = X (eI¢)

n=—o00 n=-—o00
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11. Bonus: Vector Space Concepts in Signals
& Systems

e introduction

e position, length, and angle in RV

e position, length, and angle in CV

® projections onto subspaces and change of basis
e change-of-basis interpretation of DTFS

o filtering as projection onto subspaces

o from filtering to (circular) convolution

e circulant matrices
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Introduction

» this section contains material for students who wish to begin building
a richer mathematical conception of signals and systems

» underlying the CTFS/DTFS/CTFT/DTFT, there are some

fundamental wunifying mathematical ideas from linear algebra

» understanding the deeper mathematical concepts helps to build
intuition, and is particularly useful for more complex signal processing

tasks such as image and video processing

» the key ideas are geometric:

(i) signals are vectors in a vector space
(i) Fourier analysis is projection onto the basis of complex exp. signals
(iii) systems are transformations of these vectors
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Definition of a vector space

Definition 11.1 (Vector space). A vector space over the set of
scalars A is a set 3 of vectors equipped with the following two
operations:

1. vector addition, which is a map + : 3 x ¥ — ¥ taking two vectors
xz,y € X and producing a new vector x,y € X s.t.
® commutativity: x +y =y + x;
® associativity:  + (y+ 2) = (z +y) + z;
® zero vector: there exists an element O € ¥ such that z +0 = z;
® additive inverse: for each x € X there is some y € X s.t. z+y =0;

2. scalar multiplication, which is a map - : A x ¥ — X taking a scalar
«a € A and a vector x € ¥ and producing a new vector ax € ¥ s.t.
® vector distributivity: a(x 4+ y) = ax + ay;
® scalar distributivity: (o1 + a2)r = cux + aax;

® multiplicative identity element: 1z = x.
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The vector space R” over R

Put simply: a vector space is a set of objects which are
closed under addition and scalar multiplication. J

» real Euclidean space ¥ = R¥ is a vector space over the scalars A = R

> we often notate vectors in RY as n-tuples
x = (z[0], z[1], z[2],...,z[N —1]), each z[n] € R
» addition and scalar multiplication defined as

z+y = (z[0] +y[0], z[1] + y[1],..., z[N = 1] + y[N —1])
az = (az]0], az[l], ax[2],...,az[N —1]), acR
» the zero element is
0=(0,0,...,0)
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Norms on vector spaces

A vector space is just a set of objects we can add and scale. If we want to
talk about length or size, we need to add another ingredient called a norm.J

Definition 11.2 (Norm). A norm on a vector space ¥ over A is a map
|-l : ¥ — R satisfying

) homogeneity: ||az|| = |a| ||z| for all @ € A and all z € 3;
) non-negativity: ||z|| > 0 for all z € %;
(iii) non-degeneracy: ||z|| = 0 if and only if z = 0, and
) triangle inequality: ||z + y|| < ||| + [ly|| for all z,y € X.
» a norm allows us to measure the size of a vector ||z|| and the

distance between two vectors ||z — y||
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Example: the vector space R over R

» on the space RY we usually use the Euclidean norm

N-1 N-1

D (@n))? or al*= ) (z[n))?

n=0 n=0

which measures the length from the origin to the “tip" of the vector x.

» the distance between two vectors x and y is then

N-1
lz =yl = \| D_ (wln] — yln))2.
n=0

» there are many other norms you can use on R, but we won't need
them in this course.
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Defining angles between vectors on R

» the next ingredient we need is to define angles between vectors

> consider two vectors x,y € RY
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Defining angles between vectors on R

» the next ingredient we need is to define angles between vectors

> consider two vectors x,y € RY

P consider the subspace

S={zeRY |z=ay, a €R}
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Defining angles between vectors on R

» the next ingredient we need is to define angles between vectors

> consider two vectors x,y € RY

P consider the subspace

S={zeRY |z=ay, a €R}

» find the closest point to  on S
min ||z — z|| = min ||z — ay||
zES a€R

and call the point zopt = Qopty

Section 11
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Defining angles between vectors on R

» the next ingredient we need is to define angles between vectors

> consider two vectors x,y € RY

P consider the subspace

S={zeRY |z=ay, a €R}

T
\
» find the closest point to  on S \ -7
\ Y
min ||z — z|| = min ||z — ay|| 0 Zopt
z€S a€R —
and call the point zopt = Qopty ,é’/
» define angle 6 between = and y:
_ adj _ llzopt | _ llocopeyll
hyp =l llz]
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Defining angles between vectors on R

P> to compute aopt, we need to minimize the function

f@) = llo =yl =3 (aln) - agln])®

» the minimum occurs when the derivative is zero:

f'(@opt) —22 («[n] — ay[n])(~y[n]) = 0

» solving, we find that
N-1
_ Dn—o *Inlyln]

Pt T SN Tyl

» we call the quantity in the numerator the inner product on RY

an]y

n=0
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The inner product on RY

Observations:
(i) the inner product is symmetric: (x,y) = (y,x)
(ii) the inner product of a vector with itself is the squared norm:

N-1 N-1

() =3 anlaln] = 3 (afn)? = 2]

(iii) the inner product distributes over linear combinations
(@, a1y + azz) = aq(z,y) + az(x, z)
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Defining angles between vectors on R

» with this notation, we get a nice formulas for apy and zops

N t_<ar7y> i —a ty_(m;)
O - O - O -
P i i (y,y)

» the angle between z and y becomes

Vopill L M. w)l), @ b))

cosf = =
ETREINE [zl

How do we know that the RHS is between -1 and 1, so that we
can actually solve cos(f) = RHS? We will answer this shortly.
For the moment, let's just check some simple cases.
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Defining angles between vectors on R

» Colinear vectors: suppose that z is just a scaled version of y, i.e., x = vy

for some v > 0. Then the angle between the two vectors is

cos(0) = [vl _ 1wl _ hity.y) _ I lllyl®
llliyll lvyllllyll Wyl i

which means that 8 = 0; this case checks out!

» Orthogonal vectors: note that if (z,y) = 0, then cos(f) = 0 and hence
6 = 90°. Therefore, vectors forming a right angle have zero inner product.

From our picture, the vectors y and  — aopty should form a right angle;
let's check. We have

(T — qopty, y) = (2, Y) — Qopt (Y, Y)

(z,y) _
gy Oy =0

= <l‘,’y> -
so they do indeed form a right angle!
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Defining angles between vectors on R

we think of z.p¢ as the best approximation to the vector x among
all vectors in the subspace S.
it is “best” in the sense that the distance from x to S is minimized

we call zop¢ the projection onto the subspace spanned by y;
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Inner products on vector spaces

We now generalize the idea of an inner product. J

Definition 11.3 (Inner product). An inner product on a vector
space X over A is a map (-,-) : ¥ x ¥ — A satisfying

(i) conjugate symmetry: (x,y) = (y, z)*,

(ii) linearity: {a1x + asy, z) = a1(z, 2) + as(y, 2),
(iii) non-negativity: (x,x) > 0 for all x € 3, and
(iv) non-degeneracy: (x,x) = 0 if and only if z = 0.

» Two vectors x,y € X are said to be orthogonal if (x,y) =0

» Any inner product (-,-) also defines a norm ||z|| = \/(z, z)
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The Cauchy-Schwarz Inequality
» whenever we have a vector space X with an inner product (-, -) we
have a powerful relationship called the Cauchy-Schwarz Inequality
(@, o) < [lzllllyll, — forany z,y e X

» dividing by ||z||||ly]|, it therefore holds that

(=, y)|

0<
[yl

<1 (assuming z,y # 0).

» therefore, the formula

) L)l

COsU =
[yl

always yields a solution —90° < 6 < 90°.
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The vector space CV over C

Many of our ideas for RY carry over to CV with only minor changes. |

» complex Euclidean space ¥ = CV is a vector space over the scalars
A=C
» we often notate these vectors as n-tuples
x = (x[0], z[1], z[2],..., [N —1]), each z[n] € C
» addition and scalar multiplication defined as
z+y = (z[0] +y[0L z[1] + y[1],..., [N — 1]+ y[N —1])
ax = (az[0], az[l], az[2],...,az[N —1]), acC
» the zero element is defined as

0 = (0+0j,0+0j,...,0+0j)
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The norm on CV over C

» on the space CV we usually use the Euclidean norm

el = | 3 Jalnll? = | 3 aln]zln)

» inside the sum is the magnitude squared |z[n]|> = z[n]*x[n] of x.

» the distance between two vectors =,y € CV is

lz =yl = | Y lzln] = y[n]?
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The inner product on C" over C

The inner product on CV is defined as

N-1

(x,y) =Y _ zny[n]*

n=0
Note the complex conjugation of y[n] in this formula.

(i) the inner product is conjugate symmetric: (x,y) = (y,x)"

(ii) the inner product of a vector with itself is the squared norm:

wa) =3 allaln] =3 falnll = .

(iii) in the first argument, the inner product distributes over linear
combinations
<a1ZC + a2y, Z> = a1 <$, Z> + a2<y7 Z>
(iv) in the second argument, we get the slightly modified conjugate formula
(2,012 + azy) = ai(z,2) + a5(z,y)
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Defining angles between vectors on CV

Our method of defining angles on RY carries over to C¥. )
Qopt — x’y> Zopt = QoptlY iE
opt — 5 opt — Gtopty- \ B
) oy
0 Zopt
g @)l g
[l ([[yl

We now prove that this formula for ap minimizes ||z — ay||. J
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Proof of angle formula for CV

We again consider the function f(a) = ||z — ayl||?. Write this using the inner product:

fla) =(z —ay,z —ay)

=(z,z — ay) — aly,z — ay) (using linearity in 1st arg)

)
=(z—ay,z)" —alz — ay,y)” (using conjugate symm.)

*

=|z)? -« y) —aly,z) + aa*|ly|> (using lin. & conjugate sym.)

(z,

If we define 8 = (x,y)/||y||® then we can write this as

fla) = ||z)1* = a*Bllyll* — aB*[lyllI* + ac*|lyl*

=zl + (Jaf® = a*B = B a)|lyl?
If we add and subtract |3|?||y||2, we can complete the square to obtain
fla) = |zl + (Jaf* + 18 — o B = B*e)llyl1* — 18I [lylI®

= llzll? = 1BPIylI* + o = B [lyll>

The first and second terms are independent of . To minimize f(a), we therefore select

a = 3, which shows the desired formula. .
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The vector space £2([0, Nog — 1]) over C

Consider the set ¢5([0, No — 1]) of all complex-valued DT signals which are
periodic with period Ny and have finite energy, i.e.,

ZQ([O,NO — 1]) = {.’L’ :Z— C

No—1

x is Ny-periodic and Z lz[k]|? < oo}.
k=0

Indeed ¢5([0, Ny — 1]) is a vector space over C:

(i) the sum of two Ny-periodic signals is again Ny-periodic = the set
is closed under vector addition

(i) an Ng-periodic signal scaled by a constant « is again Ny-periodic
= the set is closed under scalar multiplication

(iii) the zero element O is the constant zero signal
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The vector space £2([0, Nog — 1]) over C

» recall: we established that there is a one-to-one correspondence
between periodic signals zper and finite-duration signals xgy,.

» therefore, each = € ¢5([0, Ny — 1]) is equivalent to a vector
x = (z[0],2[1],...,2[Ny — 1]) € CNo

» it follows that the two vector spaces ¢5([Ng — 1]) and CMo are
equivalent (isomorphic); anything you learn about one can be used

on the other.

» aside: as a consequence of the above, the finite-energy stipulation in
the definition of ¢5([0, Ny — 1]) is redundant at the moment, but is
more important when Ny — oo ...
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Projections onto subspaces

» to define the angle between a vector x and the subspace
S = {ay | « € R}, we computed the projection of z onto S

» Zopt € S was the best approximation of x among all vectors z € §

How do we extend this idea to more general subspaces? We
consider a particular kind of subspace which is very usefuI.J

Definition 11.4 (Orthogonal set of vectors). A set of vectors
{y0,--.,yx—1} in CV is orthogonal if (y;,y;) = 0 for all i # j.

» given an orthogonal set of vectors {yo,...,yrx—1}, define

K—1
‘S’:{ZE(CNZ:Zkay;€7 ake(CforaIIOSkgK—l}.
k=0
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Projections onto subspaces

K-1
S = zG(CN|z: Zakyk, ap,€C forall 0<kE<K-1
k=0
S is the set of all linear combinations (i.e., the span) of {yo, ... ,yK,l}J

>

given a vector € CV, we wish to compute the best approximation

Zx of x contained within the subspace S, i.e., we solve

i e =@t = min e Yk

we now prove that the optimal choice of coefficients is given by

(k)
Hhopt = R

M7
i%
A
M?T‘
Ned
a

Section 11: Bonus: Vector Space Concepts in Signals & Systems 11-483



Projections onto subspaces

S = span({y1, y2})

Y2

L — »Y]

Projection of x onto § finds the point & € & which is J

closest to the original vector =
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Proof of projection formula

We want to minimize the function

K-1 2
flag,1,...) = [l — E kY
k=0
< K-1 K-1
=(z— g QpYk, T — g QAR Yk
k=0 k=0
K-1 K-1K-1
= (z,z)- oy (z, yk) E (YK, @) + E E o005 (Y5, Uk)
k=0 k=0 j=0
Since the vectors {yo, ... ,yK,l} form an orthogonal set, this simplifies to
K-1 K-1
flao,aa,...) = (z,2) g o {2, yk) E k (YK, T) + E ag ok (Yks Yk)
k=0 k=0

x
i

1 * *
= > [FllelP = o o) = oo + oo )]
0

>
Il

Each term in this sum looks exactly like the calculation we did for projections in CN.

We therefore just go term by term and copy the result, seting oz, = (2, yr) /|lyz]|%.
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Projections onto subspaces

» the best approximation of x contained within S is given by

K-1
P <957yk>
= 2 Yk
2 il

projection of z onto yy

Comments:
» if one begins with a merely linearly independent set of vectors
{y0,.-.,yK—1}, one can obtain an orthogonal set through the
Gram-Schmidt procedure, as covered in a linear algebra course.

» in CV, a very natural orthogonal set are the basis vectors

1 ifn=k
ek[n]: 0<k<N-1
0 otherwise

i.e., the vectors g = (1,0,...,0),e; = (0,1,0,...,0), and so on.
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Representation in a basis

What happens when K = N7 The subspace S consists of all linear
combinations of a set of N orthogonal vectors {yo,...,yn—1}; such a
set forms a basis for CIV. Therefore S is the entire vector space CV .

P in this case, our best approximation Zx is exact, i.e., Tx = x

» our approximation formula

<.17 y) N-1

s Yk A

= s €T = Ir = ak? k 4
[y " g “

k=0

A

is the representation of x in the basis {yo,...,yn—1}

(z,Yk)
AR
contributes towards the overall vector .

» the coefficient oy = can be thought of as the amount that y;
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DTFS is just a representation of = in a new basis

Recall: Let x be a periodic DT signal with fundamental period N,
and let wg = 2m/Ny. The decomposition

No—1
x[n] = Z ap ke, n € {0,...,Ng — 1}
k=0

with coefficients ay, given by

1 Np—1
= []e—dkwol k o Ng—1L.
g NO ; ZL‘[]B ) 6{07 5 4V0 }

is called the discrete-time Fourier series (DTFS) of the signal z.

We now show that these formulas are performing a change of basis!)
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DTFS is just a representation of = in a new basis

» we are in the vector space ¢5(][0, Ng — 1]), with inner product

No—1

y) =3 afnlyln]
n=0

» consider the set of vectors {¢o, ..., dn,—1} defined by
br[n] = eiFwon ne{0,...,Ng—1}.
» we know from our previous calculations for the DTFS that

No—1 . .
o ) No ifk=j
¢k7¢j Z ¢k (bJ - 0 if k ?é j

so these Ny vectors form an orthogonal basis for ¢3(]0, Ny — 1]).
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DTFS is just a representation of = in a new basis

» let 2 € £3([0, Ng — 1]) be a DT periodic signal
» if we want to represent x in the basis defined by {¢o, ..., ¢n,—1}, we need

only apply the formula (4), which we repeat here:

Qg = 7@7 ¢k> T = ]\mil agdk
(bk, Pr)’ Pt '

P> note that this means we represent the signal = as

No—1
z[n] = Z et n € {0,...,No —1}.

» we compute the coefficient ax to be

No—1 No—1
1

: Jkwon
~ ) = 2 3 bl = 5 Y st

n=0

Qg

which is exactly our formula for the DTFS coefficients!!
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Matrix-vector interpretation of DTFS basis change

» recall: we developed matrix-vector formulas for the DTFS:

_ 1
r=Ga, o= NUHCC.

where Hy,, = e 35«om and G,,;, = e3**o™ and

a=(,01,...,AN,—1)
xr =

(@[0], z[1],..., x[No — 1])

» note that Hy,, = G,,,. As matrices, we say that H and G are

Hermitian conjugates and we write that G = H'.

» we have previously observed that N%,GH = I, and therefore
HH" = NyI.
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DTFS basis change and Parseval’s relation

» Let's compute the norm of «

leel|* = {ev, @) = = (Hz, He) = 57 (Hz)" (Hz)

Ng
= Nig:cHHHH:c
= =l
» writing this out explicitly, we find that
No—1 No—1

1 2 2 1 2 2
w12l = lleell™ or < kz:% | [k]|" = kz:o |k |

» this is Parseval’s relation for the DTFS!
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DTFS basis change as a rotation of vectors

» Consider two signals x,y € ¢2([0, Ny — 1]) with associated vectors
x,y € CN, and let a = Nion and B8 = N%)Hy be the associated
vectors of DTFS coefficients.

» The inner product between a and (3 is

(@, B) = N2 (Haz, Hy) = Nz(Hy) "(Hz) = o H" Ha

0
1 g 1
=Ny r= m<$,y>
» the angle 0,3 between o and 3 is
N
COSQQB — |<aa/8>| — 0<|w’y>| _ |<$,y>| :Coseajy

ledliBll - vNollzlvNollyll llzlliyl

The DTFS transformation preserves angles between vectors! It
is a “rotation” of vectors in CNo. J
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Vector space concepts for CTFS/CTFT/DTFT

» the case of a DT periodic signal fits nicely with your current linear
algebra knowledge, because the vector space ¢5([0, Ng — 1)) is finite
dimensional

» when dealing with CT signals, or aperiodic DT signals, the associated

vector spaces are infinite dimensional

» while the mathematics becomes more complicated, the key ideas
remain unchanged; all these transformations are just methods of
representing a signal in a new basis, consisting of complex exponential
signals in either CT or DT
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Filtering of signals as projection onto subspaces

» when we speak of “filtering” a signal, we usually mean that we modify
the signal to accentuate certain characteristics

» the two most common types of filters are

® high-pass filters, where we remove the low-frequency signal content
® Jow-pass filters, where we remove the high-frequency signal content

» we can think of the action of such filters as projection onto subspaces
generated by high-frequency and low-frequency collections of complex

exponential signals, respectively

» we illustrate this by returning to a familiar example
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Example: filtering the windowing signal

Let Ny € Z~o be odd, and let
W € Z satisfy 0 < W < Mol 7

Consider the signal

1 if|n|<W

0 ifW<n< Mt

zwn] =

—2Ny Ny W 0 W No 2Ny
n

» we consider Ng =21 and W =5

» consider the low-pass subspace Spp and the high-pass subspace Syp
Sip = span{ej“‘)(_‘l)",. ero( n e.lwo(O)n edwo(1)n ., e 4)n}
Sup = S.paun{ej“"’(_m)"7 . edw(=B)n gwoB)n ,eJWU(lO)”}
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Example: filtering the windowing signal

el T
SR LI ]
::ziozouo T_I'LS 9%:0” l*5 oo";"uo :l “:00” ll: ”20
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From filtering to circular convolution

» recall that our DTFS representation of x is given by

No—1 1 Mot
z[n] = Z apefwon, ap = — Z x[l]e3kwol
No
k=0 =0

» in these previous filtering examples, projection onto a subspace is
equivalent to setting the remaining Fourier coefficients to zero

» instead of setting them to zero, let us now generalize our idea of a
“filter" as an operation which produces a new signal y by modifying
each Fourier coefficient a of x via multiplication by a corresponding
constant 3, € C

» in other words, the output y of the filter has Fourier coefficients
Vi = kP

Section 11: Bonus: Vector Space Concepts in Signals & Systems 11-498



From filtering to circular convolution

we can now represent y through the DTFS representation

| 4
No—1 No—1
y[n} _ Z ’ykejkwon _ Z akﬂkejkwon
k=0 k=0
» inserting the formula for o we have
No—1 L No—1 No—1 NO—IB
— - —jkwol jkwon _ Pk _jkwo(n—1)
=) |5 D wlle Brel Dol D] e
k=0 =0 =0 k=0
=h[n—I]

in brackets we have the DTFS representation of a signal with

>
coefficients By /No; let's call this signal h[n — {]. Therefore
No—1
ylnl = > hln—1a[l]
=0
» this is a convolution formulal
11-499
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From filtering to circular convolution

Summary: If “filtering” means scaling the DTFS coefficients of the
input = by constants §; € C, then the filtered output is

=3 Bl —lelll,  ne{0,...,No—1}

where h is the Ny-periodic DT signal with DTFS coefficients Sy /No.
v

» Two important differences with other convolution formulas so far:
(i) = and h are both periodic with period Ny
(ii) the sum runs only from 0 to Ny — 1, not from —oo to co
» since z and h are Ny-periodic, we have y[n + No] = y[n], so y is also
No-periodic
» this is called circular convolution, and is notated as

y=xz®h
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Properties of circular convolution

P just like other convolution operations we have encountered, circular

convolution satisfies several appealing properties

(i) commutative property: if z and h are two Ny-periodic DT
signals, then  ®) h = h (¥ «x, or pointwise

S b - el = S AltJaln — 1

1=0 1=0
(ii) linearity: if h,x,y are three Ny periodic DT signals and o, 5 € C
then
h® (az+ fy) = a(h® z) + B(h ® y)
(i) time-invariance: if h,x are two Ny periodic DT signals with
y = h ® z then for all A € Z we have that ya = h ® za
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Example 11.3: circular convolution

Consider the input signal

1k
1 ifjn] <2 = 05) m I]]H mﬂ
z[n] = '
0 if2<|n| <10 0

0.5

[n]

and the impulse response 1 T ], I ], I ‘

h[n] = 6[n — 1] — 26[n — 3] ;1‘ ‘ [ ‘ [

for 0 < n < 20, repeated periodically 2r
3L
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Example 11.3: circular convolution

» we can now compute for 0 < n < 20 that

No—1 20
(h® x)[n] = Z hin —1z[l] =) z[l](6[n —1—1] —2d[n — 1 —3))
1=0 1=0
|

-50 0 50
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Example 11.4: circular convolution

Consider the input signal

1k
1 ifjn] <2 = 05) m I]]H mﬂ
z[n] = '
0 if2<|n| <10 0

[n]

-0.5 " . -
and the impulse response 1 ‘
hin] = 6[n — 1] — 28[n — 3] 0 T T T | ]

+ 00— 10 :‘ l l l l

for 0 < n < 20, repeated periodically |,
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Example 11.4: circular convolution

» we can now similarly compute for 0 < n < 20 that that

No—1

(h® z)[n] = Z hin —z[l] = z[n — 1] — 2z[n — 3] + z[n — 10].
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Circulant matrices

» we now formalize circular convolution

No—1

(h ® x)[n] Zhn—l nef0,...,Ng—1}

using matrix-vector notation

» we can write these equations all out explicitly as

ol =" Al ~ el

=37 Al el
o2l =3 hi2 ~ tal

N 1= 3 hiNo — 1~ Ul
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Circulant matrices

Writing this all in matrix-vector form, we have

y[0] x[0]
y[1] z[1]
y[2] =C z[2] or y=Czx
y[Ngv —1] w[No' —1]
where
h[0] h[—1] h[-2] h[—(No —1)]
hl1j o] B-1 e B[ (No—1)
c—| na i (o] e RR—(No—1)]
MNo—1 B((No—-1)—1] ANo—1)=2 - A[(No—1)— (No— 1)

However, we know that h[n + Ny| = hin] for all n € Z. We can use this
to simplify C'
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Circulant matrices

hO h—1] -2 o R=(No-1)]
1] h[0)] Rt B[ (Np— )
c_ | a2 it h[O] e h2—(No—1)
hNo— 1] A[(No—1)~1] h[(No—1)—2] - h[(No 1)~ (No—1)]
ho]  h[No—1 h[No—2 --- B[]
h[1] hO]  h[No—1] --- h[2]
_ | a 1] Bl o i3]
_h[NO‘ S0 B[Ne—9] h[No—3] - H[O]

» note that C is constant along all diagonals; a Toeplitz matrix

» each diagonal corresponds to a value of the impulse response.
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Circulant matrices

ho]  h[No—1] h[No—2] --- h[l]
h[1] ho]  h[Ne—1] - h[2]

c=| hf2 hl1] h[0] - h[3]
h[NO.—l] h[NO'—Q] h[No.—?)] h[b}

» in addition to being Toeplitz, each row of C' is just a one-element
circular shift of the row above; such matrices are called circulant

» there is a beautiful connection between this circulant matrix and the
matrix-vector formulation of the DTFS developed in Chapter 6
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Circulant matrices and the DTFS

» Recall: the matrix-vector formulas for the DTFS of a signal z
— _ 1
r=Ga, o= N—OHac.
where Hp,, = e 35“om and G, = edF«“o™ and

o = (040,0(1,...,041\70_1)

x = (z[0],z[1],...,z[No — 1])

> the matrices H and G satisfy G = H and HH™ = N,1I.

Let’s see what happens if we try to compute the DTFS
coefficients 7y, of the signal y =h ® = J
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Circulant matrices and the DTFS

» recall:
(i) the result y of circular convolution was the signal having DTFS
coefficients v = oy Bk
(ii) the impulse response h was correspondingly defined as

_ No—1 ﬁk jkwon
h[n] = Zk:() Foe

so h has DTFS coefficients S /No

» using our vector formulas, the vector v of DTFS coefficients of y is
v = N%)Hy = NLOHC:B
> substituting € = Ga = H" ax we obtain
v=xHCH"a

> it follows that the matrix HC H™ must be diagonal with diagonal
elements equal to NyBx! The matrix H diagonalizes C.
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Circulant matrices and the DTFS

» we therefore have that

diag(607627 v aﬁNo—l) = NLOHCHH
or equivalently C' = N%)HHdiag(ﬂU?Bz, o Bne_1)H

> we can now write the output signal y as

5

H
y=Cx=(A=H) diag(o. B, .. Bvir) (4o H ) @
— scale —

unrotate rotate

» the operation of the LTI system defined by circular convolution can
be interpreted as a rotation to a diagonal coordinate system, a
scaling, and a rotation back to the original coordinate system
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12. Bonus: Introduction to Image Processing
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Introduction

» throughout the course we have focused on one-dimensional signals
z : R — C in continuous-time or = : Z — C in discrete-time

» when we want to work with (digitized) images, these are described by
two-dimensional signals z : Z x Z — R

» it turns out that with the geometric methods of Chapter 6, this is not
difficult; we just need to use a different basis and inner product, but
all the ideas are the same

» we will look at how to implement simple filters on images to blur and
accentuate edges; the discussion will be at a relatively high level
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Images

» an image can be represented by an N x M matrix X

» each entry X [n,m] is a pixel value

0
M-1

» in an 8-bit greyscale image, there are 2% = 256 levels, with 0 being
black and 255 being white, so X[n,m] € {0,1,...,255}
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Vector space and inner product for matrices

» the vector space of interest is the vector space of NV x M matrices X

» addition and scalar multiplication are defined element-wise by
(X +Y)[n,m] = X[n,m]+Yn,ml,  (@X)[n,m] = aX[n,m].

» the inner product between two matrices is defined as

N—1M—1
(X,Y) = Z X [n,m]Y [n,m]*
n=0 m=0

and is called the Frobenius inner product

» this vector space has dimension NM; we need to define basis
vectors for both time spatial domain and the associated
two-dimensional frequency domain
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Bases for two-dimensional signals

» the spatial basis vectors {(y;} for the space of N x M matrices are

u -

defined as

Yk[n, m] = o0[n — k]o[m — ]

1 if (n,m) = (k,1)

0 otherwise

$2,2[n,m] $2,4[n, m]

» these vectors are orthogonal (in fact, orthonormal), since

N—1M-1

(k1> Ppr 1) = E E k.1, mlpgs 0, m]”

n=0 m=0

N-1 M-1 1 if (k1) = (K, 1)
:Zé[n—k]ﬂn*k]25[”7*”5[7”71]: {0 otherwise

n=0 m=0
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Bases for two-dimensional signals

» the projection of an image vector X onto the spatial basis vector ¢y, ;
simply returns the value of the image in the (k,1) cell:

<X,90kl> —
S = (X k) = Y Z [, m]ek,i[n, m]
n=0 m=0
N-1M
= X 10[n — k]d[m — ]
n=0 m=0
= X[k, 1]

» put differently, each basis vector corresponds to one pixel location in
the image, and projection onto that basis vector just picks out the
value of that particular pixel
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Bases for two-dimensional signals

» we also need a two-dimensional Fourier basis for the frequency domain

» let wo = 27/N and vy = 27 /M be the fundamental frequencies for
the two directions, and define the Fourier basis vectors

st,l[n’ m} — ekaoneJuolm _ eJ(kw0n+luom)

» these vectors are orthogonal since

N—-1M-1

. . 1./ a1/
(brsts bir 1) = E : E :ekaoneJauom(eJk won il vomy

n=0 m=0

N—-1 M—1
_ Z ejkwone—jk/won Z ejluomefjlluom
n=0 m=0
N-—1 M—1
— Z ej(k*k/)won Z ej(l*l,)"()"”
n=0 m=0

NM if (k1) = (K',1')

0 otherwise

= Nk —K']-Ms[I —1']= {
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Bases for two-dimensional signals

> the basis vectors ¢y i[n, m] = el*wonellom are oscillating signals in
two dimensions; they look like waves

*k=01.2)

FIGURE 13.4. The real part of the basis vector ¢1 2 where N = 300 and M = 400.
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Bases for two-dimensional signals

» the values of k and [ in ¢y ;[n, m] = el*~oneilom define the direction

and period of the wave

(kD =(1,1) (kD =(12)
300 ' 300 '
250 250 7
200
c <« 150
100
B 4
. 0
200 0 100 200 300 400
m m
kD ={2,4) (k) =(26)
300 ' 300 '
250 250
200 200
= 150 < 150
100 100
0 ‘ ] ‘
0 100 200 300 400 0 100 200 300 400
- -

FIGURE 13.5. Four basis vectors ¢, for images of size N = 300 and M = 400:
1,1, ¢1.2, P24, and ¢a6. In the plot the same coloring is used as in Fig. 13.4, i.e.,
red is close to one and blue is close to zero. The ratio k/I sets the angle of the wave
front. Larger k and large I correspond to higher frequencies.
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Filtering of two-dimensional signals

» we can now discuss low-pass and high-pass filtering images

(i) a low-pass filter will smooth the image and blur edges
(ii) a high-pass filter will select out the edges

et 0< K<N-1land 0 <L < M —1 and define

Sup = span({¢p 1} h=—Kk,.. Ki=—L,. .L)

Sup = span({all basis vectors not in Spp})

» note that the choices of K and L control the dimensions of these
subspaces

» to filter, we take an image, use the DTFT to represent the image in
the Fourier basis, and then project onto these respective subspaces

using the inner product
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Example: filtering of two-dimensional signals

Original image Magnitude of Fourier coeffs

Project onto low—frequency basis functions Project onto high-frequency basis functions

FIGURE 13.6. Example of of a two-dimensional 480 x 480 box signal that is black
(grey-scale value 0) in the center box and white (grey-scale value 255) elsewhere.
The magnitudes of the Fourier coefficients are shown, as are the projections onto
the low-frequency basis functions (0 < |k| < 23,0 < |I| < 23), and onto the balance
of basis functions.

Section 12: Bonus: Introduction to Image Processing 12-523



Example: filtering of two-dimensional signals

Original image Magnitude of Fourier coeffs

Project onto low—frequency basis functions Project onto high—frequency basis functions

FIGURE 13.7. Example of of a two-dimensional 480 x 480 image. The magnitudes
of the Fourier coefficients are show, as are the projections onto the low-frequency
basis functions (0 < |k| < 26,0 < |I| < 26), and onto the balance of basis functions.
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