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Abstract— We study the tracking problem in the presence of
smooth, bounded uncertainty and find sufficient conditions @
that, if the uncertainty satisfies a suitable matching condion,
one can design a partial information controller (i.e., an otput
feedback controller) achieving arbitrarily small steady-state
tracking error.

|. INTRODUCTION

In [1] and [2] the notion of a practical internal model
was introduced as a paradigm to solve the output feedback
(or partial information) tracking problem for nonlinear
systems. The worgbractical internal modelwas chosen
to indicate the fact that this paradigm allows to solve the
tracking problenpractically (i.e., to an arbitrary degree of
accuracy), rather than asymptotically, and that its sofuti
relies on the existence of a compensator (the practical
internal model) which has a conceptually similar role to a
nonlinear internal model in output regulation theory (see,
e.g., [3] for an introduction to the output regulation preol
and the definition of nonlinear internal model). In [2] it
was also showed that, when the tracking problem is posed
within an output regulation framework with appropriate
restrictions, the practical internal model can be repldned
an internal model and the paradigm can still be employed.
As pointed out in [1] and [2], this theory is still far from
being self-contained and leaves several open questiors. On
of them is the extension of the results in [1], [2] to the
case when the system is affected by disturbances. In a
previous work [4] we took a first step in this direction
by investigating the output tracking problem for systems
satisfying a suitable matching condition. Unfortunatéilg t
results in [4] areincorrect mainly because the control
strategy proposed there yields a closed-loop system which
is not proper In Example 1 we clarify the problem with
the approach in [4]. The present paper fixes this problem
by developing a solution which is rather different than the
one proposed in [4].

Assuming that the disturbances satisfy a matching con-
dition, we derive a set of sufficient conditions on the
existence of a dynamic extension leading to the solution
of the practical tracking problem using certainty equiva-
lence. We show that, under suitable conditions, two classes
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of compensators represent feasible dynamic extensions,
namely chains of integrators and linearizing compensators
and for these we provide a constructive procedure to design
feedback control laws. An extended version of this paper
is found in [5].

Throughout this paper we use ¢@lb) to indicate the
vector[a",b"]T. If v is an-dimensional vectory;, i =
1,...,n, are its components. Given real numbert9$, c,
diagla, b, c] denotes the matrix with, b, ¢ on the diagonal
and zeros elsewhere. Given matricés B, C, we denote
by block-diag[A, B, C] the matrix formed by placingi,

B, C on the diagonal and zeros elsewhere.

To illustrate the main ideas of this paper, we will resort

to a simple example.

Example 1 Consider the nonlinear system
Ty = T2
By = 2?2 +uy + Aq(t)
B3 = x4 — 27 —up — A (1)
T4 = ug + Ag(t)
y = col(z1, x3),

(1)

where A(t) = col(A4(t), Az(t)) is an unknown smooth
function of time which is bounded with bounded time
derivativesu is the control input, ang is the measurable
output ¢ is not available for feedback). Given a smooth
reference trajectory-(t) = col(r1(t),r2(t)), we seek to
find a partial information controller(i.e., an output feed-
back controller) using only the information given pyand

r to makey(t) track r(¢). We begin by noticing that\
satisfies a matching condition in that letting

u=u+A,

the plant can be rewritten as

i‘lzxg

.2 ~

To =27+ Uy

$'3:I4—I%—1~1,1 (2)

T4 = Uo
y = col(z1, x3),

which is a system free of disturbance where, howeter,
can not be freely assigned becausés not known. Given



a smooth reference trajectoryt), the smooth functions
of time z"(¢) col (r1(t),71(t), r2(t), 71 (t) + 72(t)),
u (t) col (i (t) — ri(t), #2(t) + 71(t)), are feasible
state and input trajectories for (2) since

&1 = o3
2
i = () +uf -
iy = o — (29)? —u]
j74 = ug

Further, it is readily seen that the output of (3) is pregisel
r. Thus the problem of tracking can be converted to one
of stabilization by settingt = 2 — " and computing the
associated error dynamics. By doing so, one finds that the
controller

o= a(z, 2", u")
+(21)" =2t + K@ —a"), up + Ko - )
globally uniformly asymptotically stabilizes the equilib
rium Z = 0 of the error dynamics and hence solves the
tracking problem globally. This solution, however, prasen
some problems. Firstly, the feedback controlieis not
implementable becaus& is unknown. Secondly, the pair
(z",u"), called the stable inverse of (2) (see [6]), may in
general be difficult or even impossible to exactly compute
and therefore it would be desirable to develop a solution
that does not rely on its knowledge. Finallydepends on
2 which is not available for feedback.

View (3) as a copy of the disturbance-free plant (2) with
unknown stater”, unknown input:”, known output-, and
augment it with the following compensator

J=0G+¢
(=
{5 = v}

u” = col(¢, G3)-

(5)

Define X, 2 col(z",¢") and form the mappin@{x (X1) :
(z",¢") (ri,71,71, T1,72,72,72), where the time
derivatives are calculated along the vector fields (3), (5).
Since Hx(X;) is everywhere smooth and bijective (a
diffeomorphism), fromyx, one can calculateX;
col(z",¢") = Hx' (yx,) from which one gets the stable
inverse (z",u") = (z",(¢7,¢3)). In conclusion, through
the compensator (5), which we call @actical internal
mode| one can formulate the problem of calculating the
stable inverse(z",u") as that of estimating some time
derivatives ofr (the vectoryx,) and then inverting the
mappingH x (X1). Notice that the practical internal model
is notdirectlyimplemented, as it is only used for estimation
purposes.

We now turn our attention to the disturbance-free plant
(2) and augment it with a compensator with identical

=

structure to (5)

G =G+

é2 = U1

. 6
(3 =12 ©)
U= CO|(<11C2)'

Define X» 2 col(z,¢) and note that since the aug-
mented system (2), (6) has the same structure as
(3), (5), its observability mapping is given byx, 2
COI(yla Y1, ylv .ylla Y2, yQa 1/2) = Hx (XQ) Since Hx (XQ)

is a diffeomorphism, we conclude that from and its
time derivatives one get&», = col(z,¢) = Hy' (yx,)

and hence alsa: col(¢1,¢2). Recalling thata
u + A, estimatings is equivalent to estimating\ as

A = col((1, ¢2) —u. Summarizing our observations so far,
using two practical internal models and estimating the time
derivatives ofr (the vectoryx, ) andy (the vectoryx,), one

can estimate the stable inverse of the system, the state of
the plant, and the disturbance. Unfortunately, howevet su
estimates cannot be employed in the feedback controller (4)
because the vector relative degree of the disturbance-free
system (2) is{2, 1} while the number of time derivatives

of its output that need to be estimated{i$ 2}, and thus

the resulting closed-loop system would not be proper. Due
to this observation, the methodology presented in [4] is
incorrect To address this problem in this paper we employ
an input dynamic extension with the property that the
relative degree of the extended system is equal to the
relative degree of the system augmented with a practical
internal model (in this example{3,2}). Such an input
dynamic extension cannot always be found, however we
show that under suitable conditions it can take the form of
chains of integrators or linearizing compensators.

A
II. PROBLEM STATEMENT AND ASSUMPTIONS
Given the nonlinear system
&= f(x,u, A(t))
(7)

y = h(x),

wherez € R™ denotes the state of the systeme R™ is

the control input,y € RP? is the measurable output, and
A(t) : RT™ — R™ is an unknown smooth function of
its arguments which is bounded with bounded derivatives,
we seek to find a tracking controller solving the following
problem

Problem 1 (Output Feedback Practical Tracking):
Given the dynamical system (7) and a sufficiently smooth
reference trajectory-(t) = col(r1(¢), ..., rm(t)), design

a dynamic output feedback controller
Te = fc(xca Y, r)

_ (8)

u = he(ze,y)

where f. and h. are sufficiently smooth, such that the
closed-loop system (7)-(8) has the property that thera®xis



a T > 0 such that|je(t)|| < eo for all ¢ > T, and such
that the internal states andz,. are bounded for alt > 0,
and for all initial conditions(z(0), z.(0)) € A, for some
closed setA4.

In [1], we have showed that, when no uncertainty affects
the system, if there exists a practical internal model then
Problem 1 has a solution. We start by assuming that the
uncertaintyA(t) satisfies a matching condition.
Assumption Al (Matching Condition): There exists a
smooth functionm(z,u, A(t)) : R® x R™ x R™ — R™
such thatm(z,u,0) = u and, settingi = m(z, u, A(t)),

(7) can be rewritten as

& = f(x,1,0)
y = h(x),
and the functionm(z,u,A) is a diffeomorphism with

respect to its second and third argument, i.e., there exist
smooth functionsny' (z, u, @) andm;, *(x, @, A) such that

(10)

9)

A =miz,u, @), u=my" (2,0, A).

This assumption is rather restrictive. The new plant (9)
obtained using Al and letting be the new control input
is free of disturbance (however, sindgt) is not known,

4 cannot be freely assigned). In what follows we make
additional assumptions allowing us to define a controller
4 to solve Problem 1 for the disturbance-free plant (9).
This, together with the estimation @(¢), will allow us

to derive a controller for the original plant (7).

The following is a basic requirement for the solution of
the tracking problem (see [6]).

Assumption A2 (Stable Inverse): Givenr(t), there exist
sufficiently smooth and bounded function®t) andu”(t)

such that
&"(t) = f("(t),u"(1),0)
r(t) = h(z"(t))

for some initial conditionz”(0), «"(0), and allt > 0.

(11)

Consider the change of coordinates- x — z"(t), rewrite
(9) in new coordinates as

&= f(t &), (12)
and notice that the asymptotic stability of the origin of
(12) is equivalent to the stability of the trajectosy (¢).
We now introduce a condition to estimate the functions
z"(t) andu”(t) on-line. It is useful to think of (11) as a
copy of the plant with unknown state’, unknown input
u”, but a known output which is the reference trajectory
r(t). Consider a compensator of the type

<.7‘ _ a(<T,$T,UT)
u" =b(C", "),

where¢” € R? (g > m), v" € R™, a andb are sufficiently

smooth, and” is the new input of the composite system

(11),(13). LetX; = col(z",¢") and rewrite (11), (13) as
Xl = F(Xl, ’UT)
r = H(Xl)

(13)

(14)

(with obvious definition ofF" and H). Define the observ-
ability mapping associated witl(; in (14) as

Ux, 2 col (rl,...,r§E1*1>,...,rm,...,rﬁfm‘l))
2 Hx (Xl,vr, cel (vr)(ﬁ"fl)) )
whered! | ki = n+q, 0 <y, < max{ky, ..., kn}—1.

Assumption A3 (Practical Internal Model [1]): There

exists a compensator of the form (13), which we call

a practical internal model which is regular (i.e., for

eachz(0) and u(t) there exist{(0) and v(¢t) such that

b(¢(t),z(t)) = wu(t), for all ¢ > 0) and such that the

following two properties hold for the composite system

(11), (13).

(i) Hx does not depend on” and its derivatives, i.e.,
Hx = Hx(X1). B B

(i) There exists a set of indice§ks, ..., k,} and a set
X C R™*"4 such that the mappirlx : X — Hx (X)
defined byyx, = Hx(X1) is a diffeomorphism.

Notice that, by replacinge”, (", «", and v" in (11),
(13) by z, ¢, @ m(x,u,A(t)), and v, we get an
observability assumption for (9) augmented with a prattica
internal model with stat€ and inputv. Thus, lettingXs =
col(z, ¢), the dynamics of the two augmented systems can
be written as

Xi =F Xl',’Ui

; ; .) (15)
yZ = H(XZ)7 L= 1727

where v¢ = ", v? = v, y! = r = H(X;y),

y? = y = H(X,). A3 guarantees that from

y', i = 1,2, and its time derivatives (i.e., the vectors

yx, = col Tl,...,rgkl_l),...,rm,...,r,(,lfm_l) yYXy =

col (yl,...,ygﬂ’l),..., Yy -y =DY) one can get

X1 = (2",¢") and X> = (=, (), respectively, and thus also
u” = b(¢",2") anda = b(¢,z). We will use this fact,
together with Al, to estimate and A(t). We stress that
the two practical internal models with stafé and { are
not directly implemented. Rather, they are used to define
estimators forz andz”.

Assumption A4 (Input Dynamic Extension): There
exists a compensator
é = C(ga z, w) 4
, €ERY?,q >q. 16
u = d(€, z) 3 q=q (16)

wherew € R™ is the new control input, such that
(i) (Compensator Relative Degredjhe augmented sys-

tem
T = f(x,d(g,x),A)
é =c(&, z,w) a7
y = h(z)

has the property thatx,, calculated along the vector
field (17), does not depend an.
(i) (Information Vector)For anyd €

(0,1) there exist a
smooth functionw(z", (", z,¢,€) =

w(X1,X2,§), a



positive integem, a smooth functiony(X1, A, .. .,
A(a)) a ! function V (&,€) : D — RT, with £ =
£ —~v(X1,A4,...,A"2)) and a real number* > 1
such that{(z,£) € R* x RY |V(i,€) < ¢*} is a
compact subset oD and the time derivative of
along the trajectories of

:v = f(t,&,m(,d(¢, ), A))

5 = C(&axaw(XhXQag)) - ’Y

satisfiesV < —®(z,£), where®(z,€) is continuous
on D and positive definite on the sé{z,&) € R™ x
RY |9 < V(%,€) < ¢*}.

(18)

Part (ii) of this assumption, derived from Assumption ULP
in [7], implies that the smooth feedbaek(z", (", z, ¢, )
practically stabilizes the origin of (18) and the $ét, ) €
R"xR? | V(&,€) < ¢*} is included in its domain of attrac-
tion. Moreover, it requires that the information neededdo d
so is contained in the vector”, (", x, ¢, &) = (X1, X2, ¢).
This is useful because from A3 one can estim&teand
X, from r and y, respectively, while¢ being the state
of the controller is available for feedback. Thus, A3 and
A4 allow to use a separation principle to solve Problem
1. The existence of (X1, A, ..., A™a)) ensures that the
boundedness ok and & implies the boundedness ¢f
In the next section we specify two classes of compensators
satisfying A4.

Next, we need to guarantee that the reference trajectory
is contained in within an observable region.
Assumption A5 (Reference Trajectory): The reference
trajectory r(¢) is such that, for alt > 0, yx, € C1 C
Hx (X), for some convex compact sét with boundary
oC, = {X1 € R""| ¢! (X;) = 0}, whereg! : R"T7 — R
is aC function for whicho0 is a regular value, i.e¥X; €
661, 69/8)(1 75 0.

Notice that A3 and A5 imply A2 which, therefore, is re-
dundant and is introduced solely for the sake of illustratio

We now useV to characterize a set which is positively
invariant and is contained in within the observable &et
of Xs. This puts a constraint on the topology of the &ét
First recall that, from A2 and A3;"(¢) and¢" (t), and thus
X1(t), are bounded functions of time. For any positive real
numbere < ¢*, let Q. = {(z,£) € R" |V (z,€) < ¢}.
SinceA(t) and its time derivatives are uniformly bounded,
Y(X1(t), A(t),...,A"2)(t)) is also uniformly bounded,
and thus, by the definition @fin A4, Q. is a bounded set.
From the definition ofn4, ..., n,,, we have that

(z,€) bounded 2% yx, bounded £ X, bounded

that is, there exists a bounded $t ¢ R™*? such that
(2,) € Q. = Xye3.

Assumption A6 (Topology of X): There exists a positive
scalar¢ < ¢* such thatHx(X;) C Co C Hx(X), for
some convex compadl, with boundarydC, = {X» €
R"t] g%(X,) = 0}, whereg? : R""7 — R is a C!
function for whichO is a regular value.

IIl. COMPENSATORCHOICE

In this section we focus our attention on two classes of
compensators, namely chains of integrators and linearizin
compensators. In both cases we provide sufficient condi-
tions for A4 to be satisfied and a constructive procedure to
find the feedback controllan(X;, Xs, €).

A. Chains of Integrators

The main idea in this section is illustrated in the follow-
ing example.

Example 2 Go back to Example 1 and recall that, setting
@ = a(x, 2", u") (with a(z, 2", u") defined in (4)), we have
that the originz = 0 of the error dynamics is globally
uniformly asymptotically stable. Recall further that if we
express the stable inverge”, u"), the disturbance\(t),

and the state by means ofyx, andyx,, such expressions
cannot be used to control (1) because the vector relative
degree of (1) if2, 1}, while the number of time derivatives

of its output that need to be estimated{i3,2}. As we
argued in Example 1, this would result in a non-proper
closed-loop system. To address this problem the most
obvious choice for dynamic extension is two chains of
integrators of lengtH{ 2,1}, yielding the extended system

T1 = T2

@y = a] + & + A1)
5.03:.564—£C§—§11—A1(t)

Gy = € + Da(t) (19)
=6, &H=w

& = ws

y = col(z1, z3),

where¢ = col(&1,£3,€%) is the state of the dynamic ex-
tension andv is the new control input. Indeed, notice that
yx, calculated along the vector field (19) is independent
of the control inputw,

Yx, = COI(yla ylvyla .ylla y27y23 1]2)
= col (5817562,30% + €+ Aq, 2z129 + €5 + Ay, 23,

Ty — 2] — & — AL+ Ay — 2wz — & —Al)-

We can now seek a controller for the extended system
that employsyx,, yx,, and ¢ as feedback variables,
resulting in a proper closed-loop system. This is desirable
in our framework becausgyx, and yx, can be easily
estimated fromr and y, respectively, while¢ being
the state of the dynamic extension is available for
feedback. SinceX; = Hy'(yx,) and Xo = Hy' (yx,)

(X1 = col(z2",¢") and Xy = col(x,()), whereHx is a
diffeomorphism, we equivalently seek a controller that
is a function of (X1, X5,¢). Later, in Theorem 1 we
estimate X; and X, from » and y without using the
inverseH)‘(l. Let u(x, 2", u", A) = a(x, 2", u") — A(t)



col (uf + (z7)? —a? + K1 (z — a"),us + Ko T (z — 2"))
—A, so that, ifu = @ in (1), £ = 0 is globally
uniformly asymptotically stable. Use the fact that
u” = CO'(<{5C2T)5 A CO'(<1,C2) - u
col(¢1, ) — col(&1, %), to get

a=col (¢ + («})? —a? + K, (& —a") — 1 + &,
GHEK (z—2") - G+E&).

(20)
Clearly, if @iy, 1, 2, calculated along the vector fields (3),
(5), (2), (6), and (19), could also be expressed as functions
of (X1, X, &), then by using integrator backstepping one
could derive a feedback controllan X, X, £) that glob-
ally uniformly asymptotically stabilizes the equilibrium
(x,€) = (2", u1,1u1,u2) of the extended dynamics (19).
However, this is not the case, as it is easily seen that
iy, o depend on the inputs”, v, and w. Integrator
backstepping can thus be applied only to the first integrator
of the first chain,¢], since i; can be expressed as a
function of (X1, X», £). For the remaining two integrators
at the end of each chairg} and ¢, one can resort to
high-gain feedback to get a controll@i( X, X5, ) at the
expense of loosing asymptotic stability of the equilibrium
(x,€) = (2", 1,1, u2) and achieving insteagractical
stability, i.e., regulation to an arbitrarily small residual set
around(z,&) = (z", 41,11, u2). This idea, which is the
basis of the design developed in this section, is formalized
in Lemma 1.

A

In formalizing this idea, we begin by assuming that, at
least in the ideal case when z", andu” are available for
feedback, there exists a smooth controller that uniformly
asymptotically stabilizes the origin of (12).

Assumption A7 (Stabilizability of the Trajectory z"(¢)):
There exist a smooth functiom(z, 2", u"), a C* function
V'(#), V' : D' — RT, and a real numbet’ > 1 such
that a(z",2",u") = u", {¥ € R*"|V'(Z) < ¢} is a
compact subset ab’, and the time derivative df’ along

the trajectories of

j“: = f(t7 i‘? a('r7 xT? UT))
satisfies .
V' < —9(z),
where®’ (%) is continuous onD’ and positive definite on
the set{z ¢ R |V'(Z) < '}.

Next, consider (7) and let,...,n,, be the number
of time derivatives ofuq, ..., u,,, respectively, appearing

in yx, = y%’;]_l?,...,yﬁf””_l) (if u; does not appear
in y%kl’l),...,yﬁfmfl) we setn; = 0). Consider the

following choice for the compensator (16)
£ = A£ + Bew,
u=C.

where the triple(A., B, C.) is in controllable/observable
canonical form with eigenvalues at zero. The compensator

RY ¢ = T
56 » q ni + , (21)

(21) is given bym chains of integrators - one chain for
every input channel; - of orderng,...,n,,, respectively.

Lemma 1 Assume that A7 holds and that, for the system
with outputsz?, 22 € R™

Xl :F(Xl,v)
Xg = F(Xg,’l}r) (22)
é:Acg'i'Bcw

Zl :Oél(leXQag)v ZzZQQ(XlaA)?

where
al(XlaX27§) = mqjl (Iaﬁ(IaITab(ITvcr))v

mat(x, Cel, b(¢, 7))
m’[:l(IT7 b(<T7 IT)? A)?

OéQ(Xl, A)

the output derivatives[z],...,(z])("=D . 20
(22 )(»==1)], j = 1,2 calculated along the vector field
of (22), do not depend on, v", andw. Then (21) satisfies
A4.

B. Linearizing Compensators
Assume that (9) is affine in the input, i.e., it reads as

&= fi(z) + fo(2)d = fr(2) + fo(z)m(z,u, A)
y = h(z).
Assume further that (23), viewed as a system with input

is dynamic feedback linearizable (differentially flatke.i.
there exists dinearizing compensator

=7 a,w), E€R"
i=d (& z,w)

such that the plant augmented with such compensator
yields the trivial system in output coordinates:

)
As shown in [2], a practical internal model satisfying A3
is given by (24) augmented withn integrators at the
input sidé (one for each input channel). Viewing (23)
as a system with input, consider the following dynamic
extension

T = fl(ZC) + fQ(x)m(xv d(ﬁ,x), A)
é:C(gvwi)v §€Rq
y = h(z),

whereqg = r +m and (c(-,-,-),d(-,-)) denote the vector
field and output function of the augmented compensator
above (clearly here, referring to A3a(-,-,-),b(-,-)) =
(c(+,+,),d(,+))). From the dynamic feedback lineariz-
ability property and the fact that(z,u,0) = u, when

A 0 we have a well-defined vector relative degree
{k1 + 1,...,k»n + 1}. Additionally, when A = 0, A3
ensures thatz,¢) = Hy'(yx,), and thus in particular

¢ can be expressed as a function f,. In Lemma 2

(23)

(24)

=w;, ki+...+knp=n+r.

(25)

IThe integrators are not needed wh#ris independent of, i.e., when
d =d (& ).



~1 . _ ] .
xP={0xX] " Ni(ix,)TT'N(jx,) | andgx, € 9C’ -
s -1
F(X;,y') = F(X;,0) + {67{5{7;}(1)} (EH-1L (yl - H()A(l-)) otherwise
3
i _ OHx poP i :
N L = =X F(X; i A )
QX:HX(XP) ( FHX) Xf‘ ( i 7y) chi: Q‘g G(X-P,’UZ)
i i G(Xipﬂ)i) — (Lﬁ‘ 'Hx)i. Byxi i
Ni(x) = dg" (9x,) T & =block-diagl€}, ..., E]] L = block-diag[Li, ..., L)
yx; dyx, £! = diaglpi, .. .,pfj} LY Hurwitz (kj x 1)
) . . & = block-diag[E?,. .., EL] Si = (Pi)1/2
T 101\ —1 1o\ — T i P
[ = (5187 (5'E") gl = 1/pfj &l P satisfies:
A"TP + PTA" = — T4 ) x (n+q)
. |0 _ 1 _ _ .
Al :|: (n+q—1)x1 1(’:‘{;1+ql))><(”+q 1)T _ LZ[1701X7L+(171]

TABLE |

DEFINITIONS OF VARIOUS PARAMETERS IN OBSERVER29).

we show that if the two properties above are preserved
when A and its derivatives are not zero, then besides
providing a practical internal model satisfying A3, therpai
(c(-.,),d(+,)) is a valid input dynamic extension fulfilling
the requirements in A4.

Lemma 2 Assume that (23) is dynamic feedback lineariz-
able. If there exist a smooth function and a positive
integerna such that

£ =o(yx,, A, ..., A1) (26)
and
yz(ki+l):wi+gi(I557A7"'5A(ki))7 i:l,...,m,
(27)

with smooth g; vanishing when (4, ..., A®))
(0,...,0), then the pair(c(-,-,-),d(-,-)) satisfies A4.

IV. SOLUTION TO THE PRACTICAL OUTPUT TRACKING
PROBLEM

In this section we solve Problem 1 using the separation
principle in [8]. Consider the dynamic output feedback
controller ) o

€= c(& 2", w(X{, X7,€))
P

u:d(g’ L )7

where X = col((z")P, ((")F), XF = col(&P,(P) are
given in (29), fori = 1,2, and various parameters are
defined in Table I. The estimator (29) incorporates a high-
gain component to guarantee convergence, and a dynamic
projection to avoid peaking and confine the estimator state
to within the observable regioki (see [8] for more details).

(28)

Theorem 1 Suppose that A1-A6 hold. Then, for any
smooth bounded (¢) with bounded derivatives, (28), (29)
solve Problem 1 on a compact sétwhose size depends on

¢* and the setg; andCs. If A4 holds for arbitrarily large
¢* and a radially unboundetl’, and A3 holds globally (i.e.,
X = R"9) with H x (R"19) a convex set, then the solution
of Problem 1 is semiglobal in thadl can be chosen to be
an arbitrarily large compact set.
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