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Set-Up: LTI Systems w/ Convex Equilibrium Specifications

ẋ = Ax+Bu+Bww

z = Cx+Du+Dww

u z

w = constant

Since A Hurwitz, define

Gu ≜ −CA−1B +D

Gw ≜ −CA−1Bw +Dw

Equilibrium Optimization (EqOpt)

minimize
ū∈U

f0(ū) + g0(z̄) (steady-state objective)

subject to z̄ = Guū+Gww̄ (steady-state physics)

0 = Hz z̄ +Huū+Hww (design constraints)

f0 : U → R is C1, strong. convex
g0 : Z → R C1, convex

strictly feasible, etc. etc.

Signals z and Hzz +Huu+Hww
measurable

HzGu +Hu full row rank
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The “Optimization Algorithm” Viewpoint

A three-step recipe has become popular for attacking such problems.

1 Select your favourite algorithm to solve (EqOpt), e.g.,

τ ˙̄u = −ū+ ProjU

(
ū− α(∇f0(ū) +GT

u∇g0(z̄))
)
, τ, α > 0

z̄ = Guū+Gww

2 Obtain controller by “Steady-State Equivalence”: z(t) ≈ z̄

τ u̇ = −u+ ProjU

(
u− α(∇f0(u) +GT

u∇g0(z))
)
.

3 Analyze closed-loop to obtain a stability certificate of form

τ > τ⋆ ≜ (Function of plant, costs, etc.)
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Assessment of “Optimization Algorithm” Viewpoint

Positives:

(i) Only required model info. is DC gain Gu and w unmeasured.

(ii) Unambiguously proven effective in certain applications

(iii) Accessible, conceptually clear, bridges to other communities

Negatives:

(i) Forces time-scale separation (poor performance)

(ii) Forces control architecture (how to systematically modify?)

(iii) Disconnected from established control frameworks (regulation)

Today: I discuss (1) an alternative paradigm Optimal Steady-State
Control, and (2) an Estimator-Enhanced FBO which removes

time-scale separation.
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Optimal Steady-State Control
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Theory of Tracking and Regulation for LTI Systems

Servo Stabilizer LTI Plant
η ur e y

−

w

Our goal: incorporate optimality and constraints.
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Optimal Steady-State Control

Optimality
Model

Integral
Ctrl.

Stabilizer Plant
e η u z

µ
w

Classical LTI output
regulation fused with

optimization.

Optimality model encodes KKT-like conditions

Integral control forces KKT-like error e to zero

Stabilizer . . . well, stabilizes . . . and tuned for performance
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Optimality Models for OSS Control

An optimality model dynamically filters measurements to produce a proxy
error e quantifying the KKT violation

Plant Optimality Model
u

w

z e

µ = OM state

Opt. Model Requirement: if the plant and optimality model
are both in equilibrium and e = 0, then (z, u) = (z⋆, u⋆).

Interpretation: The loop incorporates a model of the distance to
the optimal solution set of (EqOpt)
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Examples of Optimality Models

minimize
ū

f0(ū) + g0(z̄)

subject to z̄ = Guū+Gww̄

0 = Hzz +Huu+Hww

Optimality
Model

Integral
Ctrl.

Stabilizer Plant
e η u z

µ
w

Optimality Models ≈ KKT conditions driven by measurements.

Optimality Model #1

Dualize engineering constraint

τ µ̇ = Hzz +Huu+Hww

e = ∇f0(u) +GT
u∇g0(z)

+ (HzGu +Hu)
Tµ

Optimality Model #2

Parameterize intersection of
equality constraints in (z, u):

range

[
Tz

Tu

]
= null

[
Ir −Gu

Hz Hu

]
[
e1
e2

]
=

[
TT
u∇f0(u) + TT

z ∇g0(z)
Hzz +Huu+Hww

]
.
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From OSS Control to Regulator Problem
Optimality model reduces OSS control to regulator/servomechanism problem

Optimality
Model

Integral
Ctrl.

Stabilizer Plant
e η u z

µ
w

Optimality Model: creates appropriate error signal e

Integrator: Forces e = 0 in equilibrium

Stabilizer: Stabilizes the cascade Plant → Opt. Model → Integrator

“Theorem” Loop Stable =⇒ (u(t), z(t)) → (u⋆, z⋆)
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Sanity Check: Existence of Stabilizer for Quadratic Obj.

Optimality
Model

Integral
Ctrl.

Stabilizer Plant
e η uz z

+

w = Const.

Convex quadratic objective [ zu ]
TQ [ zu ] + cT [ zu ]

Plant→OM→Integrator cascade is stabilizable/detectable ⇐⇒

(i) plant stabilizable/detectable;

(ii) optimization problem has a unique solution;

(iii) constraint matrix HzGu +Hu full row rank;

(iv) some full rank conditions on optimality model.
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Low-Gain Stabilizer Designs

Problem: Quadratic objectives are very restrictive, and do not
permit, e.g., log barrier functions, quadratic penalty functions.

Optimality model introduces nonlinearity.

Several constructive stabilizer designs given

Provides streamlined treatment of optimality models

Based on stability results from JWSP TAC 2020
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Academic Example: 30 states, 7 inputs, 5 outputs
Objectives: (z1, z2) step tracking, min. control, constraints

minimize
[∑m

k=1

1
2
ū2
k + γB(ūk)

]
+ cP(z̄)

subject to z̄ = Guū+Gww

0 = zi − ri, i ∈ {1, 2}

B(uk) = log barrier fcn.

P(z̄3, z̄4, z̄5) = penalty fcn.

Inversion Stabilizer τ = 2 Optimal/Robust Stabilizer
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]
+ cP(z̄)

subject to z̄ = Guū+Gww
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Designing for Performance in the OSS Control Framework

14 / 37



Estimator-Enhanced Feedback-Based
Optimization

15 / 37



“But I really really like my algorithm . . . ”

Recall: Three-step FBO paradigm

(i) Algorithm: τ ˙̄u = −ū+ ProjU (ū− αΦ(ū, z̄))

(ii) Steady-State Equivalence: τ u̇ = −u+ ProjU (u− αΦ(u, z))

(iii) Analysis: C.L.S. Stable for τ > τ⋆

The restriction in (iii) fundamentally arises
from Step (ii).

Idea: Instead insert estimate ˆ̄z of z̄

ˆ̄z = Guu+Gwŵ, ŵ = Estimate of w
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Estimator-Enhanced FBO

Disturbance model ẇ = 0, full-order Luenberger estimator[
˙̂x
˙̂w

]
=

[
A Bw

0 0

] [
x̂
ŵ

]
+

[
B
0

]
u+

[
L1

L2

]
(ẑ − z)

ẑ = Cx̂+Du+Dwŵ

Feasible iff Gw = −CA−1Bw +Dw has full column rank

(i) Algorithm: τ ˙̄u = −ū+ ProjU (ū− αΦ(ū, z̄))

(ii) Disturbance Estimator: ŵ = DistEst(u, z)

(iii) Steady-State Estimate: ˆ̄z = Guu+Gwŵ

(iv) Certainty Equivalence: τ u̇ = −u+ ProjU
(
u− αΦ(u, ˆ̄z)

)
(v) Analysis: C.L.S. Stable for all τ > 0
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Disturbance model ẇ = 0, full-order Luenberger estimator[
˙̂x
˙̂w

]
=

[
A Bw

0 0

] [
x̂
ŵ
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(iv) Certainty Equivalence: τ u̇ = −u+ ProjU
(
u− αΦ(u, ˆ̄z)

)
(v) Analysis: C.L.S. Stable for all τ > 0

17 / 37



Estimator-Enhanced FBO
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(ii) Disturbance Estimator: ŵ = DistEst(u, z)
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(ẑ − z)
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Full Talk: Thursday AM “Optimization” 11:40am, Árna 1

Main stability result

Extension to partial plant model information
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Power System Applications
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Fast Frequency Control using IBRs
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Scenario: Compensating for Renewables

Uncontrolled wind and solar (≈ 300 MW) integrated into system

Major unexpected decreases in RES across grid (≈ 125MW total peak)
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Five-Area 68 Bus Test System
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Scenario: 300MW Load Change in NYPS Area
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The Need for Transmission-Distribution Coordination

Only very large storage and RES facilities are transmission-connected

Most RES/DERs are connected at the distribution level

Can we hierarchically coordinate resources in the distribution system to

collectively respond like a fast transmission-connected resource?
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Multi-Area Hierarchical DN Control: Objectives

(i) Respond fast to power change requests by TSO

(ii) Area-based (e.g., aggregator) control using only local measurements

(iii) Maintain voltage and current constraints in DN

(iv) Grid and DER models kept private to each area controller

(v) Design must be agnostic to specifics of DERs
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Area (Nonlinear) Controller Design
Farhat et al. A Multi-Area Architecture for Real-Time Feedback-Optimization . . . , IEEE TSG, 2024

Control Area i Design:

xj = (pj , qj) are DER set-points

Child areas C(i) abstracted as
virtual DERs

fij(xj) = control cost of DER j

pi,0,qi,0 = power export to the

Parent Area P(i)

minimize
xi∈X i

∑
j∈Di

fij(xj)

subject to 1Tpi,0(xi) = pset
i,0(xP(i))

1Tqi,0(xi) = qset
i,0(xP(i))

vi ≤ vi(xi) ≤ vi

ii(xi) ≤ ii
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Example: 123 Bus Feeder

6 Control Areas

17 DERs

Track ramp signal from TSO
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Example: 123 Bus Feeder
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Example: Fast Frequency Control
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Example: Fast Frequency Control
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Conclusions

Opt. Alg. FBO is simple but has major limitations

OSS Control: a flexible and general control-theoretic framework

EE-FBO: enhances dynamics of your favourite Opt. Alg. FBO

Opportunities:

Trade-offs between performance and model info / data quality

Layering and hierarchical control

Further validation in applications where dynamics matter

https://www.control.utoronto.ca/~jwsimpson/

jw.simpson@utoronto.ca
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Application: Secondary Frequency Control in Bulk Grid
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Application: Secondary Frequency Control in Bulk Grid

AC Power
System

u
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{∆ωi}
minimize

u

∑n

i=1
Ci(ūi)

subject to ∆ω = 1
β1n(1

T
n ū+ w)

∆ωn = 0

Note: the way one encodes the frequency regulation constraint can lead to different
controller architectures; this is just one possible choice.

Gu = 1
β

1n1T
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β
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Optimality Model #1

τ µ̇ = −∆ωn

ei = ∇Ci(ui)− µ
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eTn 0

]
= range

[
0

LT

]
[
e1
e2

]
=

[
L∇C(u)
∆ωn
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Application: Secondary Frequency Control in Bulk Grid
Both designs provably stable for large τ

1 Inversion-based controller

τ µ̇ = −∆ωn

ui = (∇Ci)
−1(µ)

2 Two-loop controller

τ1η̇i = −
n∑

j=1

aij(∇Ci(ui)−∇Cj(uj))

τ2η̇n = −∆ωn

ui = ηi
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