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Abstract—The concept of matrix D-stability plays an
important role in applications, ranging from economic and
biological system models to decentralized control. Here we
provide necessary and sufficient Lyapunov-type conditions
for the robust (block) D-stability property. We leverage this
characterization as part of a novel Lyapunov analysis of
decentralized integral control for MIMO LTI systems, provid-
ing sufficient conditions guaranteeing stability under low-
gain and under arbitrary connection and disconnection of
individual control loops.

Index Terms— Stability of linear systems, matrix diagonal
stability, decentralized control

[. INTRODUCTION

A square matrix A is D-stable if DA is Hurwitz for every
positive diagonal matrix D. This property has been studied
for many decades, dating at least to the work of Enthoven
and Arrow in economics [1], and subsequently developed a
substantial literature [2]-[5]. More generally, one may con-
sider robust D-stability, which requires that D-stability persist
under arbitrarily small perturbations of A; see [6]-[9]. Both
notions admit natural block variants, in which A and the
admissible scalings D are required to respect a prescribed
block structure. In this paper, we work in this block setting.

A major motivation for studying D-stability and its variants
is their appearance in applications. These notions arise natu-
rally in economics [1], [10], in the analysis of biological sys-
tems [11], process control [12]-[14], the control of networked
systems [15], and in multi-parameter singular perturbation
theory [8], [16].

Despite a long history, useful characterizations of (robust,
block) D-stability remain difficult to obtain. In particular, ex-
isting characterizations are not well-suited for use in composite
Lyapunov-based stability analyses, wherein one seeks stability
conclusions that are uniform over admissible block scalings
D. Our particular motivating need arises from the analysis
of decentralized integral control design, in which individual
integral loop gains may vary independently, and some integral
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loops may be added or removed. Our goal in this paper is
to provide a new characterization of robust block D-stability
suitable for such applications.

Contributions: We provide a new Lyapunov-based charac-
terization of robust block D-stability. The result states that
robust block D-stability is equivalent to a uniform bound-
edness property for the solutions of an associated Lyapunov
equation. We then use this result to analyze decentralized
low-gain integral controllers for LTI systems. In particular,
we provide a novel Lyapunov analysis establishing that if
—GK is robustly block D-stable, where GG denotes the system
DC gain and K is a block diagonal integral gain design,
then the closed-loop system remains stable under arbitrary
connection and disconnection of integral loops, as well as
under arbitrary block-wise detuning of the individual integral
gains. We illustrate the result with a simple simulation.

Notation: For N € N, Zy = {1,..., N} denotes an index
set. With an abuse of notation, let o C Zy denote ordered
index sets of cardinality n, = |a/, with (i) the i element
of . When no ordering is explicitly prescribed, the standard
ordering on N is assumed. For a block partitioned matrix

A1,1 Al,N
A2 : (1

Ani |- | AN

where A; ; are of appropriate sizes, and two ordered index
sets a, B C Iy, we denote by

Aa(1),801) Aa(1),8(ns)

App =

)

Au(na).p(1) Aa(na)Blng)

the submatrix formed from the blocks prescribed in « and S.
Similarly, for a block row, block column, or block diagonal
matrix A, we denote by A, the submatrix formed from the
blocks prescribed in «. Finally, let A be a square block
partitioned matrix with square diagonal blocks, and let o C
Zn be an ordered index set. If A,  is non-singular, the Schur
complement of A relative to A, is denoted by

A/Aa,a é A&,o‘z - A&,aA;}aAa,éw (2)



Il. REVIEW OF BLOCK D-STABILITY CONCEPTS

We briefly recall the key concepts and results of (robust)
block D-stability; a thorough review of D-stability concepts
can be found in [17].

Consider the partitioned matrix (1), with A4; ; € R™*",
Additionally, consider the set of correspondingly partitioned
positive block diagonal matrices

Do = {blkdiag(dllnl,...,dNInN) dy, ... dy > 0} .

Definition 1: A block partitioned square matrix A is block
D-stable if DA is Hurwitz for every D € Dyx.

Block D-stability requires that all matrices generated by
positive scaling of every block row of A be Hurwitz. The fol-
lowing Lyapunov characterization is immediate from standard
results (e.g., [18, Proposition 11.9.5]).

Proposition 1: A block partitioned square matrix A is block
D-stable if and only if for any @ > 0 and any D € Dy, there
exists a unique Pp > 0 such that

A"DPp + PpDA = —Q. (3)

A matrix which is block D-stable must of course be Hurwitz
(take D = I), and in the case where there is only a single
partition (N = 1), the property is clearly equivalent to Hurwitz
stability. Block diagonal stability of A — the existence of a
block diagonal P > 0 such that ATP + PA < 0 — is a
common sufficient (but not necessary) condition for block D-
stability. By extension, this implies stable diagonally dominant
matrices and stable Metzler matrices are block D-stable [19,
Chapter 6]. Verifying D-stability is in general difficult; see [3]
for several additional sufficient conditions.

The D-stability property may unfortunately be lost under
arbitrarily small perturbations to the matrix elements. For
instance, consider the partitioned matrix

al| € 1
w2 [

where € € R. One may verify that Ay is D-stable, but that for
any arbitrarily small € > 0, A. is not D-stable [6]. This lack
of robustness is addressed by defining robust block D-stability
(also known as strong block D-stability [8]).

“4)

Definition 2: A block partitioned square matrix A is ro-
bustly block D-stable if there exists > 0 such that A + B
is block D-stable for every B satisfying ||B]| < p.

By definition, the set of robustly block D-stable matrices
is the interior of the set of block D-stable matrices. Unlike
block D-stability, robust block D-stability is inherited by
block principal submatrices and block Schur complements.

Proposition 2: Suppose the partitioned square matrix A is
robustly block D-stable, and let & C Z; be an ordered index
set. Then, A, o and A/A, . are robustly block D-stable.

Proof: See [4] and [20, Lemma 1], which can be
extended from D-stability to block D-stability. ]

Most sufficient conditions for block D-stability are strong
enough to imply robust block D-stability, including block
diagonal stability (see [9] for robust extensions of [3]). A
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Lyapunov characterization in the robust case can be obtained
by extending Proposition 1 in the obvious fashion.

Proposition 3: A block partitioned square matrix A is ro-
bustly block D-stable if and only if there exists p > 0 such
that for any @@ > 0, any D € Dy, and any B € R"*" such
that || B|| < p, there exists a unique Pp g > 0 such that

(A+B)'DPp g + PppD(A+ B) = —Q. (5)
Proposition 3 is unfortunately too cumbersome to apply,
as it involves quantification over the perturbation matrix B,
which ranges over the set {B | |B|| < u}. Moreover, the
result provides little new insight into the robust D-stability
property, and what separates it from mere D-stability. We next
develop a much simpler Lyapunov characterization of robust
block D-stability which eliminates the quantification over the
perturbation matrix.

I11. MAIN RESULT: A LYAPUNOV CHARACTERIZATION OF
ROBUST BLOCK D-STABILITY

Theorem 1: A block partitioned square matrix A is robustly
block D-stable if and only if for any ) > 0, there exists
M > 0 such that for any D € Dy

(1) there exists a unique Pp > 0 satisfying (3);

(i) [|[PpD| < M.

Comparing Theorem 1 with Proposition 1, robust block
D-stability is equivalent to block D-stability with a wuni-
form bound on the Lyapunov quantity ||PpD]|, ie., with
SUPpep,, [PpD| < oo. The uniform bound ||PpD| < M
provides significant utility within Lyapunov or small-gain type
arguments, as will be demonstrated in the proof of Theorem 2.
Theorem 1 also provides a new method for certifying robust
block D-stability, namely by computing the Lyapunov solution
Pp to (3) in terms of D, and then verifying the uniform bound-
edness of PpD over D € Dyyk. This provides a substantial
improvement over Proposition 3, as Pp is parameterized by
N variables (dy, ..., dy), while Pp p must be parameterized
by N + n? variables coupled with the constraint || B|| < p.

The uniform bound |PpD| < M fails for merely D-
stable matrices: consider the matrix A, defined in (4), which is
robustly D-stable for ¢ < 0 and D-stable for ¢ < 0. Selecting
Q = I, given arbitrary D = diag(dy,d2) > 0, the unique
solution to (3) is

1 d1(1*§f)+5d2 (6 + 2)

fdy,ds,€) (e+2) %jz(l—%) )

where we have defined f(dy,dg,c) £ die(de—2)+da(4—8¢).
Setting ¢ = 0 and d; = 1, one can calculate |PpD||; =
(3dy +5)/4, which is unbounded as d; — oo. Thus, an upper
bound on ||PpD|| which is uniform for all D € Dy, cannot
be established for Ag. We contrast the case where ¢ = —1,
where one can calculate || Pp D||; = (4d1+5d2)/(6d;+12ds),
a quantity which is obviously bounded over all dy,ds > 0. We
now continue with the proof.

Pp =

Proof: Without loss of generality, we prove the result
for |- || = || - ||2, the induced matrix 2-norm. We first show
the conditions given in Theorem 1 imply robust D-stability of
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A. Let g € (0, \min(Q)/2M), and consider any perturbation
B € R™ ™ such that ||Blls < p. For D € Dy, Pp > 0
satisfying (3), we calculate that
(A+B)"DPp 4+ PobD(A+ B) = —Q, (6)
where we have defined
QL2Q-
Standard eigenvalue bounds [18, Lemma 8.4.1] imply that
BTDPp + PpDB = Aax(B'DPp + PpDB)I
= 2||PpD||2||Bll21
< 2Mpl < Apin(Q)1,

(B"DPp + PpDB).

and thus Q > 0. Thus, since Q,PD > 0 in (6), Lyapunov’s
theorem implies that D(A + B) is Hurwitz. As this argument
holds for any D € Dy, B such that || B||2 < p, A is robustly
block D-stable.

We now show robust block D-stability of A implies the
conditions given in Theorem 1. As A is assumed robustly
block D-stable, it must be block D-stable trivially. By Propo-
sition 1, for any @) > 0, given any D € Dy, there exists
Pp > 0 such that (3) is satisfied. We must show there exists
M > 0 such that ||PpD||2 < M uniformly in D € Dyy. The
proof proceeds by contradiction. Suppose that A is robustly
D-stable, yet there exists a sequence {Dk}z":1 C Dy and
corresponding sequence {Ppx}7, determined by (3) such
that {||PpxDF||2}22, C R is unbounded. We express the
sequence {D¥}%°  in a helpful form using the following
lemma, which is proved in Appendix L

Lemma 1: Consider any sequence {D’“}zo=1 C Dpik. Then
DF can be expressed in the form
D¥ = STDFTFY, (7
where

() X is a (block) permutation matrix;
(ii)) NN < N is a positive integer;

(iii) D* = blkdiag(D¥,...,D%) € C, where C C Dy is a
compact subset;
(iv) TF = blkdiag(r{1,...,7I) € Dy satisfying

limg o0 Tik/T]k =0 if and only if 7 > j.

The idea is that (7) organizes the N relative rates of growth
or decay of the blocks of D¥. As {D*}2° | lies in the compact
set C, it admits a convergent subsequence in C [21, Theorem
3.6]; we relabel the sequence without loss of generality, and
denote by D* & limg_ o0 DF € Dpix the limiting value of
the new sequence {D*}° . Returning now to (3), define
Xk & PpiDE/||Ppr DF||o. By construction, || X*||; =1 and
by symmetry of Pp and DF, it holds that

DEXF — x* Dk (8)

Since || X*||2 = 1, the sequence {X*}2° | lies in a compact
set, and thus also admits a convergent subsequence; relabelling
the sequence again without loss of generality, we denote by
X* £ limy_o X* the limiting value. Dividing through (3)
by || Ppr D¥||z, it follows that

.
HATX’“ + X’“AHZ = &4, )

where ¢, = |Ql|l2/||PpxD¥|l2 > 0 converges to zero.
Consider now the coordinate transformation
Yk & Dy xksT = X*F=xT(D* vty
It follows from (8) that {Y*}2° , satisfies TFY* = YRk,
Let Y* = D*SX*YT denote the limit of the sequence
{Yk}k:r Block by block, the equality 7FY* = Y* ' T* states
that .
Y=Y, i) ey, (10)
For i = j, we immediately see that Y}, = Ylkt , implying
Yy = YifiT. For j > 4, limp oo 7 /T = 0, implying Y;*; =
0. Thus, Y* is block lower triangular with symmetric matrlces
as its diagonal blocks. In the new variable YF (9) reads as

(11

The sequence inside the norm in (11) converges, and thus

HATZTykT(Ek)—lZ + ET(Dk)_lykZAHQ = €.

ATSTY* T (D)) 'S+ 2T(D*) " 'Y*SA =0
which, rearranging, implies
AT(Y*)T

+(YNA=0 (12)

where A £ SAXTD*. Since A is robustly block D-stable, so
is A [3, Observation 2]. We now decompose A, Y* such that

1 Al,l Al,a * Yl*l 0
A= I:Aoz,l Aa,a] ’ Y= |:Y<;,1 YJ,(X ’ (13)

where v £ I \ {1}. From the previous conclusion, Y7, is
symmetric, and Y , is lower block triangular with symmetric
block diagonals. Substituting (13) into (12), we obtain the
three equations

AT Y7 4+ YA =0, (14a)
AT Y7 + Y2 Ay + Y W Aan =0, (14b)
(Y1 A1a + Y3 0 Ana) + (%) =0. (14c)

The first equation (14a) is a Sylvester equation, which will
have a unique solution if and only if eig(A;,1)Neig(—A;,1) =

(). Since A is robustly block D-stable, A1 1 is Hurwitz by
Proposition 2, trivially implying eig(A; 1) Neig(—A;1) = 0.
Thus, (14a) has a unique solution, which by linearity is Y;*; =
0. Substituting Y77 = 0 into (14b) and rearranging, we find

Vi ==Y} A1 AL (15)
which upon substitution into (14c) yields
0= (A/A11) (Vo) +Yia(A/AL). (16)

By Proposition 2, A/A;  is robustly block D-stable. Thus,
(16) is of the same form as (12). By the line of argument
below (14), we recursively find that Y3, = ... =Y o =0,
and back substitution into (15) 1mp11es that Y* = O This
directly implies X* = 0, which contradicts that ||X *le = 1.
It follows that sup,cy || PprD*|l2 < oo for every sequence
{D¥}2° | C Dy, and thus suppep,, [[PpD|l2 < oo, which
completes the proof. [ ]



IV. APPLICATION TO DECENTRALIZED INTEGRAL
CONTROL OF LTI SYSTEMS

Output regulation is the problem of asymptotic tracking of
reference signals and rejection of disturbances, and is often a
central component of a feedback design. As is well known,
for constant reference signals and disturbances, the key idea
is to integrate the tracking error e € RP, and subsequently
design an additional stabilizing compensator to guarantee
closed-loop stability [22]. In some practical applications (e.g.,
automatic generation control of power systems), the system to
be controlled is already stable, and a simplified integral control
design of the form

n = —¢e, u=Kn

can be appended as a secondary control loop to improve
tracking performance. The matrix K is to be designed offline,
and ¢ > 0 is the integral gain to be tuned online, which
must be kept low to maintain closed-loop stability. Such
designs are therefore known as low-gain integral controllers
(see [23]-[27]). Extending this to a decentralized control
setting where N interacting subsystems must be independently
controlled, each sub-controller will be a separate low-gain
integral controller; see (18) below (see [12], [28], [29]).

A related application motivating this study is feedback-
based optimization, wherein integral control-based optimiza-
tion algorithms are implemented online to drive a dynamic
system towards an optimal point of operation (see, e.g., [30]).
Decentralized low-gain integral control techniques are similar
to those used during the analysis of decentralized and game-
theoretic feedback-based optimization architectures (see [31]-
[33]), and this will be a topic of future development.

A. Problem Setup

Consider the MIMO LTI system with inputs and outputs
partitioned into N € N collections,
N
T = Az + ijl B;"uj + B"w, z(0) = zo, -

N
e; =Cix + ijl Djju; + Di’w, 1 € 1IN,

with state x € R"™, local control inputs u; € R", and local
error signals e; € RP:. The system is subject to a constant
disturbance w € R™. We assume (17) is exponentially
stable, which holds if and only if A is Hurwitz. Under this
assumption, let

Gy, & -CA'BY + D5, i,j €1y,
GY & —-CiA™'BY + DY, i€y,

denote the DC gain matrices of (17) from u; to e; and
w to e;, respectively. We denote G“,G" the appropriate
concatenations of the DC gain matrices from v to e and w
to e. We consider a set of local low-gain integral controllers

1 = —€i€4, u; = Kin;, 1€ 1IN, (18)

where ¢; > 0 are tuning parameters, which process the errors
e; to produce the control signals u;. We introduce the compact
notation n = col(ny,...,nn), € = col(ey,...,en), K =
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blkdiag(K1,...,Kn), € = blkdiag(e11,,,...,enIpy ). Be-
fore continuing, we remind the reader of the notation presented
below (1). An ordered index set ¢ C Zy will be used to
identify which integral control loops are closed. Specifically,
if i € o, then the i*" integral control loop has been closed.
We appropriately denote & = Zy \ o the set of control loops
that have not been closed. This leads us to consider the set of
closed loop systems X7 (e, ), defined by

& = Az + Biu, + Bius; + B*w, Uy = Koo,
770 = —5060-, Uz € Rmav
eo = Cow + Dg ,uq + Dy sus + Dgw w € R™,
(19)

where the closed and open loop control inputs have been
collected into u,, and uz, the relevant error signals have been
collected in e,,, and ms = Do <5 Mi- The control inputs us not
closed under the configuration ¢ are kept as arbitrary constant

inputs. We study the following analysis problem.

Problem 1: Given a set of gains {K;}}¥ ,, find conditions
under which there exists an upper gain value €* > 0 such
that for each closed loop configuration o C Zp, each unused
input uz € R™7, and each disturbance w € R™~, the closed-
loop system X7 defined in (19) possesses a unique equilibrium
point which is exponentially stable for all ¢, € (0,e*)ll.

If Problem 1 is feasible, the resulting controllers enjoy sev-
eral strong properties, namely (i) they are local (ii) they may be
implemented (or disconnected) asynchronously, and (iii) they
may be tuned independently for desired local performance (as
long as &; € (0,e*)). These are all desirable properties for
control of large-scale networked systems.

Problems similar in spirit to Problem 1 have been for-
malized in the literature (for example [8], [12]). Solutions
to these problems however have leveraged triangularization
and frequency domain techniques, respectively. In contrast,
Theorem 1 will enable us to perform, to the best of our
knowledge, the first Lyapunov-based stability analysis of low-
gain decentralized integral control. This analysis is in the
spirit of the analysis found in the centralized case based on
established Lyapunov singular perturbation methods (see, e.g.,
[34, Chapter 7.2]).

B. Main Stability Result

Theorem 2: Assume that the open-loop system (17) is ex-
ponentially stable. Then Problem 1 is solvable if —G“K is
robustly block D-stable.

In the case where we have a single partition (N = 1),
Theorem 2 reduces to —G*K Hurwitz, as implicitly given
for the case of centralized low-gain integral control in [23].
Theorem 2 places conditions only on the gain matrices K =
blkdiag(K7i, ..., Kn) and the system DC gain G*, and thus
relies on very minimal system model information. Under this
condition, each controller may be tuned independently online,
and connected or disconnected as desired.

Proof: Consider any closed loop configuration o C Zy.
One may easily verify that

i —AilB;‘Kaﬁg - AilBgua — A1 B%w,

20
T = (-G K, G g+ (—C K G )
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is the (necessarily unique) equilibrium point of X7, described
in (19). We note that A is Hurwitz by assumption. Robust
block D-stability of —G"K implies robust block D-stability
of —Gg,(,Kg, where we have leveraged Proposition 2; this
implies —Gg , K, must necessarily be Hurwitz. As A and
—G;UK - are Hurwitz, their inverses in (20) are well defined.
To show stability, consider the change of state variable

E2 0 —TYK,n, — Tlus — TYw, 21)
where we have defined
o“4£ —A-tpy, 1II*2_-A"1Bv. (22)

Routine calculations show that in the new coordinates, the
dynamics of ¥7 become

HE MR

where we have defined
L [A +II*K,E,C, H};KU&,GQL,JKU}
—&,Cy —&Gy Ko
[H“;KU&,G;‘J HZ;KU&,GZ;J}
—&Gy 5 -£,GY |
Fix Qf,Qs >~ 0. Let Py > 0 be the unique solution to

ATP; + Py A= —Qy.

(23)

(24)

(1>

BO’

(25)

By Theorem 1, there exists M, > 0 such that for any &, €

Dyik, there exists Py > 0 such that ||Ps&, |2 < M, and
(_GZ7UKO')T50'PS + Psgo(_G;aKo) = —Qs. (26)

Consider the composite Lyapunov candidate

3 _|Pr 0
_770 - T_]g] ’ P h |:O Emaxljs:| ’ (27)

A . N
where £pax = ||€5||2. Routine calculations show

Vo (67 770') = (*)TP

ATP4PA=— |91 P Em:gj 2 _o (28
where

X7 & (I“K,&,C,) Py + Pr(T4K,E,C,),

Y& (MEK,E,GY Ky ) Pr + emaxPs€s (—Cy). @9

Note that X7, Y7 satisfy the bounds

||XUH2 < ctlrgmax; ||Ya||2 < ngmax

for constants c{,c§ > 0 which are independent of &,; in
obtaining the bound for Y, we have invoked the bound
|Ps€xlla < MP. Since emax@s = 0, it follows that Q > 0 if
and only if [18, Proposition 8.2.4]

Qf - X7 - }/UT(EmaxCZs)_1}/(7 > 07 (30)

which holds if Apin(Qf) — ¢emax > 0, where ¢§ = (¢ +
(€5)%/Amin(Q5)). More simply, (30) holds if £ax € (0,%9)
where %7 £ Amin (@f)/c§. We define ¢* 2 mingcz, €57
to be our overall upper tuning gain across the set of systems
(19). Thus, for any o € Zy, if €, € (0, 5*)"", the equilibrium
point (z7,77) of will be exponentially stable. [ |

C. Numerical Example

Consider an exponentially stable two partition LTI system
of the form (17), with € R3, u;, e; € R?, ug,es € RY,

-10 0 | 10
A=| -100 —10] 100 |,
100 10 | —110

BY=(C =1 ¢cR33, and D* = 0 € R3*3, We additionally
interpret w € R? as a constant reference we wish to track,
leading to the selections D¥ = —I € R3*3 and BY =
0 € R3*3, We implement a decentralized low-gain integral
controller of the form (18). Selecting K = I € R3*3, we
calculate

~0.1 —0.1|-0.1
~G'K=| 1 —01]| 0
0 —01]-01

One can show —G“K is robustly D-stable (and thus triv-
ially robustly block D-stable) [9, Condition 12]. Alternatively,
one may leverage Theorem 1 to achieve the same result (which
has been omitted for space). Notably, one finds —G“ K is not
block diagonally stable using standard convex optimization
techniques (e.g., [35]). Applying Theorem 2, the closed loop
system is exponentially stable for all sufficiently small tunings
of (e1,e2). We simulate the system with three different sets
of tuning parameters determined experimentally, with initial
conditions ng) = n(0) = 0 € R3, and reference w =
[10 15 5] . The first and second control loops are closed
at t1 = 0 and tq2 = 75 respectively. Simulation results
are shown in Figure 1, which illustrate how the robust block
D-stability condition allows for arbitrary loop closures and
disconnections.

V. CONCLUSION

We developed a Lyapunov characterization for the robust
block D-stability property, and demonstrated how it can be
leveraged in a Lyapunov-based proof to establish stability
conditions for systems under decentralized low-gain integral
control. Future work focus on extending the robust D-stability
concept to nonlinear systems, with intended applications
in nonlinear decentralized integral control and decentralized
feedback-based optimization.

APPENDIX |
SUPPORTING PROOFS

Proof of Lemma 1:
Recursively define the index sets Ag = ),

dF
Ay 2 {z GIN\Uf;éAT limsupd—; < 00

k—o0
for all j € I \ U'Z) AT}

for ¢ > 1. We define N < N as the smallest integer ¢ for
which U’_, A, = Zx. By construction, A; NA; = 0 for all
1,j € Iy. For each i € Ty, we now define the sequence
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% e=[1,5" w0 e=[51]T
20 20
10 - o ———— T
0 o
0 50 0 50 100 150 200

Fig. 1. State reference tracking; vertical line indicates closure of the second control loop.

elements 7/ = d¥., where i* € A, is a fixed arbitrary selection,
and the sequence elements

k
J
Tk I
i .
JEA;

DF £ blkdiag € Dpik.

Note that, by construction, limy_, ., 75/ TJ’? = 0 if and only if
1 > j. Additionally, for each ¢ € Z5, we define the constant
dk
J
sup —¢ < 00
ken dF

1,JEN,

o= €2y

and associated compact set Cy £ {D € Dy | %—1[ <D=
¢¢I} C Dyik. By construction, {Dk}zc’zl CC2(C x...xCx.
Existence of a unique block permutation matrix relating D*
and the product D*T* is clear, which establishes the claim.

[ |
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