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Motivation M
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* Safely control real-world robots

[Wikipedial

* Robotic systems: Uncertain and noisy partial state measurements

* State feedback not available = Output feedback
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Problem Statement DYNAMIC

SYSTEMS LAB

®* Uncertain LTI system:
Xr11 = Axg + Bug + Ewy
vi = Cxi + Fvy,
* Subject to state and input constraints
* Assumption: Bounded disturbances
wip €W ={w,w <1} vy eV={v vy <1}

* Goal: Solve the infinite horizon optimal control problem
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Model Predictive Control (MPC) A

SYSTEMS LAB

* MPC approximates infinite horizon problem (state feedback, no noise):

k+N—1
_ : T T
Visktn(xp) = min > X[, Qxyp + ug), Ruy
| t=Fk

s.t. vte{k,....,k+ N —1},
X1k = AXyp + Buy,
Xep € X, uy, € U,
* Algorithm: Xk|k = Xk -
e Solve for current time step
e Apply the first input

® Repeat
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Approaches to Robust Output Feedback MPC e,
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* Min-max MPC

* Min-max optimization problem (state feedback):
k+N—1

_ : T T
ViokinN(Xg) = min max E Xt|kQXt|k -+ ut|kRut,k
U k4+N—-1|k Wk:k+N—1|k P

s.t. Vtedlk,...,k+ N —1},
Xit1)k = AXy, + Buy, + Ewyy,
Xtk € X,uﬂk c U,Wt‘k c W,

Xk:|k — XL .
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Approaches to Robust Output Feedback MPC A
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* Min-max MPC

* Min-max optimization problem (state feedback):
k+N—1

_ : T T
Visktn(Xg) = min 1ax E Xﬂkatlk T ut|kRut1k
U k4+N—-1|k Wk:k+N—1|k P

s.t. Vtedlk,...,k+ N —1},
Xit1)k = AXy, + Buy, + Ewyy,
Xtk € X,uﬂk c U,Wt‘k c W,

Xk:|k — XL .
o [Lofberg02, CoppHespanhal?]: Joint estimation and control optimization

o [L6fberg02] formulates an SDP!
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DYNAMIC

RobustLtMI e

Theorem 1 (Robust LMI for Affine Uncertainty |[ElGhaouiEtal98, Lofberg03]).

Let D,L,R, and A be real matrices of appropriate size. Robust satisfaction of
the uncertain matriz inequality

D+ LAR + RTATLT = 0, V||Al[y < 1,

1s equivalent to the matrix inequality

D L R O\"/7I 0O R O
(LT 0)5(0 I) (0 —d) (0 I) 72 0.
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Rewriting Min-Max Optimization Problem o,
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* Epigraph form

min f(x) ePLIY

X

(2%, %)

[BodeandenberghéO4]
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Rewriting Min-Max Optimization Problem o,

SYSTEMS LAB

* Epigraph form

min f(x) <= min ¢ ep1 /o

X X,t

s.t. f(x) <t

(2%, %)

[BodeandenberghéO4]
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Rewriting Min-Max Optimization Problem o,

SYSTEMS LAB

* Epigraph form

min f(x) < min ¢ epi fo

X X,t

s.t. f(x) <t

(2%, %)

* Min-max optimization

[BoydVandenberghe04]
min max f(x, w)
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Rewriting Min-Max Optimization Problem o,
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* Epigraph form

min f(x) <= min ¢ ep1 /o

X X,t

s.t. f(x) <t

(27, %)

* Min-max optimization

. [BoydVandenberghe04]
minmax f(x,w) <= min ¢

s.t. max f(x,w) <t
W
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Rewriting Min-Max Optimization Problem o,

SYSTEMS LAB

* Epigraph form

min f(x) <= min ¢ ep1 /o

X X,t

s.t. f(x) <t

(27, %)

* Min-max optimization

. [BoydVandenberghe04]
minmax f(x,w) <= min 7

s.t. f(x,w) <t,VweW.
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LM for Min-Max MPC

DYNAMIC
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* Assumption: We are given state estimate and its uncertainty

* Stacked vectors anc

matrices

Xk+1|k Uk \ / Wk|k \
X = , U= , W = : :

Xk+N|k uk+N—1|k/ \Wk+N—1|k/
A \ / B 0 0 E 0 0
A? AB B 0 AE E 0
H = . S = G = . _
AN-1) \AN-'B AB B AN-IE AE E

Q = diag(Q,...Q),R = diag(R,...R)
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LM for Min-Max MPC N
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®* Dynamics in short-hand notation
X =Hx; +SU+GW

g
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LM for Min-Max MPC N
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®* Dynamics in short-hand notation
X:X+szzk+GW

Institute for Aerospace Studies 15
[CENEL]

.,,;\‘%, UNIVERSITY OF TORONTO



John Simpson-Porco


LM for Min-Max MPC M

SYSTEMS LAB

®* Dynamics in short-hand notation
X:X+HZka+GW

* Epigraph form of min-max MPC ) )
min max XTQX + UTRU

th Zk )Wk?

g
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LM for Min-Max MPC e

®* Dynamics in short-hand notation
X:X+HZka+GW

* Epigraph form of min-max MPC

min ¢t
U.t

S.T. XTQX + UTRU < t,Vz, € Z,Vw € W ,
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®* Dynamics in short-hand notation
X =X+ HZ.z: + GW

* Epigraph form of min-max MPC

min ¢t
U.t

S.t. XTQX + UTRU <t,Vz, € Z,Vw € W,

® Schur complement of constraint

_ t X +HZ,z, + GW)' UT
’f‘(X)T(Q 0)(X)20<=> ()T ( UL N
(*

0 R

U

1
U .
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LM for Min-Max MPC e

® Extract state estimate uncertainty

t (X+GW)' UT 0 I
(%)T Q! 0 |+ [HZ,|z.(I 0 0)+ |0zl (0 Z:H 0)>=0
(%)T (%)T R! 0 0
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LM for Min-Max MPC

® Extract state estimate uncertainty

t (X+GW)' UrT 0 I
(%)T Q! 0 |+ (HZ;)]z,(I 0 0)+(0]z] (0
(%)T (%)T R 0 0

* Apply Theorem 1 and simplify
t—7, (X+GW)' UT 0

(%)T Q! 0 HZ
T T R o |=0 =0
O LI OLIE S

®* Repeat for remaining uncertainties!

DYNAMIC
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Z;H 0) -0
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LM for Min-Max MPC o

®* SDP for min-max MPC
min t
U.,t, 7,82

t — 71, —trace() XT UT 0 0
(%)
(%)
(%)
(%)

*
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LMs for the Joint Problem DYNAMIC

* Add state estimation LM

mIn t
U,Zk y Xk :taTﬁc 9Q

t — 1, —trace(Q)) XT  UT 0 0
(*)T Q L 0 sz G
s.t. (%)T ()T R"Y' 0 o0]>o0,
(%)T ()T )T I O
(%) ()T )T ()T Q

L Le, ~ 0
T, Zkzo+ZTzk (Z1)* ) —
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Simulation DYNAMIC

* Stabilization task on double integrator

L1 0 _ T 2,
Xp+1 = (0 1) Xk + (1) uy X={(z1 22) €R":a3 <13},
Yk:(l O)Xk—|-O.O5Vk7 V={veR:|y <1}

®* Comparing:

1. Joint SDP [L6fberg02]

2. Separate SDPs [Lofberg01]

3. Tube-based MPC [LorenzettiPavone20]
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Comparison Results e
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® Conservativeness

1 —h— Tube
Separate SDPs
—a— Joint SDP
2 —— Constramnt o < 1.3
0.0 [
ol
0
Time step £
® _
Institute for Aerospace Studies 24

Y UNIVERSITY OF TORONTO


John Simpson-Porco


Comparison Results

OrNeS
®* Performance
o 64
iﬁ/
&~
~d SLTU LA L ALk T )
=~ 63
&
Q
g" 62 —he— Tube
i Separate SDPs
% —w—  Joint SDP
O 614 KA«
10 20 30 40 50
Run
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Comparison Results prAmC
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* Computational time per run

Elapsed time [s]

Controller Average  Standard deviation
Tube 18.40 2.67
Separate SDPs 20.43 5.34

Joint SDPs 24.55 2.79
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Conclusions o
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* Reviewed the joint state estimation and MPC approach in [Lofberg02]
* Derived the LMIs step-by-step

* Future work:
e Further investigate performance

e Add terminal state set and terminal cost to guarantee stability

g
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Thank you!

—
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