ECE 1659H Assignment 3 Solutions

Winter 2023

Instructor: J. W. Simpson-Porco

Department of Electrical and Computer Engineering
University of Toronto

Problem 1 (Hy vs. Hy)

The Hoo norm is typically interpreted as the “worst case” gain of the system, while the Hs norm
is interpreted as an “average” gain. Our goal in this problem is just to get a feel for this idea.

(i) Consider the stable strictly proper transfer function G(s) = m where £ € (0,1). Either
analytically or numerically, determine how the Hs and H., norms of this system change as a
function of €.

(ii) Consider the stable strictly proper transfer function G(s) = 1/(s+a) where a > 0. Analytically
compute the Hs and Hoo norms.

Solution: (i): The plot is shown below.
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We know that

G134, = sUp Tmax (G (jw)) = sup |G(jw)|-
w€eR weR

This is simply the maximum value on the Bode magnitude plot over frequency. We see that as the
damping ratio & decreases, the peak on the magnitude plot increases. Therefore, the H o, norm of
this operator is a decreasing function of £ € (0, 1), and satisfies

lim ||G =1.
51_{1%” (7.

As a function of £ € (0,1), the Ho-norm is plotted below.

Qualitatively then the situation is similar; the Ho norm is a decreasing function of &.

(ii): The magnitude of the frequency response is computed to be
N 1

G(w)| = Nar)

Since this is a decreasing function of w > 0, we immediately conclude that ||G||3.. = |G(0)| = 1/a.
For the Hs norm, one could directly evaluate the integral

1 oo 1 1
— [ qw=—
27 J—oo W2 + a? 2a

IGII3, =
to obtain the value 1/v/2a. As an alternative, consider the state-space realization
T = —axr +u, y=x
We can apply Proposition 6.4 and solve
—2aY +1=0 = Y =1/(2a)
yielding ||G|3, = \/trace(BTY B) = /Y = 1/4/2a, so we obtain the same result. Note that the

Hoo norm decreases as 1/a, while the Hs norm decreases as 1//a.
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Problem 2 (Two-by-two transfer matrix)

Consider the stable transfer matrix

1 5+3
Os) = s+1 (s+1)(s+2)
10 )
5+ 2 5+3

Plot the singular values of GG as a function of frequency. Determine ||CA¥||9.L007 the frequency at which
the maximum gain is achieved, and the worst-case input direction associated with the maximum
gain.

Solution: The singular value plot is shown below
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We can see that the maximum gain is achieved at w = 0, with a magnitude of approximately 15
dB. More precisely, we have that

o=, 4

with singular value decomposition

—0.9626  0.2710 0 1.0670| |—-0.3678 —0.9299

8(0) = USVT = [—0.2710 —0.9626] 54671 0 ] [—0.9299 0.3678 ]T

We therefore can see that
|Gl = 5.46

with associated worst-case input direction (u1,us) = (9.299,0.3678).
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Problem 3 (Discrete-Time /;-Performance)

Preface to the question: Consider the vector space of right-sided discrete-time signals ™[0, 00) =
{f:Z—C™| f(k) =0 for all £ <0} and the subspace

03[0, 00) = {f € Sig™[0,00) | || flle, < +o0}

of square-summable signals where

17l 2 (S 17 IB)"

k=—00

This is of course analogous to the space £5'[0,00) for continuous-time signals. Just like for
continuous-time signals, we can consider the truncation fr of f € £™[0,c0), defined by

fk) ifkef..,0,...,T—1}

0 else

fr(k) = {

where we set the signal equal to zero at and after time T' € Z>o. This allows us to define the
extended ¢y space £2.[0,00) as

l9¢[0,00) = {f € £™]0,00) | fr € £5]0,00) for all T € Z>o}.
Now consider the (causal) finite-dimensional discrete-time LTI system

z(k+1) = Az(k) + Bw(k), z(0) =0,
z(k) = Cx(k) + Dw(k).
The system is said to be ¢-stable with finite fo-gain less than v > 0 if ||zr||s, < v||wr|le, for all

T € Z>o and all w € £2.[0,00). The least upper bound on v for which this inequality holds is called
the f2-gain of the system.

The actual question: Show that if there exists P > 0 satisfying the strict LMI

r o]'[-p o][r o] [c D]'[-1 o][c D

A B 0 P||A B 0 I 0 ~2I||0 I
then the system is fo-stable with finite f2-gain less than 7. Use this to numerically evaluate the
f5-gain of the system defined by

=<0,

1/3 1/2 0 0
1/4 1/4 1/4 1/4
0 1/3 1/3 1/3|°
0 1/3 1/3 1/3

A= B=||, 02[1 0 0 0}, D=1/3.

o O o

Solution: Let w € ¢3}[0, 00) with corresponding sequences x and z defined through the dynamics.
Left and right multiplying the LMI by (z(k),w(k)) we obtain

(k) "T-p o (k) Cx(k) + Dwk)] [=1 0 ] [Cx(k) + Dw(k)
Az (k) + Bu(k) 0 P| |Ax(k) + Bu(k)| w(k) w(k)
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Using the dynamics, we obtain
z(k+ 1) "Px(k + 1) — z(k) " Px(k) + 2(k)T2(k) — ~v*w(k)Tw(k) <0, k € Z>o.
Letting T' € Z>; and summing these equations from k = 0 to k =71 — 1 we obtain

T-1

> Lk +1)TPa(k +1) — a (k)" Pa(k)] + Z l2(k)II3 < 72 Z lw(k)13

k=0

The first sum telescopes, yielding

z(T)"P(T) — 2(0)" Px(0) + Z l2(R)II3 <~ Z [w(k

Since P > 0, the first term is nonnegative, and since z(0) = 0, the second term is zero. We therefore
find that

Z l2(k))15 <~ Z w(k)|3, T € Z>.

Note however that
Z I2(k)|l5 = Z 20 (k)3 = ll2rll7,

and we therefore find that
27 e, < yllwrlle,

which shows the desired result. For the example, the following code returns an f-gain of v = 6.333.

1 %% Define System

2 A= [1/3,1/2,0,0;

3 1/4,1/4,1/4,1/4;

4 0,1/3,1/3,1/3;

5 0,1/3,1/3,1/31;

6 B = [1;0;0;0];

7 C=11,0,0,01;

8 D= 1/3;

9

10 n = size(A,1l); m = size(B,2);

11 = size(C,1);

12

13 %% Solve LMI Problem

14 P = sdpvar(n,n); rho = sdpvar(l,1);

15 small = le-8;

16 KYP = [eye(n),zeros(n,m);A,B]'xblkdiag(-P,P)x[eye(n),zeros(n,m);A,B] — ...
[C,D;zeros (m,n),eye(m)]'«blkdiag(-eye (p), rhoxeye(m))*[C,D;zeros (m,n),eye(m)];

17 Constraints = [P > smallxeye(n), KYP < -smallxeye (n+m)];

18 Cost = rho;

19 options = sdpsettings('solver', 'sdpt3', 'verbose',1);

20 sol = optimize (Constraints,Cost,options);

21 gamma = sqgrt (value (Cost))
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Problem 4 (#:-Controller Design)

Using the MATLAB command rss, generate a random continuous-time LTI system with 20 states,
5 control inputs, 5 disturbance inputs, and 6 measured outputs. As your performance output, use
the LQR cost

P
- |VEu
for some k > 0 that you are free to tune. For the following problems, please submit your code,
SDP solver output, and associated time-domain plots.

(i) Write your own program to solve the state-feedback Ho controller synthesis problem. Sim-
ulate and plot the response of your closed-loop system when an impulse is applied to the
first disturbance channel. On top, plot the response obtained if you instead synthesize the
controller using the command h2syn. If the response is the same, great; if not, comment on
why you believe the responses are different.

(ii) Write your own program to solve the output-feedback #Hsy controller synthesis problem. Sim-
ulate and plot the response of your closed-loop system when an impulse is applied to the
first disturbance channel. On top, plot the response obtained if you instead synthesize the
controller using the command h2syn. If the response is the same, great; if not, comment on
why you believe the responses are different.

Solution: (i):

1 clc

2 clear all

3 close all

4

5 %% Define Plant

6

7 n 20;

8 m = 5;

9 n_w = 5;

10 p = 6;

11 n_z = n+m;

12

13 sys = rss(n,n_z+p,n_w+m);

14

15 A = sys.A;

16 B = sys.B; Bw = B(:,1l:n_w); Bu = B(:,n_wt+l:n_w+m);
17 C = sys.C; Cz = C(l:n_z,:); Cy = C(n_z+l:n_z+p,:);
18 D = sys.D; Dzw = D(l:n_z,1l:n_w); Dzu = D(l:n_z,n_w+l:n_w+m);

=
©

Dyw = D(n_z+1l:n_z+p,1l:n_w); Dyu = D(n_z+l:n_z+p,n_wtl:n_w+m);

NN
= o

$Now I will redefine the performance outputs
kappa = 10;

Qoh = eye(n);

Roh = sqgrt (kappa) xeye (m) ;

NN N
=W N

25 Cz = [Qohj;zeros(m,n)];
26 Dzu = [zeros(n,m);Roh];
27 Dzw = 0%Dzw;
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28
29 %Now we just rebuild the model

30 B = [Bw,Bul;

31 C = [Cz;Cy];

32 D = [Dzw,Dzu;Dyw,Dyul;

33 sys = ss(A,B,C,D);

34

35 %% Compute H2 State Feedback Controller via LMIs

36

37 X = sdpvar(n,n); Z = sdpvar(m,n,'full'); W = sdpvar(n_z,n_z);
38 small = le-6;

39 Constraints = [X > smallxeye(n),

40 [A,Bul «[X;2] + ([A,Bulx[X;Z])" + BwxBw' < —-smallxeye(n),
41 [X, (CzxX+Dzux*Z) '; (CzxX+Dzux*Z),W] > smallxeye(nt+tn_z)];
42 Cost = trace (W);

43 options = sdpsettings('solver', 'sdpt3', 'verbose',1l);

44 sol = optimize (Constraints,Cost,options);

45 F_LMI = value(Z)+*inv(value (X)) ;

46 gamma_LMI = sqgrt (value(Cost));

47

48 %% Compute H2 State Feedback Controller via MATLAB

49

50 [—,—,gamma,info] = h2syn(sys,p,m);

51 F_MATLAB = info.Ku;

52

53 %% Simulate H2 State Feedback Controller
54

55 T_sim = 20;

56

57 A_cl = A+Bu*F_LMI;

58 B_cl = Bw;

59 C_cl = Cz+DzuxF_LMI;

60 D_cl = zeros(n_z,n_w);
61 sys_cl_IMI = ss(A_cl,B_cl,C_cl,D_cl);
62 [response_LMI,T_LMI,—] = impulse(sys_cl_LMI,T_sim); response_LMI =

response_LMI(:,:,1);
63
64 A_cl = A+BuxF_MATLAB;
65 B_cl = Bw;
66 C_cl = Cz+Dzu*F_MATLAB;

67 D_cl = zeros(n_z,n_w);
68 sys_cl_MATLAB = ss(A_cl,B_cl,C_cl,D_cl);
69 [response_MATLAB, T_MATLAB,—] = impulse(sys_cl_MATLAB,T_sim); response_MATLAB =

response_MATLAB(:,:,1);
70
71 figure('Position', [300, 200, 900, 500]);
72 subplot (2,2,1)
73 plot (T_LMI, response_LMI(:,1),'b'"',"'linewidth',2)
74 hold on
75 plot (T_MATLAB, response_MATLAB(:,1),'r——"',"linewidth',2)
76 hold off
77 set(gca, 'FontSize', 16, 'XMinorTick','on');
78 grid on;
79 ylabel('$z_1$','interpreter','latex', 'FontSize',20);
80 legend({'LMI', 'h2syn'}, 'interpreter', 'latex');
81
82 subplot(2,2,2)
83 plot (T_LMI,response_LMI(:,2),'b', " 'linewidth',2)
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84

hold on

85 plot (T_MATLAB, response_MATLAB(:,2), 'r——","'"linewidth', 2)
86 hold off

87 set (gca, 'FontSize', 16, 'XMinorTick', 'on');

88 grid on;

89 ylabel ('$z_2$','interpreter', 'latex', 'FontSize',20);

90 legend({'LMI', '"h2syn'}, "interpreter', 'latex');

91

92 subplot (2,2,3)

93 plot (T_LMI, response_LMI(:,3),'b', "linewidth',2)

94 hold on

95 plot (T_MATLAB, response_MATLAB(:,3),'r——"',"linewidth',2)
96 hold off

97 set (gca, 'FontSize', 16, 'XMinorTick', 'on'");

98 grid on;

99 ylabel ('$z_3$','interpreter', 'latex', 'FontSize',20);

100 legend({'LMI', '"h2syn'}, "interpreter', "latex');

101

102 subplot (2,2,4)

103 plot (T_LMI,response_LMI(:,4),'b', "'linewidth',2)

104 hold on

105 plot (T_MATLAB, response_MATLAB(:,4),'r—-',"'linewidth',2)
106 hold off

107 set (gca, 'FontSize', 16, 'XMinorTick', 'on'");

108 grid on;

109 ylabel ('$z_4$', 'interpreter', 'latex', 'FontSize',20);

110 legend({'LMI', 'h2syn'}, "interpreter', '"latex');

111

112 set (gcf, 'color', 'none');

113 export_fig a3_h2sfcompare.pdf

The comparison between the LMI and MATLAB-generated SF

agree perfectly.
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54

%% Compute H2 State Output Feedback Controller via LMIs

o

3 Synthesis Settings

alpha_relax_H2 = 2;
gamma_relax_H2 .05;

I
=

alpha_relax_HInf = 5;
gamma_relax_HInf = 1.5;

% H2 Synthesis

% Synthesis Step 1 —-— Compute Optimal Gamma

X = sdpvar(n,n); Y = sdpvar(n,n); W = sdpvar(n_z,n_z);
K = sdpvar(n,n, "full');

L = sdpvar(n,p, "full');

M = sdpvar (m,n, 'full'");

N = sdpvar (m,p, "full');

’

gam = sdpvar(l,1);

Pv = [Y,eye(n);eye(n),X];
Av = [AxY,A; zeros(n,n), X*xA] +
[zeros (n,n),Buj;eye(n),zeros(n,m)]*[K,L;M,N]+xblkdiag(eye(n),Cy);
Bv = [Bw; X%Bw] + [zeros(n,n),Buj;eye(n),zeros(n,m)]*[K,L;M,N]x[zeros(n,n_w);Dyw];
Cv = [CzxY,Cz] + [zeros(n_z,n),Dzul]l~*[K,L;M,N]*blkdiag(eye(n),Cy);

KYP = [eye(2%n),zeros(2*n,n_w); Av, Bv; zeros(n_w,2+n),eye(n_w)];
H21mi = KYP'xblkdiag([zeros (2*n),eye(2xn);eye(2+xn),zeros (2+n)],-gamxeye (n_w) ) xKYP;

small = le-6;

Prob_Constraints = [Pv > smallxeye (2xn),
[Pv,Cv';Cv,W] > smallxeye(2%n+n_z),
Dzw + DzuxN«Dyw == 0,
trace (W) < gam,
H21mi < —-smallxeye (2xn+n_w)];

Constraints = [Prob_Constraints];

Cost = gam;

options = sdpsettings('solver', 'sdpt3', 'verbose',1);

sol = optimize (Constraints,Cost,options);

gamma_star = value (gam);

% Synthesis Step 2 —-- Minimize Size of Decision Variables

gamma_star = gamma_relax_H2xgamma_star; %Back away a bit from optimal gamma

= sdpvar(n,n); Y = sdpvar(n,n); W = sdpvar(n_z,n_z);
= sdpvar(n,n, 'full'");

= sdpvar(n,p, 'full'")
= sdpvar (m,n, "full');
= sdpvar (m,p, 'full')
alpha = sdpvar(l,1);

’

Z R BHR X

’
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55
56

57
58
59
60
61

62
63
64
65
66
67
68
69
70
71
72

73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93

94
95
96
97
98

99
100
101
102
103
104
105
106

Pv = [Y,eye(n);eye(n),X];
Av [AxY,A; zeros(n,n), XxA] +
[zeros (n,n),Bu;eye(n),zeros(n,m)]*[K,L;M,N]xblkdiag(eye(n),Cy);
Bv = [Bw; X%Bw] + [zeros(n,n),Buj;eye(n),zeros(n,m)]*[K,L;M,N]*x[zeros(n,n_w);Dyw];
Cv = [Cz*Y,Cz] + [zeros(n_z,n),Dzul~*[K,L;M,N]*blkdiag(eye(n),Cy);

KYP = [eye(2%n),zeros(2xn,n_w); Av, Bv; zeros(n_w,2+*n),eye(n_w)]l;
H21mi =
KYP'xblkdiag([zeros (2xn),eye (2%n);eye (2*n),zeros (2xn)],—gamma_starxeye (n_w) ) *KYP;

small = le-6;

Prob_Constraints = [Pv > smallxeye(2xn),
[Pv,Cv';Cv,W] > smallxeye(2xn+n_z),
Dzw + DzuxNxDyw == 0,
trace (W) < gamma_star,
H21mi < —-smallxeye (2xn+n_w)];

A\

Reg_Constraints = [X alphaxeye (n),
Y alphaxeye(n),
[alphaxeye (n+m), [K,L;M,N]; [K,L;M,N]"',alphaxeye (n+p)] >
smallxeye (n+m+n+p) ] ;

IN

Constraints = [Prob_Constraints, Reg_Constraints];
Cost = alpha;

options = sdpsettings('solver', 'sdpt3', 'verbose',1);
sol = optimize (Constraints,Cost,options);

alpha_star = value (alpha);

% Synthesis Step 3 —— Improve X,Y Conditioning

alpha_star = alpha_relax_H2xalpha_star;

X = sdpvar(n,n); Y = sdpvar(n,n); W = sdpvar(n_z,n_z);
K = sdpvar(n,n, "full');

L = sdpvar(n,p, "full');

M = sdpvar (m,n, 'full'");

N = sdpvar (m,p, "full');

beta = sdpvar(l,1);

Pv = [Y,eye(n);eye(n),X];
[A*xY,A; zeros(n,n), X*A] +
[zeros (n,n),Bu;eye(n),zeros(n,m)]*[K,L;M,N]+xblkdiag(eye(n),Cy);
Bv = [Bw; X%Bw] + [zeros(n,n),Bu;eye(n),zeros(n,m)]*[K,L;M,N]*x[zeros(n,n_w);Dyw];
Cv = [CzxY,Cz] + [zeros(n_z,n),Dzul«[K,L;M,N]+blkdiag(eye(n),Cy);

g
<
Il

KYP = [eye(2%n),zeros(2*n,n_w); Av, Bv; zeros(n_w,2+n),eye(n_w)];
H21mi =
KYP'*blkdiag([zeros (2*xn),eye (2%n);eye (2*n),zeros (2xn) ], —gamma_star*eye (n_w) ) *KYP;

small = le—-6;

Prob_Constraints = [Pv > smallxeye (2xn),
[Pv,Cv';Cv,W] > smallxeye(2*n+n_z),
Dzw + DzuxNxDyw == O,
trace (W) < gamma_star,
H21mi < -smallxeye (2*xn+n_w)];

Reg_Constraints = [X < alpha_starxeye(n),
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108
109

110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143

144

145
146
147
148
149
150
151
152

154
155
156

158
159
160
161
162

Y < alpha_starxeye(n),

[alpha_star*eye (n+m), [K,L;M,N]; [K,L;M,N]"',alpha_starxeye (n+p) ]
> smallxeye (n+m+n+p),

[Y,betaxeye (n) ;betaxeye(n),X] > smallxeye(2xn)];

Constraints = [Prob_Constraints, Reg_Constraints];
Cost = -beta;

options = sdpsettings('solver', 'sdpt3', 'verbose',1);
sol = optimize (Constraints,Cost,options);

beta_val_H2 = value (beta);

% Reconstruct Controller

U = eye(n) - value(X)xvalue(Y);

V = eye(n);

calY = value([Y, eye(n); V',zeros(n)]);

calz = value([eye(n), zeros(n); X, U]);

P = inv(calY')x*calZz;

Controller = inv(value ([U,XxBu;zeros(m,n),eye(m)]))rvalue ([K-XxAxY,L;M,N]) *
inv(value ([V',zeros (n,p);CyxY,eye(p)]));

Ac_H2 = Controller(l:n,1:n);

Bc_H2 = Controller(l:n,n+l:n+p);
Cc_H2 Controller (n+l:n+m, 1:n);
Dc_H2 Controller (n+l:n+m,n+l:n+p);

%% Simulate H2 Output Feedback Controller

Con_H2 = ss(Ac_H2,Bc_H2,Cc_H2,Dc_H2);
G_cl_H2 = 1ft(sys,Con_H2);
G_cl_H2_MATLAB = 1ft (sys,Con_MATLAB);

%% Simulate H2 State Feedback Controller

T_sim = 20;

[response_OF_LMI,T_OF_LMI,—] = impulse(G_cl_H2,T_sim); response_OF_LMI =
response_OF_IMI(:,:,1);

[response_OF_MATLAB, T_OF_MATLAB,—] = impulse(G_cl_H2_ MATLAB,T_sim);
response_OF_MATLAB = response_OF_MATLAB(:,:,1);

%% Plotting

figure('Position', [300, 200, 900, 500]);

subplot (2,2,1)

plot (T_OF_LMI, response_OF_LMI(:,1),'b'",'linewidth', 2)

hold on

plot (T_OF_MATLAB, response_OF_MATLAB(:,1),'r——"', "linewidth',2)
hold off

set (gca, 'FontSize', 16, 'XMinorTick','on');

grid on;

ylabel ('$z_1$', '"interpreter', 'latex', 'FontSize',20);

legend ({'LMI', 'h2syn'}, "interpreter', 'latex");

subplot (2,2, 2)

plot (T_OF_LMI, response_OF_LMI(:,2),'b",'linewidth',2)

hold on

plot (T_OF_MATLAB, response_OF_MATLAB(:,2),'r——"', "linewidth',2)
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163 hold off

164 set (gca, 'FontSize', 16, 'XMinorTick', 'on'");

165 grid on;

166 ylabel ('$z_2$','interpreter', 'latex', 'FontSize',20);
167 legend({'LMI', '"h2syn'}, "interpreter', "latex');

168

169 subplot (2,2, 3)

170 plot (T_OF_LMI, response_OF_LMI(:,3),'b"','linewidth', 2)
171 hold on

172 plot (T_OF_MATLAB, response_OF_MATLAB(:,3), 'r——"','linewidth', 2)
173 hold off

174 set (gca, 'FontSize', 16, 'XMinorTick', 'on'");

175 grid on;

176 ylabel ('$z_3$', 'interpreter', 'latex', 'FontSize',20);
177 legend({'LMI', 'h2syn'}, "interpreter', "latex');

178

179 subplot (2,2, 4)

180 plot (T_OF_LMI, response_OF_LMI(:,4),'b"',"'linewidth',2)
181 hold on

182 plot (T_OF_MATLAB, response_OF_MATLAB(:,4),'r——"',"linewidth',2)
183 hold off

184 set (gca, 'FontSize', 16, 'XMinorTick','on');

185 grid on;

186 ylabel ('$z_4$', 'interpreter', 'latex', 'FontSize',20);
187 legend({'LMI', 'h2syn'}, "interpreter', 'latex');

189 set (gcf, 'color', 'none');
190 export_fig a3_h2ofcompare.pdf

The comparison between the LMI and MATLAB-generated output feedback controllers is shown
below; they are qualitatively close, but not exactly the same.

0.4 T ‘ ‘ 2 ‘ ‘ ‘
——LMI —LMI
— — h2syn 15 — — h2syn| |
0.2 1
X & 1 |
0 L
057 1
-0.2 ¢ ‘ ‘ ‘ 1 0r ‘ l ‘
0 5 10 15 20 0 5 10 15 20
: : : 0 :
0r —LMI H —LMI
= = h2syn 02! = = h2syn| |
o < L i
¥ 05| | N-04
-0.6 1
-1 ‘ ‘ ‘ 0.8 ‘ ‘ ‘
0 5 10 15 20 0 5 10 15 20

One possible source of difference is the relaxation parameters used in the above LMI computation
in order to improve numerical conditioning of the LMIs. Another possible source of difference is
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plant scaling; MATLAB’s algorithm will automatically scale plant variables for improved numerical
conditioning, while we are not doing any such scaling. For this example, the LMI-based procedure
produced an optimal v = 6.8, while MATLAB produced v = 5.9. I would probably take MATLAB’s
answer as being more reliable here; the lesson is that the numerics can be non-trivial, and that
LMI-based synthesis requires some care.

Problem 5 (#, Estimator Design (Steady-State Kalman Filter))

The machinery we have been developing can be applied not only for the design of optimal controllers,
but also for the design of optimal estimators (i.e., observers).

< z r\ﬁ y w
- Plant [«——
Ym
] Estimator [«
In the diagram above, we have a continuous-time LTT plant described by the equations
T = Az + Byw
Ym = Cmx + Dypw

y=Cx

The input w is white noise which disturbs the system. The output yy, is a measurable output, while
the output y is an unmeasured output that we would like to estimate (it could be, for instance, the
entire state of the plant, but it does not need to be). The measurement yy, is fed to an estimator,
which we assume has the form

€= A+ L(fm — Ym)
Im = Cm&
§=0C¢
where L is the estimator gain to be designed. The error variable z = y — ¢ obviously captures the
quality of our estimate.

(i) Formulate an LMI problem for computing an estimator gain L such that (1) A 4+ LC\y, is
Hurwitz, and (2) the Hg norm from w to z is less than or equal to some number v > 0.

(ii) Consider the two-inertia positioning system

?1 (%)

==

()

—_— Motor

S0
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described by the equations

&1 0 0 1 0][al [0
o | Lo 0 0 1||e o
Jnl “ =k & =b b | |w| T 1Y
Tt ko —k b —b| |we| |0
Ym = @1 + 0.1w
Yy = ¢

where w is models a white noise signal which influences both the first inertia and the mea-
surement of 1; the parameters are found on Slide 4-82 of the notes. Apply your result from
(i) to design an optimal Ho estimator for this system, and report the value of the minimally
achievable norm.

Hint: Begin by showing that the LTI system mapping w to z admits the realization

é=(A+ LCy)e+ (By + LDp)w
z="Ce

for some appropriately defined state e.

Solution: (i): Being by introducing the new state variable e = x — . We compute that

e=0—¢
= [Ax + wa] - [A§ + L(@m - ym)]
= [Az + Byw] — [A¢ + L(Cné — Cpyx — Dyyw)]
A+ LCy)(x —&) + (By + LDp)w

= (
= (A+ LCw)e + (By + LDy)w.

The estimation error can then be written as

A

z=y—7i
=Cz - C¢
= Cle.

We therefore consider the LTI system Mg described by

ée=(A+ LCy)e+ (By + LDy)w
Mo, ( Je + ( ) )
z="Ce

From Theorem 6.1 in the notes, the matrix A + LCy, is Hurwitz and the system (1) meets the
Ho-norm constraint || Myest ||, < v if there exists Y > 0 such that

(A+LCy)"Y +Y(A+ LC,) +CTC <0
trace(By + LDy) Y (By + LDy) < 72

Introducing the new variable Z = Y L, the first inequality becomes

YA+ ZCwu+ YA+ ZCy)" +CTC <0.
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The second inequality can be rewritten as
trace(By + LDw)"YY 1Y (B, + LDp,) < ~*
—  trace(YBy, + ZDp)"Y YY B, + ZDp,) < ~%
This latter inequality is equivalent to the existence of a matrix W = 0 such that
(YBy+ ZDp)"Y WY By + ZDp) < W,  trace(W) < ~>
which by Schur complements is equivalent to

Y (Y By + ZDr)
(YBy + ZDy)" W

] =0, trace(W) < 42

We conclude that there exists L meeting the specifications if and only if there exists X, W > 0 and
Z satisfying the linear matrix inequalities

YA+ ZCy+ YA+ ZCy)T +CTC <0

Y (YBy + ZDwm)|
(YBy + ZDy)T W

trace(W) < >

with L being recovered as L = ZY 1.

(ii):

o\

% Define Two-Mass Positioning System
k = 5; b = 5.82e-3;

Jl = le-3; J2 = 2e-4;

Jtot = J1+J2; Jred = J1%J2/(J1+3J32);

A = [0,0,1,0;
0,0,0,1;
-k/J1,k/J1,-b/J1,b/J1;
k/J2,-k/J2,b/J32,-b/J2];

Bw = [0;0;1/J1;0];

Cm = [1,0,0,071;

Dm = [0.1];

© W N s W N

== e
N o= O

13 ¢ = 1[0,1,0,0];

14

15 n = size(A,1l); n_w = size(Bw,2);
16 p_m = size(Cm,1);

17 p = size(C,1);

-
oo

%$% Solve LMI Problem

-
©

20 Y = sdpvar(n,n); Z = sdpvar(n,p_m,'full'); W = sdpvar(n_w,n_w);
21 small = 1le-8;
22 Constraints = [Y > smallxeye(n),

N
w

(Y*A+Z*Cm) + (Y*A+Z*Cm)' + C'xC < -smallxeye(n),
[Y,Y*Bw+Z*Dm; (Y*Bw+Z+Dm) ', W] > smallxeye(nt+n_w)];
Cost = trace((W);
options = sdpsettings('solver', 'sdpt3', 'verbose',1);
sol = optimize (Constraints,Cost,options);
L = inv(value (Y))*xvalue(Z);
gamma = sqgrt (value (Cost));

NONON NN N
© 0 N O Ok
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1 gamma =
2
3 1.1025e-04
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