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1 Introduction

Deep learning models have achieved remarkable success across numerous domains, from computer vi-
sion (Krizhevsky et al., [2012; He et al.l [2016) to natural language processing (Devlin et al.l [2019; Brown
et al., [2020)), as well as protein structure prediction (Jumper et al.l |2021) and game playing (Silver et al.,
2017). Despite these achievements, efficiently training these models remains challenging and poorly under-
stood. Even with automated hyperparameter search and extensive computational resources, practitioners
still rely on empirical wisdom and heuristics to select optimizers, learning rates, batch sizes, momentum
coefficients, and other crucial hyperparameters. We lack a comprehensive theoretical understanding of how
these various factors interact to affect training dynamics.

One fruitful approach to understanding neural network optimization is to develop simple toy models that
can provide insights into real training dynamics. Ideally, such models should be simple enough to allow for
cheap experimentation and theoretical analysis, while capturing essential aspects of neural network training
so that insights transfer to realistic settings. A popular example of such a toy model is the Noisy Quadratic
Model (NQM) (Zhang et all [2019). The NQM assumes a quadratic loss function with additive gradient
noise, allowing for closed-form analysis of optimization trajectories. By running simple simulations of the
NQM, researchers have derived important insights about how factors such as momentum, moving averages,
and preconditioning affect the benefits of scaling up batch sizes, particularly in understanding the transition
between noise-dominated and curvature-dominated optimization regimes.

While the NQM has proven valuable, it has two prominent limitations that prevent it from fully capturing
the dynamics of modern neural network training. First, the NQM models minibatch noise as additive with
covariance /B (where ¥ is the gradient noise covariance and B is the batch size), but empirical studies
have shown that minibatch noise is fundamentally multiplicative — its scale depends on the current loss
value (Ziyin et al.f [Mori et al. 2022)). This distinction is crucial for understanding optimization dynamics
throughout training. Second, the NQM assumes entirely linear training dynamics due to its quadratic loss
assumption. Although modern neural network training exhibits surprisingly linear dynamics (Jacot et al.,
2018; [Lee et al.l 2019)), especially early in the training process, nonlinearities are still necessary for feature
learning and state-of-the-art performance (Chizat et al.,[2019; Yang & Hul 2021} |Vyas et al., [2022; [Fort et al.)
2020). The NQM is thus inadequate for modeling the nonlinearities present in neural network training.

In this work, we adopt a control-theoretic framework that addresses these limitations. Following|Lessard et al.
(2016)), we view optimizers as dynamical systems and analyze their convergence using robust control theory.
Our contributions extend this framework in two ways: 1) we model minibatch noise as multiplicative, where
noise scales with the current loss value; 2) we allow perturbations to the network Jacobian (partial derivatives
of outputs with respect to parameters), which introduces nonlinearity into the optimization dynamics.



Another key advantage of our framework is its flexibility. Unlike the NQM, which requires closed-form
solutions and laborious derivations for each optimizer, our approach works for any optimizer expressible
as a linear time-invariant system. The NQM analysis in [Zhang et al.| (2019) focuses on heavy-ball mo-
mentum, and extending it to other optimizers like Nesterov accelerated gradient (Nesterov, |1983)) would
require deriving new analytical solutions. In contrast, we can seamlessly handle such optimizers. In fact, our
framework reveals important differences between heavy-ball and NAG (Section that align with practical
observations.

Finally, we note that the scope of this chapter is to analyze the asymptotic performance of optimization
algorithms using our framework. We focus on asymptotic convergence properties to provide insights into
the long-term behavior and stability characteristics of different optimizers. While practical neural network
training often involves early-stopping and exhibits rapid decrease in training loss at early stages, analyzing
finite-step performance is beyond the scope of this chapter. Future research could explore finite-step perfor-
mance analysis, potentially following the line of work on Performance Estimation Problem (PEP) (Drori &
Teboulle, 2014; [Taylor et al., [2017; [2018; |Taylor & Bachl [2019)).

2 Background

We introduce the background necessary for our framework in Section [3] We introduce the problem setup
in Section discuss the Noisy Quadratic Model (NQM) in Section and express the NQM in a state-
space representation in Section A table of notations is provided in Appendix [A]

2.1 Problem setup

Consider a machine learning model fy : X — ) parameterized by 6 € R?, where X C R™ is the input space
and ) C R is the output space. The positive integers d and m are the dimensions of the parameter space
and input space, respectively. For simplicity, we focus on single-output regression models. However, our
analysis can be easily extended to multi-output models, as discussed in Appendix

We write y = fp(x) as the output of the model given the input x. We use the squared-error loss function

1) = 5y — 1)

where ¢ denotes the target label associated with input . Given a training dataset of N samples (x(i), t(i))
fori e {1,...,N}, let ¢ = (;v(l), . ,gc(N)) be the vectorized input, with y and ¢t defined similarly. Also,
we denote the model that maps the vectorized input to vectorized output as fy, where y = fo(x). The
empirical risk is defined as the mean squared error
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denote the loss as an explicit function of 8. We denote the gradient of £ with respect to 0 as
g := VoL(x,t;0). (2)
The gradient in eq. is also called the full-batch gradient, as it is computed using the whole training set

(z,t). In full-batch training, we iteratively update the parameters 6 using the full-batch gradient signal g,
in order to minimize the empirical risk £. We use subscript k& to denote the quantities at iterative step k.



Minibatch training In practice, we rarely use the full-batch gradient (eq. ) for optimization. Instead,
it is common to use minibatch training, where we sample a subset (called minibatch) of the training data
at each optimization step k, compute the gradient on the minibatch, and update the parameters using the
minibatch gradient. Let €8 = (z(i1#) gl20)  p0sn)) and ¢8 = (¢01) $l20) . 1058)) be the vectorized
input and target data for a minibatch at step k respectively, where B (1 < B < N) is the minibatch size, and
{i1k, 02k, ---,iBk} are samples from {1,..., N} without replacement. E| The average loss on the minibatch
is

B
1 ij ijk
LR (2, 150) = 5 D ((fo(a9)),4051)),
j=1

and we denote the minibatch gradient as
g = VeLi (5 0).

In minibatch training, we would replace gr in eq. with g,l: . Minibatch training is often preferred to
full-batch training for efficiency reasons, as a small subset of the training data can usually provide a good
approximation for gradient computation, while significantly reducing compute for each optimization step.
In addition, minibatch training has implicit regularization effect, which leads to generalization benefits
compared to full-batch training (Keskar et al.l |2017; |Smith et al., |2021)).

2.2 Noisy quadratic model (NQM)

Zhang et al.| (2019) propose to analyze the training dynamics of a neural network using a simple noisy
quadratic model (NQM), which gives remarkably consistent predictions on the effect of batch size in real
neural network training. In the NQM model, the loss function is approximated as a quadratic function
of the parameters 6 as

1
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where H > 0 is the Hessian matrix of the NQM loss function with respect to #. Furthermore, each gradient
query is assumed to be corrupted with additive noise w,

gNQM(G) = HG—FW, (3)

where E[w] = 0 and Cov|jw] = ¥ > 0. Importantly, to proceed with their analysis, [Zhang et al. (2019)
make the assumption that H and ¥ are co-diagonalizable (in their simulations, they assumed H = ).
This assumption is theoretically motivated by the observation that in an online setting, when the model is
well-trained, the Hessian closely matches the gradient covariance (Martens, [2020)), and is also supported by
empirical evidence (Zhang et al.; 2019).

Zhang et al.| (2019) assumes that each gradient query (eq. ) is independent, so that a batched gradient
query with size B has inversely-scaled covariance,

gRqu = HO + WP, where E[w®] =0, Cov(w®) =%/B. (4)

Using the minibatch gradient model in eq. , Zhang et al.[ (2019)) analytically solves the training dynamics
of gradient descent with heavy-ball momentum for different batch sizes, and demonstrates that this analytical
solution produces accurate predictions on how neural network training dynamics is affected by the batch
size in practice.

1deally, we would like the minibatch at each time step k to be independently sampled, in order to ensure randomness during
training. However, this would be inefficient for very large datasets, and in practice it is usually sufficient to shuffle the dataset
once, then iterate through the dataset to obtain the minibatches in a round robin fashion (Goodfellow et al., |2016]).



Inaccuracy of the NQM noise model for minibatch training While the gradient model in eq.
satisfies that the noise magnitude decreases with the batch size, it fails to capture that the magnitude of
minibatch gradient noise should be a function of the model parameter 6. For example, in the case where
the model fy perfectly fits the training data {x,t}, the gradient should be zero regardless of the choice
of minibatch data. However, the NQM noise model in eq. has a constant noise covariance throughout
training. Theoretically, it has been shown that minibatch noise contains a term that is proportional to
the training loss (Ziyin et al. 2022). In realistic deep neural network settings, it has also been empirically
demonstrated that minibatch noise is indeed proportional to the training loss (Mori et al.l 2022]).

Instead of a model for minibatch gradient, eq. is actually a gradient model in the presence of label noise.
Label noise is another common type of gradient noise and is caused by the labels £ being noisy or corrupted.
Label noise is independent of the model parameters 8, and when assumed to be uncorrelated among samples,
it fits the model in eq. .

In this paper, we will build upon the NQM model. We keep the label noise as modelled in the NQM (eq. (4))),
but propose an additional noise term that more accurately models the minibatch gradient noise (section [3.1))

2.3 State-space representation of NQM

To prepare for our analysis that builds upon the NQM model, we need to first convert the NQM into a state-
space representation. We start by introducing state-space models for first-order optimizers, and then move
on to rendering the NQM into a state-space representation. Finally, using the state-space representation, we
show how to certify the convergence rate of the NQM using robust control tools.

First-order optimizers as state-space models First-order optimizers can be expressed as state-space
models of the form

&1 = A&, + By, (5a)
ek = é£k7 (5b)

where ¢ € R™ denotes the internal optimizer state, gy, is the gradient with respect to 6 at step k, and A, B, C'
are fixed-value matrices that characterize the optimizer. The dimension n of the state may vary with different
optimizers. As two common examples, for heavy-ball momentum (HB) and Nesterov’s accelerated gradient
(NAG), we use n = 2d and the matrices A, B, C are given by

(Example: HB) A = {(1 —'_Idﬁ)jd _gjd] , B= {_gjd] , C =1 0] (6a)
(Example: NAG) A= {(1 J}f)Id Bold] , B= {gld] , C = [(1 + 08) 1y *5Id] , (6b)

where [ denotes the momentum parameter and 7 denotes the learning rate, and I; is the d x d identity
matrix. Despite the similarities of egs. and (6b]), HB and NAG have very different dynamics and intuitive
interpretations. For a detailed discussion on these two momentum methods, please refer to Section 5]

Modeling the NQM using state-space representation To express the training of an NQM in state-
space, we combine eq. (5) with the NQM, by substituting gi with gnqum x = HOx+w?, where wB ~ N(0,%/B),

k1 = Agk + BHQk + Bw,? (73)
O, = C&y. (7b)

Equation represents the training dynamics of an NQM in state-space. However, it is difficult to directly
work with this form in our analysis, as there are two problem-dependent quantities — the Hessian H and
the noise covariance X. Instead, we will find it convenient to express the NQM noise w? as a transformation
of a unit Gaussian noise signal. To do that, we will apply two approximations. First, we make the same

assumption as in |[Zhang et al.| (2019)) about the noise covariance X..



Approximation 1 (NQM noise covariance, as in|Zhang et al|(2019)). ¥ = H.

Second, we apply the Gauss-Newton approximation for Hessian to express it using the model Jacobian. For
a model fy(x), we define the Jacobian of the model at step k as the matrix of partial derivatives of the model
output with respect to the parameters, evaluated at 6

_ Ofo(x)

N xd
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Ji :

For an NQM, the Jacobian Jj is constant with respect to k, which we simply denote as J. We apply the
Gauss-Newton approximation for Hessian, and express the Hessian using the Jacobian.

Approximation 2 (Gauss-Newton approximation for NQM Hessian). H = J ' J.

In approximation 2| we have used the fact that ViyL(yk, t) = I, since L is the mean squared error loss. The

Gauss-Newton Hessian closely approximates the Hessian H (Nocedal & Wrightl {2006, Chapter 10.3).
We can now express the NQM gradient noise wE as a transformation of a spherical Gaussian noise signal.

Let €, ~ N (0, %I ) be a N-dimensional spherical Gaussian noise signal, we have

B = ey (8)

Substituting eq. and eq. (7b)) into eq. and applying H = J " J, we have the state-space representation
for NQM.

fe1 = (A+BJITJC) & + BT e (9a)
A By,

Certifying the convergence rate of NQM Once expressed in the state-space, we can apply the robust
control framework developed in [Lessard et al.| (2016]) to certify the convergence rate of the NQM.

The robust control framework converts the convergence of an optimization problem into the feasibility of a
semi-definite programming (SDP) problem. For an NQM, this is shown in Theorem |1 (proof in Appendix@.

Theorem 1 (NQM asymptotic convergence rate). Consider the optimization on a noisy quadratic model
characterized by (A, By,) (as defined in eq. (9a))). If for some 0 < p < 1, there exists a P - 0 such that:

ATPA—p*P <0 (10)
Then the expected NQM loss E[%Q;H@k] asymptotically converges to a steady-state risk with rate p?.

In practice, the SDP problem can be solved using a convex optimization solver. If the solver finds a fea-
sible solution, then we have guaranteed that the NQM converges with the given rate p. The framework,
initially developed by |Lessard et al.| (2016), offers a practical procedure for certifying the convergence rate
in optimization.

3 Framework for certifying convergence under minibatch and nonlinearity

In this section, we build upon the NQM model in section 2.3] to develop our framework. Our framework is
distinguished from the NQM model in two ways: 1) in Section we derive a more accurate model for mini-
batch gradient noise; 2) Sections and discuss dimensionality reduction techniques, in order to make
our framework computationally tractable; 3) Section applies the dimensionality reduction techniques to
certify convergence of NQM with minibatch noise; 4) in section we add an uncertainty on the Jacobian
J to account for nonlinear training dynamics.



3.1 A model for minibatch noise

To derive our model for minibatch noise, we first rewrite the NQM model in eq. @[) in the output space
of the model, instead of the parameter space. In particular, we will express eq. @ in terms of the model
output yy and the output-space gradient V, L(yg,t). In NQM, we have yi = JO, and V,L(yx,t) = yi. We
substituting these into eq. @, by first changing the output signal from 6y to y in eq. , then replacing
the JC&, term in eq. with Vy L(yx,t). We have

Epr1 = A&y + BJ "V L(yk, t) + BJ "¢y, (11a)
yr = JC&. (11b)

In eq. , the state-space representation is written in terms of output-space signals, including the output-
space gradient Vy,L(yx,t) and the model output yy.

To derive the minibatch noise model, we model the minibatch noise as i.i.d. Bernoulli random variables
multiplied to the training data points at every optimization step. Although in practical minibatch training,
data points contained in a minibatch are sampled without replacement (the dataset is shuffled at the begin-
ning of the epoch, and the minibatches are taken sequentially from the shuffled dataset), and that different
batches might not be truly independent, our approximation with i.i.d. Bernoulli random variables captures
the crucial feature of minibatch noise — that it is multiplicative, rather than additive. Let B be the batch
size, the output-space gradient at step & with minibatch size B can be approximated as:

v | )
VEL(yk, t) = — :

)

: bt i Ber(%). (12)
bV (™), EV)

It is straightforward to show that eq. is an unbiased estimator of the output-space gradient, i.e.
Ebgj),...,bffl) [VSL(ykvt)] = VyL(yk,t). To map eq. ll to the parameter space, we can simply multiply
it with the Jacobian transpose V5L (xy,t;0)) = JTSL(yk,t). Ziyin et al| (2022) have shown that the
covariance of @gﬁ(mk,t; 0r) contains a term that is proportional to the loss, which characterizes the key
property of minibatch noise. One of our main contributions is to tractably incorporate the minibatch noise

model in eq. into our model in eq. .

For convenience, we rewrite eq. using indicator matrices
N XN
VyLiyet) = 5 (3_715;) Vy Ly ), (13)
j=1

where 1;; € RN*N g a matrix with all elements equal to 0, except that the (j,j)—th~element is 1. In eq. (11a)),
replacing the full-batch gradient signal Vy L(yy,t) with the minibatched version VgL(yk, t), we have

N
_ _ N . _
€hir = A&y + BJ T ( B(ZbO)ﬂjj)vyL(yk,t)) +BJ e (14a)

J=1

VEL(yk,t)

yr = JC&. (14b)

Equation captures the idea of our minibatch gradient model. However, as we will discuss in Section
and Section [3.5] our framework requires construct and numerically solve SDP problems similar to Theorem [I]
It is not computationally tractable to directly do so using eq. , as the dimensions of quantities are
too large. In the following section, we develop dimension reduction techniques to render eq. in a
computationally tractable form.



3.2 Dimensionality reduction 1: weight-space projection

The optimizer-related matrices A, B,C are in the weight space, and their dimensions are multiples of d,
where d is the number of model parameters (e.g. for gradient descent, A, B,C € R*4 and for heavy-ball
and NAG, A € R?¥x2d B ¢ R24xd (' ¢ R¥*24). The Jacobian .J has dimension N x d, where N is the
number of data points optimized on.

For a machine learning problem, both N and d are typically large. If we naively use eq. to construct
our convex program for certifying convergence, the computational cost would be prohibitive. The number of
variables in the SDP problem would be quadratic in d, and the matrices with dimensions N x d or d x d could
be too large to even store in memory. To address this problem, we propose two dimensionality reduction
techniques: weight-space projection and Jacobian binning.

Weight-space projection Ideally, we do not want the size of our convex program to grow with the size
of training data. Conveniently, we note that the data dimension is always associated with a summation,
due to the definition of the loss function (eq. ) This indicates that we can remove the data dimension N
from our state-space model eq. by projecting the associated quantities onto the weight space. In fact,
this projection naturally exists in eq. : any quantity with dimension N is always multiplied with JT.
Assuming N > d, we perform singular value decomposition (SVD) on J

J=USVT, UeRV*4 5V eR¥™ (15)
We will project all quantities of dimension N using the matrix U, and define the projected quantities as
y:=U'yeR? e:=U"ecR? J1:=U"JeR™ V,L(y,t):=U"VyL(yst) € R.
To rewrite eq. using the projected quantities, we still need to apply the projection U to the minibatch
gradient VS L(yg,t). We have

N
. . N .
VyL(ye,t) = UTVyLiys, t) = 5 > b0 1V Ly, t). (16)
j=1
Equation ([16] still contains the term VyL(y,t), which has dimension N. Instead, we would like to ex-
press eq. (16)) in terms of the projected quantity VyL(yx,t). To do this, we need to make the assumption
that the output-space gradient lies in the column space of U.

Assumption 1. V,L(yg,t) € col(U).

This is a reasonable assumption, as we are only interested in the component of V,, L(ys, t) that has an effect
on updating 6. A detailed justification is provided in appendix [C]

With this assumption, we proceed to express Vy L(yg, t) in terms of VyL(yy, t). With the derivation detailed
in appendix [C] we have

VP L(yk, t) = VyL(ys, t

(7:\2

N
Z Juju VyL(yg, ), (17)

where u; is the j-th column of U, and rl) = % — b1 is the Bernoulli random variable with zero mean
B B
r(j) _ {N — 1, w. pI'Ob ~
N>
Equation (|14a)) can now be rewritten with the quantities in eq. and eq.

Erp1 = A&, + BITV L(yy, t Z (])fBJTuJ T)VyL(yk,t) + BITey, (18a)

Jj=1

i = JC&;. (18b)



For NQM, we have VyL(yg,t) = yi. Substituting eq. (18b)) into eq. (18a)), we have

N
_ _ N _ _ ) _
1= (A+BITIC)G + > (—BBJTuju;rJC)fk ) 4+ BIT ¢ (19a)
=1
A J N Bo
vk = JCE,. (19b)

3.3 Dimensionality reduction 2: Jacobian binning

In Section we have reduced the output dimension N to the weight space dimension d. However, in
practice, d can still be too large for the convex program that we will construct. In this section, we introduce
an additional dimensionality reduction technique — Jacobian binning.

First, we will find it convenient to reduce the projected Jacobian J into a diagonal matrix. We make the
following assumption that the matrix V of the Jacobian SVD is identity.

Assumption 2. V =1.

Assumption [2] is without loss of generality for the optimizers we consider, which are invariant to the choice
of basis of the network parameters. For example, consider the heavy-ball and NAG optimizers. If we
reparameterize the model by projecting 6, to a different basis with some orthogonal projection, apply the
optimizer updates from the new basis, and project the result back to the original basis, the training dynamics
would be identical to applying the optimizer updates from the original basis. Assumption [2| holds as long
as A, B,C are obtained from Kronecker products with the d x d identity matrix, which is the case for all
first-order optimizers that are uniformly applied to all weight parameters.

With this assumption, we have J = S. Note that it doesn’t mean that neural network training is fully decou-
pled in the weight space, because minibatching introduces coupling between the dynamics of different weight
parameters (the uju;r matrices in eq. are not diagonal). This is a key difference from NQM (Zhang
et al.l |2019)), where each weight parameter is assumed to evolve independently.

To further reduce the size of our convex program, we group the Jacobian singular values into bins. Let
the singular values of J be s1,...,84. It is observed that the Hessian spectrum of neural networks often
follows the power law (Zhang et all 2019; Martin & Mahoney, 2021). Therefore, we make the following
approximation to reduce the dimensionality of the Jacobian.

Approximation 3 (Jacobian binning). We partition the singular values into m bins (m < d), with values
51,-..,8m arranged in logspace. We group s; into the j-th bin, if 5; < s; < §;_1 (5; < s; if j =1), and let
the size of the i-th bin be n;. Since we have assumed without loss of generality that J is diagonal, we denote
the reduced Jacobian as Jyi = diag(s1,. .., 8m). In simulations, we replace the Jacobian J with Jy,. Related
matrices containing dimension d are scaled down accordinglyﬂ

With Approximation [3] we lose the fine-grained information, but capture the overall distribution of the
singular values. This is a lossy but reasonable approximation to the Jacobian, and is also adopted in |[Zhang
et al.| (2019). The experiments in [Zhang et al. (2019) suggest that NQM with Jacobian binning produces
predictions that match real neural network training dynamics.

3.4 Certifying convergence of NQM with minibatch noise

With the dimensionality reduction techniques in Sections and we can now establish the conditions
that allow us to certify convergence of NQM under the minibatch model in Section We first restate the
state-space representation in eq. :

2This contains A, B,C' and matrices that are products and / or projections of those. To scale down, simply reduce the
identity and zero matrices to m X m in their definitions, which are similar to eq. @



State-space representation for an NQM with minibatch noise

N
§k+1 = A&, + ZAjfk . T(j) + Buek (20&)

j=1
Vi = Jéfk (20b)

where r,(cj ) are i.i.d. zero-centered Bernoulli random variables, €, is the Gaussian noise with covariance

%I, i.i.d. sampled at each step and projected to the weight space (Section , and

A=A+ BiTiC, (20c)
N - = .

Aj = _gBJTujujTJC, forj=1,...,N (20d)

Bw _ BJT (206)

Theorem [2] states the LMI conditions for certifying the asymptotic convergence rate of an NQM with mini-
batch noise.

Theorem 2 (Asymptotic convergence rate of NQM with minibatch noise). Consider the system in Equa-
tion , where the label noise €, and the minibatch noise rid) satisfy:

Elex] =0, E[r?] =0,

Elere]] =0 Vk # 7, r,(cj) are i.i.d.,

1
=5
If there exists P > 0 and 0 < p < 1 such that:

Elere) I, E[r]ij)rlgj)] = UJQ».

N

T 2 2,T

APA—pP—&—E oA PA; <0 (21)
i=1

Then the expected loss %E[y;—yk] asymptotically converges to a steady-state risk with rate p2.

The proof for Theorem [2] can be found in Appendix

3.5 Certifying convergence under network nonlinearity

We have so far dealt with NQM, which corresponds to a linear model with quadratic loss. For an NQM, the
gradient g is a linear function of parameters  plus noise (eq. ) However, this no longer holds for neural
networks training. In order to model more realistic training dynamics, we need to model the nonlinearity
relationship between the gradient g and parameters 6.

Since we use the squared-error loss, the output-space gradient is always linear with respect to the output:
VyL(yk,t) = yi. The source of the nonlinearity in g, comes from the fact that the Jacobian J; at step k is
dependent on 0. This is in contrast to the NQM, where the Jacobian is constant.

However, directly modeling the Jacobian Ji as a function of 6, would be too complex, and would not lead
to any computationally tractable analysis. Instead, we adopt an alternative paradigm inspired by robust
control theory. In this paradigm, we capture the nonlinear training dynamics by allowing the Jacobian Jy
to vary within an uncertainty set, which can be described by quadratic constraints and formulated as part
of an SDP problem. Specifically, we model the uncertainty set for Ji as a set of matrices with multiplicative
perturbations on the constant matrix J:

Jp €J, where J ={J:3 =T+ M)II+N)", || M| <y <1, || Ni| < 6n < 1} (22)



My, Nj, € R¥? represent “small” multiplicative perturbations. We assume that with properly chosen bounds
for the perturbation size dy; and dy, the true Jacobian of the nonlinear model lies within the uncertainty
set J at all times. The worst-case convergence analysis over the family of models described by eq. is
tractable, and can be formulated as an SDP problem.

We consider multiplicative perturbations, because the singular values of the Jacobian vary grea‘clyEl7 and
we would like the relative size of the perturbation in different singular directions to be balanced. A purely
additive perturbation (e.g. J; = J+ AJy), in contrast, would have little relative effect on the directions with
large singular values, but much larger relative effect on the directions with small singular values. Therefore,
we favor multiplicative to additive perturbations, though if needed, our framework is easily extendable to
accommodate an additional additive perturbation.

To simplify notations, we express eq. simply as Jp = (I + M},)J(I + N;,)T. Expanding the product,
notice that we can drop the second-order terms, when d;; and d are assumed to be small:

Jp = J 4+ MpJ 4+ IN, + O0udn). (23)

In our model for nonlinearity, we only apply the Jacobian perturbation (eq. ) to the matrix A in eq. (20]).
For simplicity, we do not apply the perturbation to the terms associated with minibatch noise and the label
noise (i.e. Aj, j =1,...,N and B,). Future work could investigate how such perturbations can be applied
to the noise terms while keeping the SDP formulation tractable.

Denote A, = A+BJ ZJ »C' as the matrix A with the Jacobian perturbation at step k. Substituting in eq. ,
we have

A=A+ B+ M+ IN))T(I+ M3+ IN])C + O(5p6n) (24a)
=A+BIT (M), + M )3IC + BN,J"IC + BITIN, C + O(6p0n + 03 + 6%), (24b)
~ A+ BIT (M + M, )IC + BN, J"3C + BITIN/ C, (24c)

where in eq. (24c)), we used the fact that dp; and Jy are small, and dropped second or higher-order terms.

q p
A
NQM
# (T

Figure 1: Diagram for the interleaved system with the NQM base model (with minibatch noise) and the
Jacobian perturbation (the A block). With Jacobian perturbation, we can model the nonlinearity in the
training dynamics.

Eventually, we would like to certify the stability of the whole system. In order to do that, we first sepa-
rate eq. into two interleaved blocks, as illustrated in Figure The Jacobian perturbation is represented
by the A blockﬁ The A block takes in signals ¢, applies perturbation, and outputs p. The perturbed signals
p are then supplied to the NQM base block as input. This is clearly shown in the state-space representation
below.

3In neural networks, eigenvalues of the Hessian spectrum roughly follows the power law (proportional to L1 where i is

the index of the eigenvalue) (Zhang et all|2019). With the Gauss-Newton Hessian approximation, the singular values of the

Jacobian are roughly proportional to %

1
4In fact, A contains three sub-blocks, one for each of the three terms in eq. l} with Jacobian perturbation.
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Combined System

The combined system with Jacobian uncertainty and minibatch noise is
N .
Eer1 = Ak + ZAgfk )
j=1
91,k 92,k 43,k
_ e N e ~
BI" (My, 4+ M) 3C¢, +B Ny, 31 3C&, +BITI N, C&, +B e (25a)
——
P1,k P2,k D3,k
Vi = Jégk, (25b)
where A, A;, B, are defined in Equation . The input and output quantities are
qk = IC& Pk =A1qik (Ay =M+ M) (25¢)
qop =3 ICE D2k = Daga . (Ao = Ng) (25d)
g,k = C&, p3gk = Asgzr (A3 =Ny ). (25e)
We can rewrite eq. in matrix form,
T
- o Y
(it ] A A Ay | BJT B BITI|B, F
a1,k ¢ 10 0 0 0 0 0 N
@i | =|373C| 0 o]l o o o |o |V (26)
43,k C 0 0 0 0 0 0 D1,k
L V& | JC 0 0 0 0 0 0 D2,k
P3.k
L sk -
To simplify notations, we group certain quantities in eq. together and define
A=a, B=[BIT B BIJ], (27a)
C,=3C, C,=13"3C, C3=C, C,=1JC, (27b)
Dl = DQ = ﬁ3 =0€ RdXd. (27(3)
Then we rewrite eq. as
T
ey
- . i A k
ot Aln Ay B B., _
1.k Ci|0 0Dy 0 010 N
wr|=| G0 00 Dy oo || (28)
g3,k C3| 0 0 0 0 D3| O D1k
L Y& | Cy | 0 0} 0 0 010 D2,k
D3k
L Ek -

To certify the stability of the combined system (eq. (25) and fig. , we need to constrain the uncertainty in
the A block. Intuitively, the quantities Ay, Ao, Az represent the perturbation of the Jacobian at each step,
and that they should be “small” in some sense, in order for the whole system to remain stable. In this paper,

we apply £o constraints on the Ay, Asg, Ag blocks
[Aill2 <01, ||Azll2 < 02, [|As]l2 <63, 91,02 >0, 62 = ds.

11
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Note that since Ay = N, Az = N,;'—, we set 0o = d3 without loss of generality.

To make the constraints in eq. compatible with the semidefinite programming (SDP) formulation, we
express eq. as quadratic constraints on the input and output quantities p,q. Equation can be

equivalently written as

T T T
q1,k I 0] [qk > q2r| [051 0] [gok >0 |8k 651 0] [g3k >0 (30)
D1,k 0 —I||p1x| ™~ D2,k 0 —I||p2x| = 7 |pP3k 0 1| |p3x| —

Now, we are ready to state the conditions for certifying the convergence rate of the combined system, with
minibatch noise and Jacobian perturbation.

Theorem 3 (Certifying convergence rate for the combined model). Consider the system in Equation
where the noise signals €, and r,(cj) satisfy:

Elex] =0, E[r7] =0,
Elerel] =0 Vk # 7, r,gj) are i.i.d.,
Elerey] =1, Erdr?] = o2.

Given 81,02 > 0 and 62 = 03, assume that operators A; (I =1,2,3) (defined in eq. ) satisfy

T e
qi,k o1 0][sz}> d
’ ’ 0, V € R, 31
[Alﬂﬂ,k:| { 0 —I] [Aqk| — .k (31)

if there exists a positive-definite matriz P, 0 < p < 1, and A1, A2, A3 > 0 such that:

T N
I 0] [-p2P 0][I © ) -
L{l §:| { 0 P:| |:/Al B:|+Z;0j [Aj 0] P[Aj 0}
j=
e Dy o o] 21 01[¢ Dy 0 0
o 1 00 0 —I|l|lo I 0 0
I G, 0 Dy, 0]'[621 0][C, 0 Dy 0
lo 0o I o0 0 —I|llo 0o I o0
N A T N ~
¢ 0 0 D] [BI 0)[¢: 0 0 Di]
“3[0 0 0 I} [o ~1flo o0 1|=% (32)

then the expected loss %E[yz—yk] asymptotically converges to a steady-state risk with rate p?.

The proof of Theorem [3] can be found in Appendix

4 Simulations

We use the MOSEK solver (ApS| 2025)) via the CVXPY interface (Diamond & Boyd, 2016) to solve the
semidefinite program (SDP) defined in theorem [3| We set the size of the training set to N = 2000, and
the parameter space dimension to d = 1000. The Jacobian singular values are set to {%}?:1, discretized
into 10 bins logarithmically. The Jacobian singular values are set such that the eigenvalues of the Hessian
roughly follows a power law {1}, which is observed empirically in neural networks (Zhang et al., 2019).
Additional simulation details are included in appendix [El We use bisection search to find the smallest p (up
to an error of 107!?) such that the SDP is feasible.

4.1 Quadratic model with minibatch noise

First, we consider the quadratic model with minibatch noise. In this case, there is no uncertainty in the
model Jacobian (§; = d2 = 63 = 0). This scenario is similar to the noisy quadratic model in [Zhang et al.

12



(2019), but with important differences: 1) we model minibatch training as multiplicative noise (Section ,
as opposed to an additive gradient noise in [Zhang et al.| (2019); 2) in addition to the classic (heavy-ball)
momentum, we also analyze the Nesterov accelerated gradient (NAG), which is not considered in [Zhang
et al.|(2019) due to its lack of closed-form solution for the training dynamics. 3) we focus on the asymptotic
performance, as opposed to finite-step performance in [Zhang et al.| (2019). We discuss several insights from
the results.

Insight 1: heavy-ball momentum is fragile and inefficient at small batch sizes. With a small batch
size, heavy-ball is forced to use a small learning rate, resulting in worse convergence rate. This effect
worsens with larger momentum values.

The NQM (Zhang et all 2019)) predicts that, as batch size increases, the optimal learning rate first pro-
portionally increases with respect to batch size, resulting in perfect scaling of convergence rate and batch
size (increasing the batch size by a factor of k leads to a k-fold decrease in the steps taken to reach a loss
threshold). However, this perfect scaling regime ends at a certain batch size Beyitical. At batch size Beyiticals
the optimal learning rate is at the critical damping threshold. Further increasing the learning rate would lead
to no improvement in convergence rate, resulting in diminishing returns when batch size is scaled up beyond
Beritical- This is due to the fact that the optimization enters the curvature-dominated regime, where large
learning rates lead to oscillations, characteristic of an underdamped system. According to the NQM, when
increasing the learning rate in the curvature-dominated regime, the convergence rate holds constant. In full-
batch training (B = N), this matches the prediction of our framework (the “B = 2000” curve in Figure [2a)).
However, we find that in minibatch training, there is an optimal learning rate for heavy-ball momentum,
beyond which the convergence rate quickly degrades, and instability may eventually occur. The performance
degradation at large learning rates worsens with smaller batch sizes. This effect is more pronounced at large
momentum values (Figures and show = 0.999,0.99, 0.9 respectively).

The NQM fails to predict heavy-ball’s fragility and inefficiency to smaller batch sizes due to its inaccurate
minibatch noise modeling. Our insight agrees with the analysis in Lee et al.| (2022)), who studies the different
convergence regimes of heavy-ball momentum for a Gaussian random least squares problem. It also agrees
with the analysis in |Bollapragada et al|(2025) suggesting that heavy-ball momentum only achieves acceler-
ation with a sufficiently large batch size. Unlike the NQM, our LMI framework is able to predict this effect
due to proper modeling of the minibatch noise.

Insight 2: in minibatch training, NAG is more robust than heavy-ball momentum at large learning
rates.

In contrast to heavy-ball momentum, our LMI framework predicts that NAG is much more robust at large
learning rates. Figure [2b|shows that, even with a very large momentum value (8 = 0.999), for a reasonably
large batch size (such as 100), increasing the learning rate past the critical damping threshold does not hurt
the convergence rate. Figure [3] plots the learning rate that achieves the best convergence rate. We see that
compared to HB, NAG can benefit from a larger learning rate with large momentum values, whereas HB is
forced to use a smaller learning rate to avoid instability. This prediction agrees with practical observations
and analysis in other works. |[Sutskever et al.| (2013) noted that the difference of HB and NAG is only distinct
when the learning rate is reasonably large, and that NAG behaves more stably than HB in many situations.
Sutskever et al.| (2013)) argues that the NAG’s comparative stability is due to the fact that it changes the
momentum in a quicker and more responsive way. Rather than relying on heuristics, our framework provides
a principled and quantitative explanation. We also empirically confirm the comparative robustness of NAG
through a sweep of batch sizes and learning rates for the MNIST task. Figure [5| shows the training loss of
a linear model on MNIST dataset with mean squared error loss and 8 = 0.999. Compared to HB, NAG
remains stable at larger learning rates and batch sizes.
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Figure 2: With large momentum, NAG is more robust than HB at larger learning rates at small
batch sizes. With large momentum and learning rates, the system becomes overdamped.

4.2 Nonlinear training dynamics

Insight 3: NAG is more robust to the amount of nonlinearity in training dynamics than heavy-ball
momentum.

We quantify HB and NAG’s robustness to nonlinear training dynamics using our Jacobian uncertainty mod-
eling in Section 5] In Figure [6] we show the convergence rate as a function of Jacobian uncertainty.
Compared to heavy-ball momentum, we can certify a better convergence rate for NAG under model uncer-
tainty, both for the full-batch (Figure@ and minibatch (Figure cases. This insight adds to the previous
arguments for robustness of NAG.

We empirically confirm this insight through neural network training on the MNIST dataset. Figure [7]
shows heatmaps of the training loss plotted against learning rates and batch sizes. We train a multi-layer
perceptron (MLP) model on MNIST dataset with mean squared error loss and 5 = 0.999. The MLP model
has 2 hidden layers with 1000 hidden units each and ReLU activation (Nair & Hinton, [2010)). In order to
demonstrate a varying amount of nonlinearity in training dynamics, we present the results with different
parameterizations. Figures [7a] and [7b| show the heatmaps for the standard parameterization (SP) and the
Maximal Update Parameterization (uP), respectively (Yang et all [2022). SP and uP for an MLP differ in
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Figure 3: NAG allows larger learning rates than heavy-ball momentum. Optimal learning rate
vs. batch size in NQM with minibatch noise, for heavy-ball momentum and NAG, for different momentum
values. With large momentum values, the optimal learning rate for NAG still scales well with batch size,
whereas heavy-ball momentum suffers from instability at large learning rates.
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Figure 4: Convergence rate of heavy-ball and NAG with different momentum values.

the per-layer learning rates and initialization scales, and lead to different training dynamics. For wide neural
networks, SP training dynamics is relatively linear, as it falls into the kernel regime in the infinite-width
limit . In contrast, uP leads to maximal feature learning in the infinite-width limit, with
more nonlinear training dynamics (Yang & Hul 2021). The results show that compared to HB, NAG remains
stable at larger learning rates and batch sizes when training nonlinearity is present. This observation is more
pronounced for P than SP, suggesting that NAG is more robust to training nonlinearity.

We note that it is difficult to directly verify the sensitivity to Jacobian uncertainty (as in Figure @ with
experiments, because 1) the Jacobian uncertainty is difficult to quantify empirically, as our uncertainty model
(eq. (23)) is underspecified; and 2) it is difficult to precisely control the amount of Jacobian uncertainty
during training. Our results in Figure [7] offer two discrete points on heatmaps such as Figure [6] and serve
as supporting evidence for insight 3.

15



Heavy Ball Nesterov

102
4 4
81 8 10t
(] [}
N N
wn (%2} n
< 16 A < 16 3
) = =
© ©
o [25]
0
32 32 10
64 64
T T 107t
1074 1073 1072 1074 103 1072
Learning Rate Learning Rate

Figure 5: Training loss of a linear model on MNIST dataset with mean squared error loss, for heavy-ball
and NAG with 8 = 0.999, with different batch sizes and learning rates. The loss is capped at 100. Large
loss values indicate divergence. Compared to heavy-ball momentum, NAG is stable at smaller batch sizes
and larger learning rates.
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Figure 6: NAG is more robust than HB when subjected to nonlinearity. Convergence rate as a
function of the amount of Jacobian uncertainty (full batch). For each point on the heatmap, we plot the
best convergence rate searched over learning rate.
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(b) Maximal update parameterization (uP)

Figure 7: Training loss of an MLP model on MNIST dataset with mean squared error loss, for heavy-ball
and NAG with g = 0.999, with different batch sizes and learning rates. The loss is capped at 100. Large
loss values indicate divergence. The top and the bottom rows show the standard parameterization (SP) and
the Maximal Update Parameterization (uP) (Yang et al.| 2022)), respectively. The training dynamics for P
is more nonlinear than SP. Both heavy-ball momentum and NAG require smaller batch sizes and learning
rates to remain stable in yP compared to SP. But compared to heavy-ball momentum, NAG can tolerate
smaller batch sizes and larger learning rates.
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5 Related work on the comparison of HB and NAG

Theoretical & empirical results It is often observed in practice that NAG enjoys better performance
and robustness than heavy-ball momentum (Sutskever et al.l 2013} |Choi et al., [2019). However, theoretical
evidences are nuanced and often lacking. In the class of smooth, convex functions, NAG (with proper
learning rate schedule) has a convergence rate O(1/k?), which is optimal in first-order optimizers (Nesterov,
1983). In contrast, although heavy-ball momentum has local acceleration over gradient descent, it only
has global linear convergence guarantee (with rate O(1/k)) for smooth, convex functions, achieving no
global acceleration (Ghadimi et all 2015; Sun et all 2019; [Saab Jr et al.l |2022; |Shi et all |2022). In more
realistic scenarios, however, there is little theoretical evidence on the advantages of NAG. For certain types of
overparameterized neural networks, NAG converges to the global minimum with a similar or worse rate than
HB (Bu et al., |2021; [Liu et al., |2022afb)). For stochastic setting with small batch sizes, neither momentum
methods can outperform SGD (Kidambi et al., [2018).

“Lookahead” gradient in NAG There have been many works that attempt to explain NAG’s superior
performance and robustness. Intuitively, NAG evaluates the gradient at a partial update location, instead
of at the current location as heavy-ball momentum (Figure . This “lookahead” step in gradient evaluation
allows NAG to adapt the momentum in a quicker and more responsive way, and to reduce oscillation along
high-curvature directions, which leads to NAG being more tolerant to larger momentum values (Sutskever,
et al., 2013)). The analysis in |Sutskever et al. (2013)) gives helpful intuition, but lacks rigor. As we will
show in the following paragraphs, the “lookahead” step has a more principled explanation using the control
interpretations.

Figure 8: Taken from Figure 1 in |Sutskever et al.|(2013)). (Top) Heavy-ball momentum. (Bottom) Nesterov
accelerated gradient. Heavy-ball momentum evaluates the gradient g(6;) at the current location, while the
NAG gradient evaluation g(6;41) has a “lookahead” step. In this plot from Sutskever et al| (2013), ¢ is
the time step (i.e. k in our notation), u represents the momentum parameter (i.e. S in our notation), v
represents the accumulated velocity vector that is eventually used to update the parameter 6.

Continuous-time limits and ODEs Another line of work focuses on the continuous-time limit of the
optimizer dynamics. [Polyak| (1964)) motivated the proposed momentum method as “the method of a small
heavy sphere” that moves in a potential field (hence the name “heavy-ball momentum”). A more accurate
physical analogy should be “a point mass moving in a potential field through a viscous medium” (Qian), [1999).
The viscous medium causes friction that is proportional to the velocity. The dynamics can be described by
the following second-order ODE:

mi + bt + VV(x) =0, (33)

where z is the position of the point mass (analogous to 6 in optimizers), m is the mass, b is the viscous
damping coefficient, and V(z) is the potential field. We obtain the heavy-ball momentum method by
discretizing Equation using the forward Euler method (Qianl [1999). Let At be the time step, the
discretized dynamics is:

Ty At — 2T¢ + Ty A¢ b$t+At -

t p—
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Rearranging, we recover the heavy-ball momentum method with learning rate n = mﬁ% and momentum

_ m__.
Bi m-+bAtL”

At?

e Ak

Tipat = Tt + (x4 — 2p—At) —

m

m + bAt
However, the naive approach for taking continuous-time limit is not useful for distinguishing NAG from
HB. If we take At — 0, HB and NAG have the same limiting ODE (Equation ) (Shi et al., 2022). To
address this, |[Shi et al.| (2022) proposed an alternative limiting process that yields high-resolution ODEs,
which differentiates NAG and HB. The high-resolution ODE for HB and NAG are given by:

A
HB: mi+bi+ (1+ %)VV(&?) =0, (34a)
m
A A
NAG: mi + (b+ EtVQV(w))ab +(1+ %)VV(Q’J) =0. (34b)

The high-resolution ODEs have kept the At terms, and in the infinitesimal limit recover Equation .
Notably, NAG has an additional damping term, which is proportional to the Hessian of the loss function.
According to the ODE, NAG takes more cautious steps along high-curvature directions, which generally
helps reduce oscillations. The high-resolution ODEs are shown to better match simulations of HB and NAG
than the naive version, and empirical results support that NAG significantly reduces oscillation (Shi et al.
2022]).

Control interpretations Rather than treating the optimizer as an inherent dynamical system that re-
sponds to an external force VV(z) (as in Equation ), we can adopt the opposite view and treat the
optimizer as a controller (Hu & Lessard, 2017al). In the control view, VV(z) (analogous to gradient V.
in optimization) is the system to be controlled that has its own dynamics, and we would like to design a
controller (optimizer) that stabilizes the system (make the gradient VL go to zero). This is visualized in
the block diagram in Figure @ For readers unfamiliar with control systems concepts, we refer to [Astrom &
Murray| (2021) for a comprehensive introduction to feedback control theory.

Optimizer (controller) VL (system) ——

Figure 9: Block diagram showing the control view of the optimization process.

Since standard first-order optimizersﬂ are linear time-invariant (LTT) systems, we can analyze their properties
using transfer functions. Applying the z-transform to the optimizer update equations (eq. ), we get the
following transfer functions for gradient descent, HB and NAG:

1 _
_zﬁl'ﬁ’ Grag(z) = ——1 (1+B)z—B

G (2) = z—1 z—p

n
Ggep(z) = ——,
an() z—1
From the transfer function, we can see that gradient descent corresponds to an integral controller. An integral
controller (transfer function z]ifl, where K7 is the integral gain) produces control signal that is proportional
to the sum of past errors, which is necessary to eventually drive the error to zero. Unsurprisingly, the transfer

functions of HB and NAG both contain an integral control component.

The acceleration of the momentum methods is reflected by the additional components in their transfer

functions. Heavy-ball has an additional = 5 term, which is a lag compensator. A lag compensator boosts

5By standard first-order optimizers, we refer to those with constant hyperparameters such as learning rate and momentum.
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low-frequency gain and introduces a phase lag (Figure. In optimization, our objective is to asymptotically
drive the gradient VL to zero, which is a low frequency signal to track (in fact, frequency w = 0). A boost in

low-frequency gain results in faster asymptotic convergence rate. This is apparent when we set the frequency
w =0, we have z = ¢/ = 1, and 25 = ﬁ, recovering heavy-ball momentum’s ﬁ improvement in
convergence rate for quadratic loss functions.

NAG is also the combination of an integrator and a lag compensator. With the same learning rate and
momentum parameter, it has the same low-frequency gain as HB (Gyag(2) = Ggp(z) when z = 1), hence
the same asymptotic convergence rate. However, it has a zero at % instead of 0, which leads to a smaller
phase lag. On the Bode plot (Figure , this leads to a flatter slope at the crossover frequency and a larger
phase margin compared to HB, which contribute to NAG’s improved robustness. The comparative fragility
of HB may explain its lack of convergence guarantee for general strongly convex functions (Hu & Lessard
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Figure 10: Bode plot showing gradient descent, HB and NAG (learning rate n = 0.5, momentum S = 0.9).
The Bode plot shows the magnitude and phase of the optimizer responses, plotted against gradient signal
frequency from 0 to the Nyquist frequency (with sampling rate 1, Nyquist freq. = 1/2, shown as the red
dashed line). At low frequency, both HB and NAG have the same magnitude (20 log;, ﬁ = 20dB higher

than GD), meaning that they both have ﬁ improvement in asymptotic convergence rate for quadratic
loss functions. However, the high frequency responses are different: NAG has a flatter slope at crossover
frequency, and the smaller phase lag of NAG leads to a larger phase margin (the phase at crossover frequency,
taken difference with 0° due to positive feedback) than HB. These indicate that NAG is more robust to high-
frequency gradient noise.

Additionally, NAG can be viewed as incorporating derivative control in its dynamics (Hu & Lessard, |[2017al).
This can be shown if we perform a transformation of variables and let u := (1 4+ )0 — 80;_1, and then
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rewrite the NAG update as:
Ugr1 = ug + Blur — up—1) — NV L(ug) — nB(VL(uk) — VL(ug—1)). (35)

The last term in Equation is a form of derivative control. Derivative control predicts future behavior
based on local trends. This matches NAG’s “lookahead” interpretation in[Sutskever et al.| (2013). Altogether,
NAG can be viewed as a form of the celebrated Proportional-integral-derivative (PID) controller (Astrom,
1995; |[Hu & Lessard,, 2017al).

6 Other related work

The noisy quadratic model (NQM) (Zhang et al., [2019) gives important insights on how the optimization
performance scales with batch sizes, and how such scaling interacts with factors such as momentum, moving
average and preconditioning. This work extends the insights of NQM by adopting proper minibatch noise
models, and by incorporating nonlinear training dynamics. Also, NQM relies on having an analytical expres-
sion for the iterate throughout the training process, which would be difficult for optimizers such as Nesterov
accelerated gradient. In contrast, our framework can accommodate all optimizers that are LTI systems,
which correspond to all first-order optimizers with constant hyperparameters. However, a limitation of our
approach is that we focus on asymptotic performance, whereas NQM predicts finite-step loss values.

Lessard et al. (2016) first proposed to use the robust control framework for the analysis and design of
optimizers. In this framework, the optimization is viewed as a dynamical system, and the convergence is
expressed as the feasibility problem of a semi-definite program (SDP). Our analysis is based on the same
framework. In|Lessard et al.| (2016)), much of the effort is focused on designing integral-quadratic constraints
(IQCs) for classical problem types in optimization (such as quadratic, smooth convex). In contrast, we
focus on the case of neural network training, and propose a model for nonlinear dynamics and minibatch
noise. Several follow-up works take dissipativity theory approach (Hu & Lessard) 2017b; |Lessard, [2022)),
which are mathematically equivalent to the original IQC framework (Lessard et al.,|2016|), but may result in
smaller LMIs. |Hu et al.| (2021]) adapts the framework to stochastic gradient descent. However, they seek the
worst-case performance with respect to the gradient noise, which is too conservative for minibatch training.
Instead, we take the average-case performance with respect to our minibatch noise model.

A competing line of work is on the Performance Estimation Problem (PEP) (Drori & Teboulle) [2014; Taylor
et al., 2017; 2018; Taylor & Bachl |2019). PEP also studies the worst-case performance of optimization
problems by numerically solving SDPs. In contrast to the robust control based methods, PEP treats the
optimization steps explicitly. This gives PEP the advantage of allowing finite-step loss bounds, whereas
the robust control framework only certifies asymptotic performance. However, PEP scales poorly with the
number of optimization steps, especially with complex problem classes and stochastic settings. We defer it
to future work to obtain finite-step, NQM-like performance bounds using PEP.

7 Author contributions

The work was done in collaboration with John W. Simpson-Porco and Roger Grosse. XB derived the
minibatch model, proved the theoretical results, and ran the simulations and experiments. RG suggested the
multiplicative model for Jacobian uncertainty. JWSP helped deriving the convergence result with minibatch
noise (Theorems [2| and . XB led the writing, with JWSP and RG providing detailed feedback. JWSP
provided guidance regarding the robust control framework. RG provided general guidance throughout the
project, especially regarding the contribution and relevance to machine learning optimization.
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A Table of notations

Table [[] lists the important notations used in Sections [2] to [4]

Table 1: Important notations in Sections [2| to

Symbol

Description

STy s s L= I A

L(x,t;0)

=

WM T Ee® s =
S~

F
SE
S Q

uj
Y€ d
Au Aj7 Bw
p
o]
M, N
D, q

On, 0N, 01, 02,03

Number of model parameters
Dimension of the input vector
Number of datapoints in the dataset
Model parameters
Machine learning model, parameterized by 6
Input space, X C R™
Output space, Y C R
Input, z € X
Model output, y = fo(z) € Y
Target, t € Y
Vectorized input over a dataset
Model with vectorized input @, parameterized by 6
Vectorized model output over a dataset, y = fg(x)
Vectorized target over a dataset
Loss function, measuring the discrepancy of a model output and the corresponding target
Empirical risk (averaged loss over the dataset) as a function of input, target and parameters
Index indicating the optimization step
Learning rate
Momentum coefficient for heavy-ball momentum and Nesterov accelerated gradient
Empirical risk as a function of the output and target
Gradient of the empirical risk with respect to 0, i.e. VgL(x,t;6)
NQM gradient noise, i.e. i.i.d. Gaussian noise with covariance ¥
ii.d. spherical Gaussian noise
Batch size
Hessian of the empirical risk with respect to 6, i.e. V3L (z,t;0)
Jacobian, as the matrix of partial derivatives of the model output w.r.t. 6, i.e. %éw)
State vector, in the state-space representation of a system
Dimension of the state vector
Matrices characterizing a first-order optimizer in a state-space representation
Bernoulli random variables for the j-th datapoint, for deriving minibatch gradient.
The matrix whose columns contain the left singular vectors of J
j-th column of U
Projected quantities, respectively ¥, e, J multiplied by U on the left
Matrices charactering the combined system, defined in eq.
Convergence rate
Variance of the minibatch noise for the j-th datapoint
Multiplicative perturbation matrices for the Jacobian
The input and output signals for the combined system upon which we apply the constraints
f5 norm of the Jacobian perturbation matrices

B Aside: models with multidimensional outputs

We have so far focused on models that have a single output. However, the analysis of this paper can be
easily extended to models with multidimensional outputs. For a model with multidimensional output, the
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loss function is defined as
1
f(x, t, 9) = §(i9(x) - E)T(ig(x) - £)7

where we use f Q(m) ,t € R™ to denote the n-dimensional model output and label, respectively. With vectorized

input = (..., (M), the vectorized output f,(x) € € RV*". The Jacobian of f,(x) with respect to 6 is
aNxnxd tenbor In order for the analysis for s1ngle output models to hold, we can s1mply flatten the data
(N) and the output (n) dimensions into a single dimension, i.e. replace y; in eq. . with vec(yy) € RN™,
and replace the Jacobian J € RV*"*4 with flatten(J,axis = (0,1)) € RN"*9, All the remaining analysis
exactly follows.

C Deferred derivation: weight space projection of minibatch gradient

In this section, we show the deferred derivation for the weight space projection of minibatch gradient in Sec-
tion In particular, we want to express the V}l,;L(y;€7 t) using weight-space projected quantity VyL(yx, t).

We made Assumption (1} i.e. VyL(y,t) is in the column space of U. This is a reasonable assumption, as
we are only interested in the component of VyL(yg,t) that has an effect on updating 6.

To see this, let the projection of V4 L(yk,t) onto the orthogonal complement of col(U) be VyL(yg,t) 1, its
contribution to the weight-space gradient VoL(x,t;6x) 1 is

VoLl(x,t;01) 1 = J ' VyL(yk,t) = VSU (I -UU")VyL(ys,t) =0,
indicating that the assumption V,L(yg,t) € col(U) is reasonable.
With Assumption |1, we can replace Vy, L(yy, t) with UU "V L(ys, t) in eq. , and get

N N
N , N .
UTVEL(yi, t) = 5 > DU 1,UU TV Ly, t) = 5 > b Duju] VyL(yk, t), (36)
j=1 j=1
where u; is the j-th column of U. On the right hand side of eq. , we have our projected output-space
gradient UTVYL(yk,t).

For convenience, we also shift the Bernoulli random variable b() such that it has zero mean. Define pt/) =
% — b we have

N B
N —1, w. prob =
V5 Ly, t gZ N

2\‘3

(J) uju v L(yk t), p(j) — {

Zlos =l

, w. prob 1 — %
Ly t) — Dujul Vy Ly, t
= VyL(yr, )_EZP uju; VyL(yg, t).
j=1
D Deferred proofs

Proof of Theorem[1 Let £* be the stationary point of the dynamical system described in eq. (9a). We have
& =0, as we assumed without loss of generality that the NQM loss function is Lnqm (k) = 59;H9k has
no offset term. However, in the derivation below, we keep the £* terms for generality.

Multiply both sides of equation [I0] by & — &*, we get:
(& =€) TATPAG - &) = p*(6 - €) P& -€) <0 (37)
Applying the dynamical equation equation [9alto (& — ¢*)T P(& — £*) and taking expectation, we get:

E[(& — )T P& — )] = Eq_, [(A(&—1 — €) + Byar—1)  P(A(&-1 — €7) + Byer—1)]
=E[(&-1 - )TATPAG 1 — &)+ 2E[(&-1 — &) AT PBye_1] + Ele B) PByer_1]
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The middle term reduces to zero because ¢;_1 is a random variable with mean zero and is independent of
the the state £_1. We have

E[(& —€) P& — € =E[(&-1 — &) TATPAG-1 — )] + %Tr(BIPBw) (38)

Taking the expectation of eq. , multiplying by p~2! for each [ = 0,...,k — 1 and summing over [, we get
a telescoping series

k—1
0= p ?E[(& — &) TATPAG — &) - p*(& — )T P& — )]
=0

= p 2P VE[(&o1 — &) TATPA(G-1 — £7)]
= p P EPE[(Gr — €) TP (€ = €]+ p T VE (G2 — €)TATPA(E 2 — €7)]

— pPE[(& =€) T P& — €] + p"El(& — €7) TATPA(§ — €7)]
~ P"El(& — €) " P(& — €))-
Substituting in eq. , we have
0> p 2D (E[(fk — &) T P& —£%)] - %Tr(BI PBw>)
+p 202 ( ~E[(§k-1 = &) P(&ko1 = &) + El(§—1 — €)' P(&e—1 — €]
1 T
- BTI‘(BwPBw)>
+ po( —E[(& — &) P& — ) +E[(& - €) P& —€Y)] - ;TY(BJPBU)))
— p°E[(¢0 — £) T P(& — &)).
Notice that many terms in the middle cancel, leaving us with the resulting inequality
p 2 TVE[ (6 — €) P& — €)= pEl(§ — €7) " P60 — €7)]
— (1 +p P+t p_Q(k_1)> %Tr(BJPBw) <0.
Rearranging, we have:

E[(& — &) T P(& — €9)] < p* E[(& — £) T P(& — £))]

+pz(lc—l) (1 +p 244 p—2(k—1)> éTr(BJPBw) (39a)
2k T * 1-p* 1 T
=p~E[(§o — &) P(&— &)+ T2 ETT(BwPBw) (39b)

We rewrite the NQM loss function Lngm (0k) = %GZHHIC as a function of the state variable &, by substituting
in eq. (9b). We have added the offset term £* = 0 for completeness.

Lxam(&n) = (6 — €) OTHOW ~ €)= 3 (6~ €) M(& ~€), M:=CTHC.  (40)

We would like to relate eq. to the expected loss $E[(& — &) T M (&, — £*)]. Since H > 0, we know
that M > 0. Also, because we are concerned with the loss, we can ignore the dimensions of M with zero
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eigenvalues, as they do not contribute to the loss. Thus, we can assume M > 0. Therefore, we can replace
1 1 1 1
P with Mz M~2PM~2M? in eq. (39).

Let amin(M—%PM_%) and UHI&X(M_%PM_%) be the minimum and maximum eigenvalues of M_%PM_%,
respectively. We can bound the left hand side of eq. (39b) as

SElG — €)TMEMTEPM M (G — €] 2 o (M3 PME) - JEl(6 - €) MG~ €], ()
and the first term on the right hand side of eq. as

SE((€ — ) MM EPMEME (6 — €)] < oM EPMH) - JEl(E —€) MG ~ €. (42)
Combining egs. , and , we get

1

SEl(G — €)M (6 — €] < cond(M~EPM~3) - ¥ E[(6 — €)M (€ — €°)]

2
-1 - -1 1_P2k T
+0m1n(M *PM 2) 1 ) *Tr(BwPBw),
—p

where cond(M_%PM_%) is the condition number of M~2PM~z. The expected loss E[Lnqm] has
exponential convergence with rate p? to a steady-state risk upper bounded by o—l (M~2PM~2) .

min

2 £ Te(B] PB.,). O

Proof of Theorem[3 Similar to the proof of Theorem [T} we let £* be the stationary point of the dynamical
system described in eq. . We have £* = 0, but we keep the £* terms in the derivation for generality.
Multiply Equation by & — £* on both sides, we have:

N
(G—€)TATPAG =€) = p* (G =€) TPG =€)+ o0& — &) A PAj(§ - €) <0 (43)

j=1
Applying the dynamical equation Equation to (& — €5)TP(& — ¢*) and take expectation, we have:
N ‘ T
E[(& &) P& - €)= E[(A(fl—l )+ (& —€) p + Bwaz_1>
j=1

N
P<A(€z1 — &)+ > A& —€) p + Bw8z1)] (44a)

j=1
N
=E[(&-1 ) ATPAG 1 — €]+ Y _ojE[(&-1 — €) AT PAj(6-1 — €] + éTr(BI PB.)  (44b)
j=1
N ’ 1
=E [(gl_l -7 (ATPA + ; ofAJTPAj> (-1 - g*)] + ETr(BIPBw) (44c)

Notice that the cross terms in eq. 1} reduce to zero, as the random variables pl@l and ¢;_; have mean

zero and are independent of the state _; and of each other.
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Taking the expectation of eq. , multiplying by p~2! for each I = 0,...,k — 1 and summing over I, we get
a telescoping series

k—1 N
0> p?E(&—¢) ATPAG — &) = p (&) P& -+ o3& — &) A Paj(& — &)
=0 j=1

= p2=VE[(g_q — (ATPA + ZUQATPA ) §e—1— €]
— p P 2E[(&y — €) T PG — & >]
4 p 2Ry — )T (ATPA + ZJQATPA >(§k—2 - &%)

J=1

— "E[(&1 — €T P(&1 — €%)] + p°E[(& — € (ATPA+ZU ATPA) (& — )]
- p°E[(& — £) T P(& — £)].

Substituting in eq. (44c), we notice that many terms in the middle cancel, leaving us with

0> —p~2k- “( (6~ )T P& ~ €] - 5TeEIP B“)>
B <p2(k2) 4t po) %Tr(BIPBw)

— P*E[(& — &) P(& — €]
= —p *EVE[(6 — €) P& — €] — P°El(6 — €7) TP(é — £7)]

1
_ (1 +p 24+ p‘Q(k_1)> ETI"(BIPBw)'

We rewrite the expected loss E[%y;—yk] as a function of the state variable &, by substituting in eq. 1)
(we have added the offset term £* = 0 for completeness):

SElylyi] = SEl(& —€)TCITI0(E — €]

The rest of the proof follows the same steps as in the proof of Theorem O
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Proof of Theorem[3 Let V(&) = & P&, for some P = 0. Define p, = [pIk,p;:k,p;k]T. Using the
dynamics in eq. , we have

N
B o0 V@) = V(&) =B oo (A + By + Y &6 -1 +Boer) P

............
j=1

(A& + Bpj, + Z A& )+ Buer)] — P2 P&
j=1

B a [ AL Sl

-‘rEpl(:) pch), [ (AEk-i-Bpk ZA &g - T(]) + B, E;c)}

,,,,,

N
+1Ep;€nw7p;m[(ZAjgk s ZA €0 1)]

+]EP;(¢1)’<-~7P;¢N ZA &k - 7"(]) P(Buer)]

+Ee, [(Bw5k) P(ngk)]

Because p,gl), . ,péN),sk are independent random variables, and E[r)] = 0,5 = 1,..., N, E[e;] = 0, the
first order terms for r,(g ) and € drop out. We have

Ew oo, [V(E)] = V(&) = gk]T
Y

+E6k[(Bw5k)TP(Bw5k)] (453')

OS] o e o]

= Dy,
+ Tr(E., [e) ex|B] PB,,) (45b)
&l T [P I
=15 (2 2] | p] [A B]
N 1
+;a§ [4; 0 [ﬂ + 5 T (8] PB,) (45¢)



We would like to bound the first term in eq. (45¢c). To do that, we use the LMI (eq. (32])) and the condition
T
in eq. 1) Multiply the matrices in eq. 1} by Ek} and its transpose on both sides respectively, we have
k

T T 7 N (¢
&k I —p*P I 27y 1T _ &k
[pk i B plla g t2zoilh O PRy O )|
Tra  oa 1T reo U A
+>\1 gk; Cl D1 0 0 611 0 Cl D1 0 0 gk
pol o 7 00 [0 —1llo I o ofl|p]
[ "¢y 0 Dy, 0] [821 07[¢ 0 Dy 0] [&]
lpe] [0 0 1 0o [0 —IJ]|l0o 0 I 0] pk
T A Ao T . .
&1 [ 0 0 Ds]' [821 071[Cs 0 0 Ds][&
<0.
“3[,€ 000 1] |0 —1/lo 00 1|[pl=0° (46)
Notice that
(¢, Dy 0 0] [&] _ [q1.1 ] _ [k |
L0 T 0 0f|pk] [Pkl [Diqik]’
[Cy 0 Dy 0] [&] _ (g2, | _ [ o |
10 0 I 0] |px] [|P2k] [A2g2k]’
[C3 0 0 Ds][é&] _ (g5, ] _ [ s |
L0 0 0 I ]J[pr] [psk] [Asask]

non-negative. Therefore, eq. (| reduces to

[lilz]T ( [/Il ET [_pQP P] [/11 B] +§:%2' (A, 0] Pa 0]) Lﬂ <0.

j=1

Using the conditions in eq. (31), we know that the last three terms on the left hand side of eq. are
i6)

Substituting into eq. , we have

1
o0y o, [V (Eks1)] = 07V (&) < ZTr(B, PBL).

We can then apply the same telescoping sum as in the proofs of Theorem [T] and Theorem [2] to show that for
all £ >0,

1
0> p_Q(k_l)E[V(fk)] _ p2V(§0) _ (1 + p—2 4+t p—2(k—1)> . ETT(BIPBw)'
The rest of the proof follows the same steps as in the proof of Theorem |1} and Theorem O

E Simulation details

Table [2] summarizes the MOSEK solver parameters used in the simulations. For the minibatch noise model,
we randomly sample the u; vectors in eq. from the orthogonal group of dimension equal to the number
of bins, independently for j =1,..., V.

F Additional simulation results
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Table 2: MOSEK solver parameters. A detailed description of the parameters can be found in the MOSEK

documentation (ApS| .

Parameter name Value
MSK_DPAR_BASIS_TOL_X 1le-9
MSK_DPAR_BASIS_TOL_S 1le-9

MSK_DPAR_BASIS_REL_TOL_S 1le-20

MSK_IPAR_INTPNT_MAX_ITERATIONS 1000000
MSK_DPAR_SEMIDEFINITE_TOL_APPROX le-15

MSK_DPAR_PRESOLVE_TOL_X le-12
MSK_DPAR_INTPNT_CO_TOL_DFEAS le-11
MSK_DPAR_INTPNT_CO_TOL_PFEAS le-13

MSK_DPAR_INTPNT CO_TOL_REL_GAP le-13
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Figure 11: With large momentum, NAG is more robust than HB at larger learning rates at
small batch sizes. With large momentum and learning rates, the system becomes overdamped.
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Figure 12: With large momentum, NAG is more robust than HB at larger learning rates at
small batch sizes. With large momentum and learning rates, the system becomes overdamped.
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Figure 13: Convergence rate as a function of the amount of Jacobian uncertainty (batch size 20). For each
point on the heatmap, we plot the best convergence rate searched over learning rate.
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Figure 14: Optimal learning rate used to certify the convergence rates in Figure @
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(d) Nesterov, g =0.99

Figure 15: Optimal learning rate used to certify the convergence rates in Figure
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