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Abstract— We propose a data-driven receding-horizon
control method dealing with the chance-constrained output-
tracking problem of unknown stochastic linear time-
invariant (LTI) systems with partial state observation. The
proposed method takes into account the statistics of the pro-
cess hoise, the measurement noise and the uncertain initial
condition, following an analogous framework to Stochastic
Model Predictive Control (SMPC), but does not rely on the
use of a parametric system model. As such, our receding-
horizon algorithm produces a sequence of closed-loop
control policies for predicted time steps, as opposed to a
sequence of open-loop control actions. Under certain con-
ditions, we establish that our proposed data-driven control
method produces identical control inputs as that produced
by the associated model-based SMPC. Simulation results on
a grid-connected power converter are provided to illustrate
the performance benefits of our methodology.

[. INTRODUCTION

Model predictive control (MPC) is a widely used multi-
variable control technique [1], capable of handling hard con-
straints on inputs, states, and outputs, along with complex per-
formance criteria. Constraints can model actuator saturations or
encode safety constraints in safety-critical applications. As the
name suggests, MPC uses a system model, obtained either from
first-principles modelling or from identification, to predict how
inputs will influence the system evolution. MPC is therefore an
indirect design method, since one goes from data to a controller
through an intermediate modelling step [2]. In contrast, direct
methods, or data-driven methods, seek to compute controllers
directly from input-output data. Data-driven methods show
promise for systems that are complex or difficult to model [3].

For stochastic systems, work on Stochastic MPC (SMPC) [4]-
[6] has focused on modelling the uncertainty in systems prob-
abilistically. SMPC methods optimize over feedback control
policies rather than control actions, resulting in performance
benefits when compared to the naive use of deterministic
MPC [7]. Additionally, SMPC allows the use of probabilistic
constraints, useful for computing risk-aware controllers. An-
other MPC method dealing with uncertainty is Robust MPC
(RMPC) [8], which attempts to conservatively guard against
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the worst-case deterministic uncertainty; our focus here is on
the stochastic case.

For deterministic linear time-invariant (LTI) systems, recent
work has demonstrated that the data-driven control methods
can produce controls that are equivalent to their model-based
counterparts [9], [10]. However, for stochastic systems, equiv-
alence between a data-based and model-based method have
not been established, except in a few special cases which
will be discussed shortly. Thus, the focus of this work is to
develop a data-driven stochastic MPC framework with provable
equivalence to its model-based SMPC counterpart.

Related Work: Although data-driven control has been de-
veloped for decades, early work on data-driven methods did
not adequately account for constraints on input and output;
see examples in [3]. This observation led to the development
of Data-Driven Predictive Control (DDPC) as data-driven
control methods incorporating input and output constraints.
Two of the best known DDPC methods are Data-Enabled
Predictive Control (DeePC) [10]-[12] and Subspace Predictive
Control (SPC) [13], [14], both of which have been applied in
multiple experiments with reliable results [15]-[20]. On the
theoretical side, for deterministic LTI systems, both DeePC
and SPC produce equivalent control actions to model-based
MPC [10], [21]. This equivalence implies that for deterministic
systems, DeePC and SPC perform as well as their model-based
counterpart, namely MPC.

Beyond the idealized case with deterministic linear systems,
real-world systems are often stochastic and non-linear, and real-
life data typically are perturbed by noise. Hence, data-driven
methods in practice need to adapt to data that is subject to
these perturbations. Most classical data-driven control methods
are designed in robust ways [3], so their control performances
are not sensitive to noisy data. In application of SPC with
noisy data, a predictor matrix is often computed with denoising
methods, such as prediction error methods [18], [19] and
truncated singular value decomposition [16].

Robust versions of DeePC have also been developed with
stochastic systems in mind, such as norm-based regularized
DeePC [15]-[20] in which the regularization can be interpreted
as a result of worst-case robust optimization [22], [23], as
well as distributionally robust DeePC [11], [12]. Some other
variations of DeePC were designed in purpose of ensuring
closed-loop stability [24]-[26], robustness to nonlinear systems
[27] etc. Although the stochastic adaptations of DeePC and
SPC were validated through experiments, these stochastic
data-driven methods do not possess an analogous theoretical



equivalence to any Stochastic MPC or model-based method.

This disconnect between data-driven and model-based meth-
ods in the stochastic case has been noticed by some researchers,
and some recent DDPC methods were developed for stochastic
systems that have provable equivalence to model-based MPC
methods. The works in [28], [29] proposed a data-driven
control framework for stochastic systems with full-state ob-
servation, and their control method has equivalent performance
to full-state-observation SMPC [28, Thm. 1] [29, Cor. 1]. This
data-driven control method applied Polynomial Chaos Expan-
sion, so that arbitrary probability distributions of stochastic
signals can be considered. However, their formulation was
built with full-state observation, and the partial observation
case was left open.

In [30], a stochastic data-driven control method was devel-
oped by estimating the innovation sequence. This method has
equivalent control performance to deterministic MPC when
the innovation data is exact [30, Cor. 1]. However, their
control method did not utilize the noise distribution, and no
equivalence is established between their method and SMPC or
RMPC. A final related work is [31], which proposed a tube-
based data-driven Stochastic MPC framework with full-state
observation. Again, however, no equivalence in performance
is established between this method and model-based MPC
methods. Thus, the gap addressed in this paper is to develop
a data-driven control method for partially observed stochastic
systems that has provably equivalent performance to the model-
based SMPC.

Contributions: We develop a DDPC control method for
stochastic LTI systems with partial state observation. Our tech-
nical approach is based on the construction of an auxiliary state
model directly parameterized by input-output data. Building on
SMPC, we formulate a stochastic control problem using this
data-based auxiliary model, and establish equivalence between
the proposed data-driven approach and its model-based SMPC
counterpart. Our approach preserves three key features and
benefits of SMPC. First, our formulation includes both process
noise and measurement noise, so one can study the effect of
different noise magnitudes on the control performance. Second,
we produce a feedback control policy at each time step, so that
the control inputs are decided after real-time measurements in
a closed-loop manner. Third, our control method incorporates
safety chance constraints, which are consistent with the SMPC
framework that we investigate.

Organization: The rest of the paper is organized as follows.
Section II shows the formal problem statement, with a brief
overview of SMPC in Subsection II-A. Our control method
is introduced in Section III, where we show the formulation
and the theoretical performance guarantee, i.e., equivalence
to SMPC. Simulation results are displayed in Section IV,
comparing our proposed method and some benchmark control
methods, and Section V is the conclusion.

Notation: Let M' be the pseudo-inverse of a matrix M.
Let ® denote the Kronecker product. Let S% and S%, be
the sets of ¢ x ¢ positive semi-definite and positive definite
matrices respectively. Let col(My, ..., M}) denote the column
concatenation of matrices/vectors My, ..., My. Let Zj, p) =
[a,b] NZ denote a set of consecutive integers from a to b. Let

Ziap) = Lia,p—1]- For a R9-valued discrete-time signal z; with
integer index ¢, let z[, ;,] denote either a sequence { Zt}?:tl ora
concatenated vector col(z1, ..., 2;) € RI2=1+1)  Similarly,
let 2, 1) = Z[1y,,—1]- A matrix sequence {Mt}iitl and
a function sequence {m(-)};2, are denoted by My, +,) and
Tlty,t5] TESPECtively.

[I. PROBLEM STATEMENT

We consider a stochastic linear time-invariant (LTI) system

(1a)
(1b)

Tip1 = Az + Buy + wy
yr = Cry + vy

with input v, € R™, state x; € R", output y; € RP, process
noise w; € R™, and measurement noise v; € RP. The initial
state xg is unknown. The system (A, B, C) is assumed to be a
minimal realization, but the matrices themselves are unknown
and the state x; is unmeasured; we have access only to the input
u; and output y; in (1). The disturbances w; and v; in (1) are
independent and follow i.i.d. zero-mean normal distributions,
with variances X% € S and ¥V € S7} , respectively, i.e.,

i.i.d

wy ~ N(Onxlazw)7 Eoh

v RN (Op1, BY). )

In a reference tracking problem, the objective is for the output
y: to follow a specified reference signal v, € RP. The trade-off
between tracking error and control effort may be encoded in
the cost

3)

to be minimized over a horizon, where Q) € Si Land R € ST,
are user-selected parameters. This tracking should be achieved
subject to constraints on the inputs and outputs. We consider
polytopic constraints, modelled in the stochastic setting as
probabilistic chance constraints for t € N>,

I(ue ye) = llye = rellgy + lluell %

P[EYu; < f'] 21— p"
PEYy, < '] >21—p’

(4a)
(4b)

where EY € R?*™ and EY € RY*™ are fixed matrices with
some ¢",¢Y € N, fU € R? and f¥ € R? are fixed vectors,
and p" p¥ € (0, 1) are probabilities of constraint violation.

In a model-based setting where A, B,C' are known, the
general control problem above can be addressed by SMPC,
as will be reviewed in Section II-A. Our broad objective is
to construct a data-driven method that addresses the same
stochastic control problem and is equivalent, under certain
tuning conditions, to SMPC.

Remark 1 (Output Constraints and Output Tracking). State
constraints and state-tracking costs are commonly considered
in MPC and SMPC methods [1], [4]-[6], being used to
enforce safety conditions and quantify control performance,
respectively. Our problem setup focuses on output control,
with the internal state being unknown and unmeasured. For
this reason, we instead considered output constraint (4b) for
safety conditions and output-tracking cost (3) for performance
evaluation, which are both common in DDPC methods such
as [10]. |



A. Stochastic MPC: A Benchmark Model-Based Design

Our focus is on output-feedback SMPC [32]-[36], which
is typically approached by enforcing a separation principle
within the design, augmenting full-state-feedback SMPC (see
[4, Table 2]) with state estimation. Several formulations of
SMPC methods have been developed in the literature; our
formulation here is based on an affine policy parameterization,
following e.g., [34] and those listed in [4, Table 2], with the
changes that we consider output tracking and output constraint
satisfaction, as opposed to state objectives.

SMPC follows a receding-horizon strategy and makes deci-
sions for N upcoming steps at each control step. At control step
t = k, the current state xj;, follows a normal prior distribution

ze ~ N(ug, 5) ©)

where the mean pf € R™ and the variance ¥} € S} are
parameters obtained through a Kalman filter to be described
next. At the initial time k = 0, the initial state x¢ ~ N (1, X5)
is assumed to follow a normal distribution with a given
mean j5 and a given variance Xjj. The model-based SMPC
method under consideration combines state estimation, affine
feedback policy parameterization, and approximation of chance
constraints.

1) State Estimation: Estimates Iy, 4 n) of the future states
over the desired horizon will be computed through the Kalman
filter [34]-[36],

&y =27 + Li(yy — C75), t € Ligk+N) (62)
5:;+1 := AZ; + Buy, te Z[k7k+N) (6b)
Ty, == g, (6¢)

where Z; and z; denote the posterior and prior estimates of
xy, respectively, and the Kalman gain L; € R"*P in (6a) is
obtained via the recursion

L, =P CT(CP;CT+X")7", te€Zppiny (Ta)
P, :== (I, — L,C)P;, t € Zppiny (7b)
Py, = APAT + 2", t € Lppsny (70)
Py =% (7d)

Alternative approaches using Luenberger observers have also
been used [32], [33].

2) Feedback Control Policies: Stochastic state-feedback con-
trol requires the determination of (causal) feedback policies
7 which map the observation history into control actions. As
the space of policies is an infinite-dimensional function space,
a simple affine feedback parameterization is typically used in
SMPC to obtain a tractable finite-dimensional optimization
problem, written as [34]

Uy = Wt(.ﬁi't) = Ugom + K(i%t — x?om),

®)
where u7°™ € R™ is the nominal input to be determined, K is
a fixed feedback gain such that A + BK is Schur stable, and
xP°™ € R™ is the nominal state obtained from the noise-free
system, with associated nominal output y°™" € RP.

LM = AT L Bt e Zygwy  (O9)
y;om = C’x?c’m, vVt € Z[k’kJrN) (9b)
™ = 90

Based on the cost (3), we select the gain matrix K as the
infinite-horizon LQR gain of system (1) with state weight
CTQC and input weight R,

K := —(R+ B"PyB) 'BT P, A (10)

where Pq, € S7 is the unique positive semidefinite solution
to the discrete-time Algebraic Riccati equation.

Pq = CTQC + AT By (A + BK) (11)

We remark that an equivalent form m;(Z;) := ¢; + K& of
(8) with decision variable ¢; has been used in [32] and in
many SMPC examples surveyed in [4]. A time-varying-gain
version of (8) is adopted in [33]. Affine disturbance feedback
is sometimes considered in SMPC methods, and it is shown
that affine-disturbance feedback control policies and affine-state
feedback control policies lead to equivalent control inputs [37];
here we focus on the state feedback parameterization.

Remark 2 (Input Chance Constraints). Hard input constraints
are difficult to integrate with the affine policy (8), as under our
previous assumptions the resulting control input is normally
distributed and unbounded. The input chance constraint (4a) is
thus used in its place, as in [33]. Another option as in [36] is to
use (nonlinear) saturated policies in place of (8), but then the
resulting inputs and outputs are no longer normally distributed
and our further analysis would be much more complicated. ll

3) Optimization Problem and Approximation: The output-
feedback SMPC optimization problem at time step ¢ is now
formulated as follows, with an expected cost summing (3) over
N future steps.

k+N—-1
t=k J

minimize IE[ (ue, yt)
subject to (1), (2), @), (8) for t € Zp 4y, 12
and (5), (6), (9)
The random variables within problem (12) are Gaussian, and
thus characterized by their means and variances, which enables
a straightforward reduction of (12) into a deterministic form.
Indeed, analysis of (1), (2), (5), (6), (8) and (9) yields that the

inputs u; and outputs y; are distributed according to
Uy NN(u?°m7thj)v Yt NN(y2°m7Z¥)

for t € Zy 44 ny. with covariance matrices X} € S and XY €
SE | given by (14),

13)

E;J = [K, O7n><n] fo [K7 OT‘VLXTL}T
X7 = [OPXm C} = [Oan, C]T +27

where X € §2" is the covariance of col(#;, z;) and calculated
from recursion (15),

(14a)
(14b)

SPC=ASROAT H Ay € Zppiprny  (159)
s . [2F— P Xy — P
MR {Eszk - ] (15b)

with Py, obtained from (7) and A¢, A; € S2" defined by
A . [A+BE -LCA LCA
- BK A

w T vyr T
A, = |:Lt(CE CO +XV)L] Z?W] , LE Ly prny. (16b)

} st € Ligg1,k+N), (163)



A derivation of (13) can be found in the extended version
[38, Appendix A]. Note that the covariances XV, %Y do not
depend on the decision variable u"°™. Given the distribution
(13), the expected quadratic cost in problem (12) is equal to
the following deterministic value,

[T e, o™ | 4 Jeons (17)
where Jonst := fi,iv_l [Tr(RZY) + Tr(QXY)] is a constant
independent of »"°™; Tr denotes the trace operation.

An exact deterministic representation of the joint chance con-
straints (4) is difficult, as it requires integration of a multivariate
probability density function over a polytope and generally no
analytic representation is available [6, Sec. 2.2]. For this reason,
the joint constraints (4) are commonly approximated by, e.g.,
being split into individual chance constraints [39],

PlesTu, < ] > 1-pY,, Vi€ Zyg
T .
IP’[@%’ y < fﬂ >1 —pit, Vi € Z[qu]
u Y
23:117;‘],15 23:117%,,:: =p’
where e} € R™ is the transposed i-th row of E, and f}' € R
is the i-th entry of f, similarly for e] € R? and f) € R. The
allocated risk probabilities pY, > 0 and p; , > 0 are introduced
as additional decision variables, where py ;, p5 ;, ..., pg ; sum
up to the total risk p“, and similarly for py,. Note that (18) is
a conservative approximation (or a sufficient condition) of (4),
due to subadditivity of probabilities. Given distribution (13),

the chance constraints (18) are converted into an equivalent
deterministic form,

(18)
=pY,

efTufo™ < ff 4\ [edTSelicdfn(py,), i € Zjy,gy  (192)
YTyrom < ¥ 4\ /eTsYe icdfn(py,), i € Zpn g (19b)

Z;I:lpi,t =Y Py >0, € Zp g (19¢)
Y .

Sl =1 Pl >0,0€Zpygn (19d)

where icdfn(z) := v2erf ' (2z — 1) is the inverse c.d.f. or
z-quantile of the standard normal distribution, with erf ! the
inverse error function. The constraints (19) are convex when
we require p*, p¥ € (0, 3] [39, Thm. 1].

Leveraging the equwalent cost (17) and the approximation
(19) of constraint (4), the probabilistic problem (12) is approx-
imated into the deterministic problem.

k+N-—1 J( nom

i nom)

mlnllee s Yt

urem,py. tJUz t

subject to  (19) for t € Z r4n), and (9)

(20)

Since R > 0, the cost in (20) is strongly convex in «"°™
and thus problem (20) possesses a unique optimal u"°™
when feasible (although optimal p7',, p\it may not be unique).
Problem (20) can be efficiently solved by the Iterative Risk
Allocation method [39]; see [38, Appendix B] for more details
of our implementation.

4) Online SMPC Implementation: The nominal inputs u"°™
determined from (20) complete the parameterization of the
control policies 7 x4y in (8). The upcoming N, control
inputs wu k4, are decided by the first N. policies 7, x4-n.)

respectively, with parameter N. € Z[ nj. Then, the next
control step is set as ¢t = k + N.. At the new control step,
the initial condition (5) is iterated as the prior distribution
N (1 N.» 2y n,.) of the state xyn,_, where the mean and
variance are obtained through the Kalman filter (6), (7).

X A= X -
Hk+N, = Tpy N, kN, = PN (21)

The entire SMPC control process is shown in Algorithm 1.

Algorithm 1 Stochastic MPC (SMPC)

Input: horizon lengths N, N, system matrices A, B, C, noise
variances X", >V, initial-state mean g and variance X,
cost matrices @, R, constraint coefficients EY, f', EY, fY,
probability bounds p“, p¥.

1: Compute the LQR gain K via (10).

2: Initialize the control step k <— 0 and the initial condition

W i T S5

3: while true do
Compute Kalman gains L, 4 n) via (7) together with
Pl keny and Pl kg )
Compute variances Z[k L) and E[k k+N) via (14).
Solve nominal inputs u[k +N) from problem (20), and
thus obtain policies 7y x4 n) from (8).
2y < py as in (6¢).
for ¢ from k to K+ N, — 1 do

9: Measure y; from the system (1).

10: Compute z; via (6a).

11: Input uy < (&) to the system (1).

12: Compute £}, via (6b).

13: Hisn, € Tpyn, and X5 N < Py as in (21).

14: Set k< k+ N..

B. Our Objective: An Equivalent Data-Driven Method

In direct data-driven control methods such as DeePC and
SPC for deterministic systems, a sufficiently long and suffi-
ciently rich set of noise-free input-output data is collected.
Under technical conditions, this data provides an equivalent
representation of the underlying system dynamics, and is
used to replace the parametric model in predictive control
schemes, yielding control algorithms which are equivalent
to model-based predictive control [10], [14]. Motivated by
this equivalence, our goal here is to develop a direct data-
driven control method that produces the same input-state-output
sequences as produced by Algorithm 1 when applied to the
same system (1) with same initial condition zo and same
realizations of process and sensor noises wy, v;. Put simply,
we seek a direct data-driven counterpart to SMPC.

As in the described cases of equivalence for DeePC and
SPC, we will subsequently show equivalence of our data-driven
method to SMPC in the idealized case where we have access to
noise-free offline data. While this may initially seem peculiar
in an explicitly stochastic control setting, we view this as the
most reasonable theoretical result to aim for, given that the
prediction model must be replaced using only a finite amount
of recorded data. Moreover, remark that (i) noisy offline data
can be accommodated in a robust fashion through the use



of regularized least-squares (Section III-A), as supported by
simulation results in Section IV, and (ii) our stochastic control
approach will fully take into account process and sensor noise
during the online execution of the control process.

[Il. STOCHASTIC DATA-DRIVEN PREDICTIVE
CONTROL

This section develops a data-driven control method whose
performance will be shown to be equivalent to SMPC under
certain tuning conditions. In the spirit of DeePC and SPC, our
proposed control method consists of an offline process, where
data is collected and used for system representation, and an
online process which controls the system.

At a high level, our technical approach has three key steps.
First, we will collect offline input-output data (Section III-
A), and use this offline data to parameterize an auxiliary
model (Section III-B-1). This auxiliary model will take the
place of the original parametric system model (1) in the
design procedure. Second, we will formulate a stochastic
predictive control method using the auxiliary model (Section
III-B, Section III-C-1, Section III-D-1). Third and finally, we
will establish theoretical equivalences between the model-based
and data-based control methods (Section III-C-2, Section III-
D-2).

A. Use of Offline Data

In data-driven control, sufficiently rich offline data must be
collected to capture the internal dynamics of the system. In
this subsection, we demonstrate how offline data is collected,
and use the data to compute some quantities that are useful
to formulate our control method in the rest of the section. We
first develop results with data from deterministic LTI systems,
and then address the case of noisy data.

1) Deterministic Offline Data: Consider the deterministic
version of system (1), reproduced for convenience as

(22a)
(22b)

Ti41 = AiCt + But
ys = Cy.

By assumption, (22) is minimal; let L € N be such that the
extended observability matrix O := col(C,CA4,...,CAL1)
has full column rank and the extended (reversed) controllability
matrix C = [A'~!B,...  AB,B] has full row rank. Let
ufy 1,15 Yfh 7, be a Ta-length trajectory of input-output data
collected from (22). The input sequence u‘[iLTd] is assumed
to be persistently exciting of order Kq := 2L + n, i.e.,
its associated Kq-depth block-Hankel matrix Hg, (u‘[iLTd]),
defined as

d d d
“(11 “g UTy —Kq+1
% (d )i— U U3 UTy—Kq+2
Ka\U[1,14]) "= : . : )
d d d
Uk, UKs+1 ur,

has full row rank. We formulate data matrices U;,Us €
R™Lxh and V7,Y, € RPLXP of a common width h :=
T4 — 2L + 1 by partitioning associated Hankel matrices as

col(Ur, Us) := Hay, (U%,Td])

(23)
col(Y1,Yz) := Hap, (yfil,:rd])

The data matrices in (23) will now be used to represent some
quantities related to the system (22). Before stating the result,
we introduce some additional notation. Define the impulse
response matrices G, H € RPEXmL by

I Opxm ]
CB 0p><m
G DT '
H‘ = CA B CB 0p><7n ) (24)
CAX-1pB CAB CB
|[CA*L=2B CA'B CAL~'B]

and let Hy := [CA'™1B,...,CAB,CB] € RP*™L denote
the first block row of H. Furthermore, define matrices I" €
RPL*(m+p)L 404 I e Rpx(m+p)L

:
I
I=[Ty Tv]:=[H 0AF] { i O} (252)
T
I1= [Ty Tvi]:=[Hy CAY] F@L O} (25b)

where I'y (resp. I'y1,I'y1) is the first block row of I' (resp.
T'y,Ty). The following result provides expressions for these
quantities in terms of raw data.

Lemma 3 (Data Representation of Model Quantities). Given
the data matrices in (23), let

P = [P1, P2, P3] := Yacol(Uy, Y1, Us)t e RPEX(@mtp)L,

If (22) is controllable and the input data ufl Tl is persistently
exciting of order 2L + n, then the matrices G, H,T" defined
in (24), (25) can be expressed as

[I‘U7I‘Ya G] = [P13P23P3}7 H = 7)1 + P2P3~

Proof. See Appendix A for a proof. The relation G = P is
present in SPC literature [13, Sec. 2.3], [14, Sec. 3.4]. Our
contribution here is the data-representation of H and I'. W

With Lemma 3, the matrices G, H and I" can be represented
using offline data collected from system (22), and these
matrices will be used as part of the construction for our data-
driven control method.

2) The Case of Stochastic Offline Data: Lemma 3 holds
for the case of noise-free data. When the measured data is
corrupted by noise, as will usually be the case, the pseu-
doinverse computations in Lemma 3 are fragile and do not
recover the desired matrices G, H, I". A standard technique
to robustify these computations is to replace the pseudoinverse
Wt of W= col(Uy,Y1,Us) in Lemma 3 with its Tikhonov
regularization W8 .= (WTW + AI,)"'WT where A > 0
is the regularization parameter. To interpret this, recall that
P = YoWT is a least-square solution to argminy, ||Ya—PW .
Correspondingly, the regularization Y,k is the solution to
a ridge-regression problem argming ||Ya — PW |3 + A||P||2,
which gives a maximum-likelihood or worst-case robust solu-
tion to the original least-square problem argminy ||Y;—PW |2
whose multiplicative parameter I/ has uncertain entries; see
[2] sidebar “Roles of Regularization” for more details. Hence in
the stochastic case, we estimate matrices G, H, I' by applying
Lemma 3 with P = YoWT replaced by P := YWk,



B. Data-Driven State Estimation and Output Feedback

The SMPC approach of Section II-A uses as sub-components
a state estimator and an affine feedback law. We now leverage
the offline data as described in Section III-A to directly
design analogs of these components based on data, and without
knowledge of the system matrices.

1) Auxiliary State-Space Model: We begin by constructing an
auxiliary state-space model which has equivalent input-output
behavior to (1), but is parameterized only by the recorded data
sequences of Section III-A. Define auxiliary signals x;, w; €
R"w of dimension nauy := mL + pL + pL? for system (1) by

)] Omrx1
Ca— 0
Xe = Y|, We= oot (26)
: OprL(L—1)x1
LA[t—L,t) ] p

where y; := y, —v; € RP is the output excluding measurement
noise, and p; := Ow; € RPF stacks the system’s response to
process noise w; on time interval [t41, ¢+ L]. The construction
of the auxiliary state x; was inspired by [40]. The auxiliary
signals x;, w; together with wu;, y;, v; then satisfy the relations
given by Lemma 4.

Lemma 4 (Auxiliary Model). For system (1), signals w;, y;, v
and the auxiliary signals x;, w; in (26) satisfy

(27a)
(27b)

Xt+1 = AXt + But + w;
ye = Cx¢ + vy

where A € R™wxXMax B ¢ R"uxX™ gpd C € RPX™awx gre
given by

[ Im(L—l) 0 0
Omxm
A — 0 0 Iz 0
: T'ux I'vi F-Tv,E ’
O O IpL(Lfl)
L OpLXpL
Om(Lfl)Xm
Im
B:=|—5F7 C:=|T r F-T'v1E
- , [ Tur | Tya | v1E |,
0pL2><m

with magrices T'y1,Tyvy in 2(25b), and zero-one matrices E €
RPEXPL™ gnd F € RP*PL™ composed by selection matrices
Sj = [OpX(j—l)pvjp’OpX(L—j)p] € RPPE for j € Ly, L)

OpxpL
Sl OpoL

E| .
HF — : . .
Sr-1 51 OpxpL

L St Sa S1

Proof. See Appendix B. |

The output noise signal v; in (27) is precisely the same as
in (1); the signal w; appears now as a new disturbance; w,
and v, are independent and follow the i.i.d. zero-mean normal
distributions

ii.d

wi N (O 1, ), v AN (01, Y (28)

with variances X% € S and XV € S, where ¥* :=
oxwoT e Sﬁ_L is the variance of p;.

w 0 n, - n, —

W . | Y(ax—pL) X (Ra—pL) s
The matrices A, B, C are known given offline data described
in Section III-A, since they only depend on submatrices of I' =
[Ty, T'y] by definition and matrix I" is data-representable via
Lemma 3. Hence, the auxiliary model (27) can be interpreted as
a non-minimal data-representable (but non-minimal) realization
of system (1). Nonetheless, the model is indeed stabilizable
and detectable.

Lemma 5. In the auxiliary model (27), the pair (A,B) is
stabilizable and the pair (A, C) is detectable.

Proof. See Appendix C. ]

The auxiliary model (27) will now be used for both state
estimation and control purposes. Suppose we are at a control
step ¢t = k in a receding-horizon process.

2) Auxiliary State Prior Distribution: Similar to (5), at time
step t = k the auxiliary state x; from (27) follows a normal
prior distribution,

xp ~ N(pp, Zp)

where the mean pj € R and the variance 3} € S’ are
parameters obtained by applying a Kalman filter to the auxiliary
model (27). At the initial time & = 0, the initial auxiliary state
Xp is assumed to be normally distributed as xo ~ N(uf, XF)
with given mean pf and given variance 3. Not surprisingly,
there is a close relationship between the distributions of xy
and xy, as described in the next technical result, the results of
which will be leveraged in establishing equivalence between
SMPC and our proposed method.

(29)

Lemma 6 (Related Distributions of x; and xj). Let

[mL

(I)orig = [07 AL, CWL b= G O Gy

Ir 0

)

wherein Cy = [A*~1, ... A 1,] and

Opxn
Gw = C Oé.xn .
cal=z ... ¢ Opxn
If the prior distributions of xj and X, at time t = k are (5)
and (29) respectively, then

(30a)
(30b)

IJ’>I:: = Paux Miv
X = Do X5 L

aux?

N)I; = (I)orig Ni,
TX = Byig 5 B

orig?
for some pif, € RMEATLAY and some ¥ € ST,
Proof. Let & = col(ug_p 1), Te—1, Wii—1.1)) € RmLAR(L+1)

According to (48a), (48b) in Appendix B and the definition of

x; in (26), we have the following relations.
Tk = CI)orig ks Xk = Paux &k

Select /Ji as the mean and Ei as the variance of the prior
distribution of &j. Then, the above relations imply (30). W



3) Auxiliary State Estimation: The Kalman filter of system
(1) was given in (6) and (7). Here, we analogously formulate
a Kalman filter for the auxiliary model (27) as

)A(t = )A(; + Lt(yt — C)A(;)7 te Z[k,k+N) (313.)
}A{;Ll = Ax; + Buy, te Z[k,k+N) (31b)
%5 = 4 (310)

where X; and X; are the posterior and prior estimates of x,
respectively, and the Kalman gain L; € R™*P in (31a) is
calculated as

L, :=P;CT(CP;C" +X")7", t€Zprn) (32a)
Pt = (Inaux - LtC)P;7 te Z[k,k+N) (32b)
P;,, = AP,AT + =V, t € Zpopsny (320)
P; = X}, (32d)

4) Auxiliary State Feedback Policy: The affine state-feedback
policy from SMPC is now extended as 7 (-),

Up < Wt()A(t) = U?om + K(Xt - X?om) (33)

where the nominal input uj°™ € R™ is a decision variable,

and the nominal auxiliary state x7°" € R™== is obtained via

x0T = Ax{" 4 Bug®", t € Zig k+N) (34a)
yom = Cxem, t € Zik k4 N) (34b)
X" = Y, (34¢)

with associated nominal output y;°" € RP. As in (10), the
feedback gain K € R™*™w must be selected such that A +
BK is Schur stable. Given the stabilizability and detectability
of (A, B, C) by Lemma 5, we may again use an LQR-based
design with state weight CTQC and input weight R, yielding

K:=—(R+B"P,B) 'B"P,A, (35)
where Pq, € S"** is the unique positive semidefinite solution
of the following Algebraic Riccati equation.

P, = C'QC + ATP,, (A + BK). (36)

C. Optimization Problem

1) SDDPC Optimization Problem: With results of Section
III-B, we are now ready to mirror the steps of getting (20)
and we formulate a Stochastic Data-Driven Predictive Control
(SDDPC) optimization problem. First, following a similar
process of getting (13), the distributions of input and output are
wp ~ N (™, 2) and g, ~ N(yi", 5) for t € Z o).
given conditions (27), (28), (29), (31), (33) and (34), with
variances X} € S and 3} € S¥ | defined in (37),

= [K’ Oanaux] 2>;<x [Kaomxnaux]T
= [0t O TP [0 €] + 5

zy
b

(37a)
(37b)

where 3% € Si"a“x as the covariance of col(X¢, x;) is obtained
as follows, with Py, L; obtained from (32).

Efx = AtE]fX,lA;r + At, te Z[k+1,k+N)

2 X —P, XX P
Exx e [ >;§ k k N k:|
k =P, =
A+BK-L;CA L;CA
Ay = [ BK ‘ tA } ) L € Zjky1,k+N)
L,(ZV + CZwCT)LT
At = |: t( ) t Ew:| 5 te Z[k+1,k}+N)
Then, the SDDPC problem for computing ui‘,?"]; 4y at control
step ¢t = k is written as
minimize ML (upom, yhem)
unem pt Py, (38)

subject to  (39) for t € Z, x4 n), and (34),

with safety constraints (39).

efTufo™ < fi + /et TSbelicdfn(p!,), i€ Zp g

Tyrom < Y 4\ /eTsYeY iedfn(py,), i€ Zp,gn (39)

S pt =, Pie >0, i€ Zpgy

Sl =,

2) Equivalence to SMPC Optimization Problem: We now
establish that the SDDPC problem (38) and the SMPC problem

(20) have equal feasible and optimal sets, when the respective
state means and variances are related as in (30) of Lemma 6.

p\it > 0, 7 S Z[qu]

Proposition 7 (Equivalence of Optimization Problems). If the
parameters [, X5, Wy, 2, satisfy (30), then the optimal (resp.
feasible) solution set of the SDDPC problem (38) is equal to
the optimal (resp. feasible) solution set of the SMPC problem
(20).

nom

Proof. We first claim that for any Ul s Ny
te Z[k,k—i—N) that

it holds for all

nom nom

Y4 =Yr

The proof of (40) can be found in Appendix D. Given (40),
the objective functions of problems (20) and (38) are equal,
and the constraint (19) in problem (20) and the constraint (39)
in problem (38) are equivalent. Thus problems (20) and (38)
have the same objective function and constraints, and the result
follows. |

U3 =% (40)

We conclude by noting that problem (38) produces a unique
optimal »"°™ when it is feasible, following from Proposition
7 and the fact that problem (20) gives a unique optimal u"°™
when feasible, as mentioned in Section II-A.

D. Online Control Algorithm

1) SDDPC Control Algorithm: We now describe the online
implementation of our SDDPC. At time ¢ = k, the nominal
input sequence u?,jrz 4N is computed from (38). We then
construct the policies 7, x4 n) via (33), and apply the first
N, policies to the system. Then, ¢t = k£ + N, is set as the next
control step. The initial condition (29) at the new control step

is iterated as the prior distribution (e}, v, 3%, n.) of the



auxiliary state xj4n,, where the mean and the variance are
obtained from the Kalman filter (31), (32).

X S X -
BitnN, = XN k+N. = Pran,- (41)

The method is formally summarized in Algorithm 2.

Algorithm 2 Stochastic Data-Driven Predictive Control (SD-
DPC)

Input: horizon lengths L, N, N, offline data u‘[ilde], yﬁde],
noise variances X, %V, initial-state mean pf and vari-
ance X35, cost matrices (), R, constraint coefficients
EY EY, fY, fY, probability bounds p“, p¥.

1: Compute the LQR gain K via (35).
2: Compute matrix I" as in Section III-A using data u9,y9,
and formulate matrices A, B, C as in Section III-B.
3: Initialize the control step k <— 0 and the initial condition
Wi S e B
4: while true do
5: Compute via (32) Kalman gains Ly 54 ) together
with P['t’H_N] and P 41 n)-
Compute via (37) variances El[Jt, N and X

y

7: Solve nominal inputs u?ﬁ? ) from problem [Ef’atér)],va)md
thus obtain policies 7 1 n) from (33).

8: X < py, as in (31c).

: for ¢ from k to k+ N, — 1 do

10: Measure y; from the system (1).

11: Compute x; via (31a).

12: Input u; < 7(X;) to the system (1).

13: Compute X;,; via (31b).

14: Miyn, ¢ Xpon, and 3%, v < Py v asin (41).

15: Set k + k+ N..

2) Equivalence to SMPC Algorithm: We present in Theorem
9 our main result, which says that under idealized conditions,
our proposed SDDPC control method and the benchmark
SMPC method will result in identical control actions.

Assumption 8 (SDDPC Parameter Choice w.r.t. SMPC). Given
the parameters in Algorithm 1, we assume the parameters in
Algorithm 2 satisfy the following.

(a) L is sufficiently large so that O has full column rank and
C has full row rank.

(b) Data u?,yd comes from the deterministic system (22), and
the input data u9 is persistently exciting of order 2L + n.

(c) Given X" in Algorithm 1, parameter >” in Algorithm 2
is set equal to OXVOT.

(d) Given pg, X5 in Algorithm 1, for some ,ug, Eg satisfying
(30) at k = 0, the parameters pfj, 37 in Algorithm 2 are
selected as in (30) at k¥ = 0. (Such ug, Eg always exist
because @rig has full row rank.)

Theorem 9 (Equivalence of SMPC and SDDPC). Consider
the stochastic system (1) with initial state x(, and consider the
following two control processes:

a) decide control actions {u;}32, by executing Algorithm I;

b) decide control actions {u;}2, by executing Algorithm 2,
where the parameters satisfy Assumption 8.

Let the noise realizations {w;, v }52, be the same in process
a) and in process b). Then the state-input-output trajectories
{@e, we, Yt } 32 resulting from process a) and from process b)
are the same.

Proof. Let {x2,u2,y;} denote the trajectory produced by
process a), and {z2 uP yP} the trajectory from process b).
We make the following claim, whose proof can be found in
Appendix E.

Claim 9.1. At control step t = k in processes a) and b), if

i) the states 22 = x° are equal in processes a) and b), and

ii) parameters |1}, 3%, in process a) and parameters [, 3%
in process b) satisfy (30) at k = K,
then

1) the states x} = P are equal for time t € Ly r+N.)» and

the inputs u? = ub and outputs y; = y° are equal for time
te Z[H’,@+Nc), and

2) parameters py  n , 25 N in process a) and parameters
My N, 25y, in process b) satisfy (30) at k = k + Ne.

We finish the proof by showing that result 1) in Claim 9.1 is
true for all control steps k € {0, N., 2N, ...}. By induction,
we can show results 1) and 2) in Claim 9.1 altogether for all
x. Base Case. For x = 0, condition i) is true given that both
processes start with a common initial state x(, and condition
ii) holds due to Assumption 8. Through Claim 9.1, the results
1) and 2) are true for x = 0. Inductive Step. For x = &/,
assume results 1) and 2), which imply the conditions i) and
ii) respectively for k = k' + N.. Thus, through Claim 9.1, the
results 1) and 2) are true for k = '+ N.. By induction on &, we
have results 1) and 2) for all control steps x € {0, N, 2Ng,...}.
The result 1) for all x suffices to prove the theorem. |

Theorem 9 should be interpreted as equivalence between
SMPC and SDDPC in the idealized setting. Specifically, it
establishes that if the proposed SDDPC algorithm is provided
with noise-free offline data, if the initial conditions set within
SMPC and SDDPC match, and if the process noise variance
>* in the algorithm is set in a specific idealized fashion relative
to the original process noise variance 3%, then the method will
produce identical results to those obtained by applying SMPC.
While in practice these assumptions will not hold, noisy offline
data can be accommodated as discussed in Section III-A, and
>¥ becomes a tuning parameter of our SDDPC method.

IV. NUMERICAL CASE STUDY

In this section, we numerically test our proposed method
on the nonlinear grid-connected power converter system from
[22], shown in Fig. 1, and we compare the results with those
of several benchmark model-based and data-based techniques.

The AC grid in the power part of Fig. 1 is modeled as an
infinite bus with fixed voltage (1 p.u.) and fixed frequency
(1 p.u.). This model has n = 6 states, m = 3 inputs and
p = 3 outputs. The inputs are the angular frequency correction
Aw and current references Igef and Iéef of d- and g-axes,
respectively. The outputs to be controlled are the g-axis voltage
V. the active power Py and the reactive power Qg. The LCL-
filter parameters and the PI parameters in Fig. 1 are consistent
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Fig. 1. The one-line diagram of a grid-connected power converter [22,

with [22], whereas the load resistance Rj,.q 1S chosen as a
Gaussian signal with mean 4 p.u. and noise power 1072 p.u.,
which introduces process noise. The measurement noise on
each output is normally distributed with variance 10~8 p.u..

A. Benchmark Control Methods

In this subsection, we review several existing receding-
horizon control methods which are performed in our simu-
lations and compared to our proposed SDDPC.

1) Stochastic MPC and (Deterministic) MPC: We investigate
two model-based methods, namely Stochastic MPC (SMPC)
(Subsection II-A) and deterministic MPC (or MPC). For both
SMPC and MPC, a system model (A, B,C) is obtained
through the N4SID system identification method [41], using
offline data u?,yd collected from the system. MPC follows
a similar receding-horizon control process as SMPC, whereas
the optimization problem solves for control actions with no
feedback policy, and considers deterministic safety constraints

E“ut S fu, Eyyt S fy. (42)

The MPC optimization problem at control step ¢ = k is

o k+N—1
minimize i J(ue,ye)

subject to  (22),(42) for t € Z, 4y, and xp = p,

where the state estimate p < & is obtained by applying
Kalman filter (6).

2) DeePC and SPC: We investigate L2-regularized DeePC
[22] and regularized SPC [14] as benchmark data-driven meth-
ods. In DeePC and SPC, the optimization problems directly
compute control actions while accounting for deterministic
safety constraints (42). Using offline data u9, y9, we formulate
data Hankel matrices Uy, Us, Y}, Yr similar to Uy, Us, Y7,Y5 in
(23), but matrices Uy, Ut, Y}, Yy have mL, mN,pL,pN tows
respectively. The regularized DeePC optimization problem at
control step ¢t = k,

. E+N—1
minimize |5 )|+ Ay llo 13 + Aglgl3
9ot Y,y
subject to  col(Up, Yy, Ur, Yr) g = col(Uini, Yini +0y, Ut, Yr)

42) for t € Z[k,k+N)

TABLE |
CONTROL PARAMETERS

Time Horizon Lengths

Initial-condition horizon length L =10
Prediction horizon length N =30
Control horizon length Nce =10

Problem Setup Parameters

Sampling Period
Cost matrices
Input constraint coefficients

Ts = 1ms

Q =101y, R=1Ip,
B =1In®[1]
fu =0.6 X 12m><1
B =Ie[Y]
fY =04 x1apx1

Output constraint coefficients

Risk probability bounds

Variance of vt for SMPC/SDDPC

Variance of p; for SDDPC
Variance of w¢ for SMPC?

Pt =0.2,p’ =02
>V =10"87,

£ =10"41,,
v = 0fsrotT

Regularization Parameters

DeePC regularization

Ay =106, Xy =103

A=10"3

A=10"3

2In computation of X%, matrix O is obtained given the
identified system (A, B, C) in SMPC.

Regularization of P in SDDPC
Regularization of Pspc in SPC

where uin; 1= Ulk—L,k)s Uf = Uk, b+ N) and similarly for yin;
and yr; Ay > 0 and g > 0 are regularization parameters. The
SPC optimization problem at control step ¢ = k,

k+N—1J

minimize =k

uf,ys

(uu yt)

~

subject to  yr = Pspc col(Uini, Yini, Ur)
(42) for t € Z[k,k+N)

where ﬁspc is the Tikhonov regularization of the prediction
matrix Pspe := Y col(Uy, Yy, Ur)', obtained similarly as P in
Subsection III-A, with a regularization parameter A > 0.

B. Offline Data Collection

Offline data is required in all our investigated control
methods, for use in either data matrices (SDDPC, DeePC and
SPC) or for system identification (MPC and SMPC). In our
simulation, the data collection process lasted for 1 second and
produced a data trajectory of length Ty = 1000 with a sampling
period of 1ms. The input data was generated as follows: Aw
(input 1) was set as the phase-locked loop (PLL) control action
(see e.g. [18]) plus a white-noise signal, I éef (input 2) was set
as 0.4 p.u. plus a white-noise signal, and Igff (input 3) was
set at 0 p.u. plus a white-noise signal. Each white noise signal
had noise power of 106 p.u..

C. Results

All controller parameters are reported in Table I. Our
simulation consists of two parts. In the first part, we compare
the tracking performances of the different controllers. In the
second part, we examine the ability of the controllers to
maintain safety constraints.
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1) Tracking Performance: For each controller, we perform
the following control process. From time Os to time 0.2s, the
controller is switched off, and the inputs I3 and I*" are
set to zero, with Aw generated from the PLL. After time
0.2s, the controller is switched on, and the output reference
signal is 7; = [0,0,0]T before time 0.5s and r; = [0,0.3,0]"
after time 0.5s. To quantitatively compare the results, Fig. 2
shows the stage cost accumulated over the first two seconds
for each controller. The result shows that the stochastic control
methods (SMPC and SDDPC) outperformed the deterministic
control methods (DeePC, SPC and MPC) in terms of their
cumulative costs. This observation aligns with our expectation
that stochastic control performs better with stochastic systems,
since the stochastic control methods receive feedback at each
time step — more frequently than the deterministic control
methods which receive feedback only at each control step, i.e.,
every N, = 10 time steps. However, this benefit of stochastic
control vanishes when we select shorter control horizons. Fig. 3
shows the cumulative stage costs when the control horizon has
length N. = 1, where we no longer observe a performance gap
between all stochastic methods and all deterministic methods.
SDDPC and SPC outperformed other controllers. Although we
showed the results with different V., we emphasize significance
of the N, = 10 setting, which requires less computation since
the optimization problems are solved less frequently.
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Fig. 4. The second output signals with SPC (light blue) and SDDPC
(red) in the constraint satisfaction test.

TABLE Il

STATISTICS OF CONSTRAINT VIOLATION
OF THE SECOND OUTPUT CHANNEL FROM 0.5S TO 2.0S

Total Violation

Controller Violation Rate A
mount

SDDPC (p¥ = 0.2) 0.15 1.10
SDDPC (p¥ = 0.05) 0.03 0.05
SysID+SMPC (p¥ = 0.2) 0.19 1.55
SysID+SMPC (p¥ = 0.05) 0.11 0.52
SysID+MPC 0.57 6.79
DeePC 0.20 1.46
SPC 0.49 8.42

2) Output Constraint Satisfaction: We next evaluate for each
controller its ability to meet the output safety constraints.
We repeat the control process above, but the reference signal
becomes r; = [0,0,0]T before time 0.5s and r; = [0,0.5,0]"
after time 0.5s. Note that the reference value 0.5 for the second
output channel after time 0.5s is beyond the range of output
safety constraint (with £Y, f¥ in TABLE I), which restricts all
output channels within the range of [—0.4, 0.4]. As a result, in
our simulations, the second output channel remained close to
the upper safety bound of 0.4 after time 0.5s for all controllers;
for example, the trace of the second output under SPC and
SDDPC is displayed in Fig. 4.

To quantify the constraint satisfaction with each controller,
from time 0.5s to time 2.0s (1500 time steps), we count
the number and compute the rate of time steps where the
measurement of the second output channel violates the safety
constraint. As a second metric, we sum the amount of constraint
violation that occurs between 0.5s to 2.0s for each controller.
The results are displayed in TABLE II, where we also displayed
the results of SMPC and SDDPC with parameter p¥ changed
from 0.2 (as in TABLE I) to 0.05. As the result shows, both
violation rates of SMPC and SDDPC declined as we decrease
p¥, while the violation rate of SDDPC shrank more effectively
than that of SMPC. The total violation amounts of SMPC
and SDDPC also reduced when we decrease p¥. Among the
methods using deterministic safety constraint, DeePC had a
lower violation rate and a smaller violation amount than MPC
and SPC.



V. CONCLUSIONS

We introduced a novel direct data-driven control framework
named Stochastic Data-Driven Predictive Control (SDDPC).
Analogous to Stochastic MPC (SMPC), SDDPC accounts for
process and measurement noise in the control design, and
produces closed-loop control policies through optimization.
On the theoretical front, we proved that SDDPC can produce
control inputs equivalent to those of SMPC under specific con-
ditions. Simulation results indicate that the proposed approach
provides benefits in terms of both cumulative stage cost and
output constraint violation. Future work will explore recursive
feasibility and closed-loops stability of the control scheme, and
seek to improve the computational efficiency of the approach.
Other important directions include extension to non-Gaussian
noise, optimization over the feedback gain K, and restriction
of violation amount through, e.g., CVaR safety constraints.
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APPENDIX A. PROOF OF LEMMA 3

Proof. Let (9, ud,y%) be the state-input-output trajectory of
(22), and define X, Xy € R"*" as

Xi = [x‘li,xg,...,xﬂ, Xo = [m‘f+L,mg+L,...,x2+L].

It follows by straightforward algebra that data matrices satisfy
[14, eq. 3.20-3.22]

X, = AP X, +CUy (43a)
Y, = OX; + GU; (43b)
Y, = OX5 4+ GUs. (43¢)

Under our assumptions of controllability and persistency of
excitation, it follows from [42, Corollary 2(iii)] that the matrix
col(Xy,U;,Us) has full row rank. Moreover, [IEL (9] and

IEL o } have full column rank, as they are block lower
triangularmzfnd their diagonal blocks each has full column rank
(Section III-A).

First we show that [Py, Pa, P3] = [Ty, Ty, G|. Recall that
[Py, P2, Ps] is defined as Ys col(Uy, Y1, Us)T. First, the matrix
Y5 can be represented in terms of Xi,U;,Us by combining
(43a) and (43c) and eliminating Xo,

U
Y, =[0C,0A", G] X\ , (44)
= 0

where we have H = OC in (44) according to the definition
of H, O, C. We can also represent col(Uy, Y1, Us) in terms of
X1,U1,Us using (43b) as

Uy ImL
il = G @]
Ua

I7YL
As we know that { & o }
mL

U
has full column rank and [)511 ]
2
has full row rank, the pseudo-inverse of above is [43]

Ux f Uy f Inmp f
Y1 = | X3 G (@] .
U2 U2 ImL

Thus, by multiplying (44) and (45), we find that

(45)

[P1, P2, P3] = Yo col(Uy, Y1, Us)t

ImL f
G O
ImL (46)

- moa iy ' @

via (25a) [

[H,04", G]

Ty, Ty, Gl

Finally, given (25a) with [I’éL (9] of full column rank, we
have
H,04% = [0y, 1] [ o]

= [FU +I'vG, FyO]
vialio [P1 + P2P3, Ty,
which shows that H = P; +P5P3 and completes the proof. W

47)



APPENDIX B. PROOF OF LEMMA 4

Proof. We first show that we can construct a matrix ® €
R™*"aw guch that z; = ®x;. Given the system model (1),
the state ; and noise-free output y[‘;_ L) can be expressed in
terms of a previous state x;_p, previous inputs up;_y, ;) and
previous disturbances w._z, s via

(48a)
(48b)

Ty = AL e, +C Ult—L,t) T+ Cw W[t—L,t)
yfth,t) =0z + Gu[th,t) + Gw Wit—L,t)>

where Cy := [AF71... A L,] € R and Gy €
RPLXnL g defined as
Opxn
Gw : C Opi.xn )
CAL-2 . C Opxn

Define [®y, Dy] := [C, AL][ Ter O]T € R**(m+p)L_ Since O
has full column rank, so does [ " , ], and therefore

€, A = By, D] [IWL

G O:| = [(I)U + oy G, (I)yO] 49)

Left-multiply (48b) by ®v, and we have

@Y(*Gu[t—L,t) =+ yft_L,t) - GWw[t—L,t))

via (50)
= @yOxt_L :(49) ALmt_L.

Substituting (50) into (48a), we eliminate ALz, ; and express
x; in terms of u, y° and w as

Ty = (C — (PYG) u[t—L,t) + @Y yE)th,t)
—_——
=dy via (49)
+ (Cw — PyGw) wy—r1)-
R ——

=: Dy

Define @, := P (I, ®OT). Then, we write the last term above
as Dy wi_r.) = Pw (1L ®OV) pp_p 4y = @) p—1,+), Where
the first equality used the fact wy;_z ) = (IL ® o) Plt—L.1)
given the definition p; := Qw; with O of full column rank.
Hence, the above equation can be written as z; = ® x; with
P := [Py, Py, P, given the definition of x; in (26).

Next, we show the relation (27b). Given (25b), the definition
of &y, dy and the fact that CC = Hy (which can be verified
given the definition of C and H;), we know that

Cl®y, @y] = [Ty, Tya). (51)
Given the definition @y := Cw — ®v Gy, we have
Chyw = CCy — CByGw L CCw — Ty1Gw 52)

=F(I,®0)-Tv1iE(IL, ®0)

where the last equality used the facts that CCw = F(I; ®
0) and Gw = E(I, ® O) which both can be verified from
the definition of E,F,Cw, Gw. Given the definition ®, :=
dw (I, @ OF), it follows from (52) that

0%, = (F - Tv,E)(I, ® 00"). (53)

Recall C := [FUl,Fyl,F — FylE] and & = [@U,(by,q)p},
so the horizontal stack of (51) and (53) can be written as

I
Co—C [ It (54)

IL®OOT:|
=:J

Notice that Jx; = x; because (I, @ OOT)p_r 1) = pit—r.4)»
which follows from the fact that OOTp, = OOTOw, =
Ow; = p;. Thus, we obtain (27b).

ia (1b ia (54
Yt v1a:( ) C’xt + v = C‘I)Xt + vt v1a:( )

= Cxy + v

CJXt + vy

Last, we prove (27a). Using the definitions of x;, w; in (26)
and the definitions of A, B, by direct matrix multiplication,
we have the following.

[ Ult—L+1,t) Ult—L+1,t)
Om><1 Om><1
Yy via (27b) Yrs_
Ax; = [t CL+1.,t) s [t L;ru) ’
Xt Yt
Plt—L+1,t) Plt—L+1,t)
Oprx1 OpLx1
Oin(L—1)x1 OmLx1
Ut 0
Buy = 0o | W= —p—o Lx1 .
__pLx1 pL(L—1)x1
0pL2><1 Pt

Adding the above equalities together, the left-hand side yields
Ax;+Buy +wy, and the right-hand side is x;; by definition,
so (27a) is obtained. |
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Proof. The pair (A, C) is detectable by definition since there
exists a matrix L” := col(0rmrxp; Op(z—1)xps Ip, Opr2xp) such
that A — L'C equal to

Ir(L-1) 0 0
Ome
1
0 p(L—1) 0
Opxp
0 0 Ipr(r-1)
0pL><pL

is Schur stable. We prove that (A, B) is stabilizable by con-
structing a stabilizing gain. Recall the definition [®y, Py] :=
[C, AF][ T O]T € R (m+P)L in Appendix B, and let
K’ := [K®y, K®y, 0y xpr2] € R™*™ where K is the LQR
gain in (10). Given the definition of A, B and the relation
[Tu1,Ty1] = [CPy,CDy] from (51), the closed-loop state
matrix Ay := A + BK'’ under the feedback u; = K'x; is

0 Im L—-1 0 0
Koy Koy
A= 0 0 Ipr—1) 0
o= Cdy Cdy F-T\v1E
0 O IpL(L—l)
OpLXpL

Since A is a block upper triangular matrix, with the block
I””L‘“} being Schur stable, A is Schur stable if

OpL XpL



and only if the sub-matrix

0 In-1 0
Ko
Agup = K?U 0T Y S R(m+p)LX(m+p)L
p(L—1
Cdy Cdy

is Schur stable.

As an intermediate step, we first show that AL [ I ok O] —
0 as t — oo. Consider the deterministic system (22) from
initial time ¢ = —L, where the initial state x_j, is arbitrary,
the inputs u_y, o) are arbitrary, and the inputs u; for ¢ > 0

are generated by state feedback

Uy = K.’Et. (55)

with K the LQR gain. Combining (22a) and (55), we have
2441 = (A+ BK)z; for t > 0, and thus z; = (A+ BK)' zg
for t > 0. Since A + BK Schur stable, it of course follows
that xs,y:,us — 0 as ¢ — oo, given (55) and y; = Cuxy
via (22b). Now define the noise-free auxiliary state x; :=
col(up—r.4), Yji—r.4)) € RO™+P)L which correspondingly sat-
isfies

x; -0 as t— oo. (56)

Recall the relationship z; = &x; from Appendix B developed
for the stochastic system (1); setting w; and v; as zero in
system (1), this relationship reduces to z; = [®y, Py]x; for
the deterministic system (22). It follows from (22b), (55) and
Ty = [(I)U7 q)y] Xg that

up = [KPy, Ky]x7, yp = [CPy, CPy]x7,

for ¢ > 0. With above relations and the definition of Ay, and
x7, we see that x7,; = Agp x7 for ¢ > 0 and therefore

t>0. (57)

o __ t o
X = Asub X0s

Combining (56) and (57), we conclude that AL, x§ — 0
as t — oo. Since x§ = ['z* ] col(uj_p o), 2_1) where
x_p and u[_r gy were arbitrarily chosen, we conclude that
Alp["e o] — 0 as t — oo which shows our intermediate
result.

We now show that Al, — 0 as ¢t — oo. Let Z :=
lim; oo AL, denote the limiting value. Notice that A, can

be expressed as Agp, = D + E[®y, Py] where

0 L(L—1) ‘ 0 Om(LI}1)><n
D — mXm —
: ‘ -1 ’ 0
0 p(L—1)Xn
Opxp C

From [®y, ®y] := [C, A¥][Ter O]T, it follows by substitution

that [By, Oy][7e* o] ['a* o]" = [@u, Bv], and thus

Aan[Te o] [Ter o]
= Ao+ Asn([Tg o] [Te 0] = 1)
= Awb + (D + B0y, o)) (["a* o] [ et o) - 1)
= A + (D[ o]["er 0]" - D)

+ B ([0, 0v][Ta o] [T o]~ [@u,0v]).

=0

t—1
sub

Left-multiplying the above by A
t — oo, we find that

. T
Jim ALy [e o] [ o]

and taking the limit as

= lim AL+ lim AL (D["g o] ["¢ 0]~ D). 9
=7 =7

Since we proved that lim;_,oc AL, [ IEL (9] = 0, the left-hand-
side of (58) is zero, so (58) further reduces to

0=Z(I1+D["g o]["¢ o]' - D).

=:0
We next show that the matrix Q in (59) is non-singular.
Suppose there exists some vector z # 0 that is in Null(Q), and

thus Qz = 0. Note that Q can be written as I — D P, where we

let P:=1—["g" ][ Te O]T which is a projection matrix.
Substituting @ = I — DP into Qz = 0, we have z = DPz.
If z ¢ Range(P), then ||Pz||2 < ||z||2 for a projection matrix

P, and therefore we have
[2]l2 = [[DPz]l2 < || D]z | Pz]]2 < [|2]l2,
—— ——

=1 <zl2

(59)

which is a contradiction. Hence, we know that z € Range(P),
which implies that Pz = z because P is a projection matrix.
Combining z = DPz and Pz = z, we have (I — D)z = 0,
which implies that z = 0 since I — D is non-singular, and this
contradicts with z # 0. Therefore, we conclude that Null(Q) =
{0} and Q is non-singular. Right-multiplying (59) by Q~1,
we have Z = 0 which by definition means that At — 0 as

sub

t — oo. Thus, Agyp is Schur stable and the proof is done . H

APPENDIX D. PROOF OF (40)

Here, we prove (40) which is a critical result supporting
the proof of Proposition 7. We will show y°" = y7°™ in
Subsection B and show 3} = X¥, ¥ = 37 in Subsection D.
Due to the page limit, we omit the proofs of some claims in
this section, which can be found in the extended version [38].

A. Preliminary Results

We begin by establishing some useful identities in Claim 7.1—
7.4 that will be leveraged in the remainder of the proof. Recall
the matrix & = [®y, Py, P,] € R™*™ used in Appendix B,
defined as

;
[Py, Py] := [C,AL] {IréL O}
B, = (Cw — PyGw) (I ® OF),

and the matrices ®grig € R™ ™ and P,y € RMwX7¢
described in Lemma 6, with ng := mL +n(L+ 1), defined as

ImL
@orig = [C,AL7CW], @aux = l G O Gw ] .
IL®0

Claim 7.1. For the system (1) and auxiliary model (27), it
holds for all t € N> that

ADPD,, = PAD,,,
CV(b(baux = C(baux

B =B
YW=03VP'.

Ty = @Xt

we = @Wt



Moreover, if 11, X3, iy, 23, satisfy (30), then
i = b — oxia.

Proof. The relation z; = ®x; has been proved in Appendix

B, and B = ®B can be verified by simple direct calculation,

as B is a zero-one matrix. The relation C®®,,, = CJ P, =
C®,,, follows from (54) and the fact that J®,,, = P,ux, Which
can be checked from the definition of ®,,,. To show w; = dw;
and =% = VP, recall from the definition that w, = Jyw;
and % = JoX"J] where Jy = col(0¢n,—pLyxn, O). By
direct calculation one can verify that ®.Jy = I,,, using which we
obtain w; = ®dw; glven w; = Jow; and obtain ¥V = PXWHT
given XV = JOZ""JO . To show A®D,,, = PAD,,,, we first
note that

via (la)

Aq)Xt = A$t = Tt41 — But —

ia (27
= (bXt+1 - @But - q)Wt Vla(: o ‘I)AXt.

Note that x; =
through (48b) and the definition of x; in (26), and thus the
above equality is written as APP, & = PAD,, ;. Since
the relation holds for all possible &; and the entries of &; are
independent, we have A®®,, = ®PAD,,,. The final relations
Wi = opx, X = dXX®T follow from (30), given the relation
®Dorig = @D, which can be verified given the definition of
(I)7 (borigy (I)aux- ’

Moreover, as said in the following claim, both A®,,, and
B have columns in the range of ®,,,, and 3% has rows and
columns in the range of ®,,y.

Claim 7.2. For the auxiliary system (27), there exist matrices
A e Rrexne, B e RneX™ gpd $W € S such that

A(I)aux = (DauxA B = (DauxB = (bauxzwq);rux
Proof. Direct calculation, by selecting
i InL(Lfl)
~ Omxm
A= B Onxm(L—l) A In Onxn(L—l) ’
In(L—l)
Onxn 61)

Om(L—l)Xm

Bi=|—Im , SV =

OnXm

O(ns—n)x(ng—n) le
sw | -
¢

OnLXm

We also establish a relation between the feedback gains K
and K produced by LQR.

Claim 7.3 ([38, Claim 7.3]). For the system (1) and auxiliary
model (27), it holds that K®®,,, = K®,,,.

We mention some useful identities in Claim 7.4 which follow
after Claim 7.1-7.3 and will be used multiple times in the rest
of the proof.

Claim 7.4 ([38, Claim 74]). If v € R™, v € R" and
v € R™ are such that v = v and v = D0, then

Cv = Cu, Kv =Kuwv.

q)auxgt with gt = COl(u[t—L,t)a Ti—L, w[t—L,t))9

If M € S, M € S and M € S4¢ are such that M =
OMOPT and M = <I>auxM<I> then

CMCT = CMCT, KMKT

aux’

=KMK'.

B. Proving the Equivalence on Nominal Output

We first prove y;°™ = y;°™ in (40) for t € Zj .4 n), which
is a corollary after the following claim.

Claim 7.5 ([38, Claim 7.5]). If o} and p satisfy (30a), then
Jor t € Zjg 14Ny we have

(a) zi°™ = & x7°™, and

(b) x7°M = D,y TI°™ for some vector T;°™ € R™¢.

Given z7°™ = Ox7°™ and x}°" = &,,,z{°" from Claim
7.5, we can apply Claim 7.4 with selection (v,v,?) <
(afom xfom z1°m) and hence obtain Cz}°™ = Cx}°™. With
definitions y;°™ := C'z{°™ via (9b) and y7°™ := CxJ°™ via
(34b), we therefore have that

nom

nom __
yiom = Ca" =

nom

nom
Cx}°™m = y7°m,

which shows the desired result.

C. Relation of Kalman Gains

We illustrate in Claim 7.6 a relation between the Kalman
gains L; and L;. This result will be utilized to prove Claim
7.7 in the next subsection.

Claim 7.6 ([38, Claim 7.6]). If X} and X% satisfy (30b), then
for t € L r+n) we have
(a) Pp =oP; T and

(b) P; = <I>auxP T for some matrix P; € S'¢,
and for t € Zj, 4Ny we have
(¢c) Ly = PL; and Py = O Py oT and

(d) Lt - (I)aux Lt and Pt - (I)aux Pt (I)
Lt € R™*P gnd Pt S Sng

aux Jor some matrices

D. Proving the Equivalence on Variance Matrices
Finally, we prove 3} = X! and X} = X7 in (40) for ¢ €
Zi k+nN), Which are obtained after Claim 7.7.

Claim 7.7 ([38, Claim 7.8]). If ¥} and X% satisfy (30b), then
for t € L 1) we have

KX P x [®T
R A

s [} ~5 CDT
E?X — |: aux (I)auxj| E:X |: aux (DT :| ,

aux.

(62a)
(62b)

Sk 2
for some matrix X3 € ST*¢.

Let ¥, 292 ¢ S? denote the diagonal blocks of ¥, let
2P2 392 ¢ Sl denote the diagonal blocks of 37, and let

SR 5322 ¢ §'1€ denote the diagonal blocks of 33,
R Eft«l * Rx Eiﬂ * RX . i?d *
Kl [ . Eixz}’ B = [ . 23*2}’ 2 = { N i}
so the definitions (14) and (37) can be written as

o= KSP'KT, By =KEUK,
E% = CE?QCT’ 23{ — CZJ);(XQCT_

(63a)
(63b)



Recall (62a) and (62b) from Claim 7.7, and take the diagonal
blocks on both sides of each relation, yielding

Exxl (I)EXX1(I)T 2>;<X1 _ (Dauxzxxlch

auxo (64a)
E>t<><2 _ (I)E;OQQ)T’ 2;20(2 _

D, 20T (64b)

aux:*

Given (64), we are able to apply Claim 7.4 with (M, M, M )
chosen as (L1 Bt 3% and (292, 202 3%2) respec-
tively, yielding

KE;?XlKT — KE?XIKT, szx2cT CEX)QCT (65)

Hence we obtain ¥ = 3¢ and X} = XY by combining (63)
and (65). In conclusion of the entire section, all equalities in
(40) have been proved. |

APPENDIX E. PROOF OF CLAIM 9.1

Proof. We first show an extended result Claim 9.2 which
implies Claim 9.1. Recall the matrices & € R™*", O, €
R™*"auc and @, € R™=*"¢ used in Appendix D.

Claim 9.2. At control step k in processes a) and b), if

i) the states x3 = xﬁ are equal in processes a) and b), and

ii) the parameters [,3% in process a) and parameters

wr, 3% in process b) satisfy (30) at k = &,

then, for t € Z x4 N.)»

(a) the states are equal x3 = a:lt’ in processes a) and b),

(b) the variable T; in process a) and the variable X; in process
b) satisfy &y = ®X; and X; = .2y for some T; € R,

and, for t € Z[n,m+Nc)’

(c) the outputs 1y} = yP are equal in processes a) and b),

(d) the variable Ty in process a) and the variable X; in process
b) satisfy &, = ®x; and Xy = Paux Ty for some Ty € R,

(e) the inputs u? = uP are equal in processes a) and b).

Proof. We prove results (a)-(e) altogether by induction on time
t. Base Case. We show (a) and (b) for ¢ = k. Result (a) of
t = k follows from condition i). Recall definitions %}, := u;
via (6¢) and X := p} via (31c). Given condition ii), we also
have i = ®p via Claim 7.1 and g, = ®auupf via (30a).

Thus, we obtain (b) of ¢t = k by choosing 27 := u&.
T, = py = Ppy = Px,
X, = U = (I)auXﬂn = (I)aux%i

Inductive Step. We assume (a) and (b) for ¢t = 7 € Zj, 1 N.)>
and then prove (c), (d), (e) for t = 7 and (a), (b) for t = 7+ 1.
Result ©)oft=r1 follows directly from (a) of ¢ = 7, given

= Cx? +v; and yt C’:z:t + v via (1b). Then, we are able

to show (d) for t = 7 with selection &, := &>+ L, (y2 — CX3),
& " 8 H L (2 - CF)
= % + OL, (12 — Cx) "L ox,
%, EW g 1L (2 - Cx))
= o + PauLr (32 — CX7) = Payi,
where we used 32 = y® from (c) of t = 7, &7 = ®X; and
X, = @2 from (b) of t = 7, L, = ®L,; and L, =

@aUXET from Claim 7.6, and C'z7 = CX by applying Claim
7.4 with selection (v,v,7) < (&7,%;,4;) given (b) of t =
7. The control inputs u2, ub are obtained through (8) and
(33) respectively, where the nominal inputs u7°™ are the same
according to Proposition 7 and the fact that both problems (20),
(38) produce a unique optimal u"°™.
a via_(S)
U_l,)_ via :(33)

nom 2
ur + K,
nom S
ur" + KX,

nom
— Kz

nom
— Kx7

Thus we obtain (e) for t = 7, provided that K7, = Kx,
by applying Claim 7.4 with (v,v,0) < (&, XT,ZL'T) given
(b) of t = 7, and Kz7°™ = Kx?°™ by applying Claim 7.4
with (v, v,0) + (Jci"m,xim,xmm) given xM°™M = $x"°™ and
x1°M = &, x7°™ via Claim 7.5. As a result of (a) and (e) of
t=7, we immediately have (a) of t = 7 + 1, since 23, =
Ax2+Bul4w, and 22, = Az®+BuP +wy via (1a). Finally,

we prove (b) for ¢t = 7+ 1, with selection 27 , | := A xT—i—Bu

~m a (6b N
#os v1a:( ) AZL’T-‘FBU?.

= PA%, + PBuP
)A(-_[-Jrl viaglb) AA + Bub
- (I)auxA IT + q)auxBu - (I)aux-r

via (31b)
= ox
T+1

T+1
where we used u2 = u® from (e) of t = 7, B = ®B from
Claim 7.1, B = @auxB from Claim 7.2, and relations Az, =
PAXx,. and Ax, = <I>auxA %, obtained from Claim 7.4 with
selection (v, v,?) + (xT,xT,xT) given (d) of ¢t = 7. Hence,
we proved (c), (d), (e) for t =7 and (a), (b) for t =7+ 1.
By induction on ¢, we have (a), (b) for all ¢t € Z .y,
and (c), (d), (e) for all t € Z,; x4 N.,), showing the result. ¢

The result 1) in Claim 9.1 is covered by (a), (c), (e) of Claim
9.2. The rest of the proof shows the result 2) in Claim 9.1.
From (b) of Claim 9.2 with ¢t = k + N, and (a), (b) of Claim
7.6 with t = kK + N, we have

2 - _ - T
n+N - qj)XkaJrN ) PnJrNC - (I)PnJrN (b

- T
(I)aUXPrv +Nc ‘I)aux

A;—&-N = (bauxxn-t,-N ) P;—i-N
Recall that pj, n , 2%, . in Algorithm 1 and py , ., 3%,y
in Algorithm 2 are obtained through (21) and (41) respectively.
Combine the above relations with (21) and (41) at kK = k, and
then we have the relations below, where we select yi;. N, =

;EerNC and Ei =P

K+N¢*
My N, = <I>uﬁ+Nc7 Sin, =085 NPT (66a)
/’1’):@+NC = (I)auxﬂi+Nc, 2&+N = @auXEK+N (I);rux (66b)

Combining (66a) and (66b), we eliminate g N> % N, and
obtain what follows,

T 5T
M:-&-Nc = 0P, /’Li-}-NC’ E;(H-Nc = DD, Ei—&-N @, P
=Porig =Porig —@;Ig
(67)

in which we used a relation ®yq; = ®®,, which can be
verified from the definition of ®, ®ig, ®,,«. Notice that (67)
and (66b) are same as (30) at k = k + N,, and thus the result
2) of Claim 9.1 is proved. ]



