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Abstract—This paper presents a solution to the rendezvous
control problem for a network of kinematic unicycles in the
plane, each equipped with an onboard camera measuring its
relative displacement with respect to its neighbors in body frame
coordinates. A smooth, time-independent control law is presented
that drives the unicycles to a common position from arbitrary
initial conditions, under the assumption that the sensing digraph
contains a reverse-directed spanning tree. The proposed feedback
is very simple, and relies only on the onboard measurements. No
global positioning system is required, nor any information about
the unicycles’ orientations.

I. INTRODUCTION

This paper investigates rendezvous control of kinematic
unicycles. The objective is to design smooth feedbacks for
each robot so as to drive the group to a common position from
arbitrary initial conditions. An important requisite is that the
feedback be local and distributed. In other words, it is required
that the feedback depend only on the relative displacement of
each robot to its neighbours measured in the robot’s own body
frame, so that the feedback can be computed using onboard
sensing devices such as cameras or laser systems.

The solution to the rendezvous control problem proposed
in this paper is time-independent and it does not require
any information about the orientation of the unicycles, not
even their relative orientation. To the best of our knowledge,
this is the first solution for directed graphs containing a
reverse directed spanning tree having the property of being
local and distributed, continuously differentiable, and time-
independent. As we argue below, previous solutions require
either time-varying or discontinuous feedback or are restricted
to undirected sensing graphs. For simplicity of exposition, the
proposed solution relies on the assumption that the sensing
digraph of the unicycles is time-invariant. However, it is only
required to contain a reverse directed spanning tree, which is
the minimal connectivity requirement.

The main difficulty in solving the rendezvous control prob-
lem comes from the fact that the unicycles are nonholonomic,
in that their velocity is restricted to be parallel to the vehicle’s
heading direction. To overcome this difficulty, the solution
we present relies on a control structure made of two nested
loops. An outer loop treats the vehicles as fully-actuated
single integrators with a linear consensus controller providing
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a reference velocity. Here we leverage existing consensus
algorithms for single integrators [1], [2], [3]. The desired
velocity computed by the outer loop becomes a reference
signal for the inner loop, which assigns local and distributed
feedbacks that solve the rendezvous control problem. This
methodology is inspired by our previous work in [4], [5] for
rendezvous of rigid bodies in three dimensions.

The rendezvous control problem for unicycles has been
investigated before. In [6], the authors presented the first
solution. The feedback in [6] is local and distributed, but it
requires the use of time-varying feedbacks. In [7] the authors
present a solution using a local and distributed, continuously
differentiable, and time-independent feedback. However the
result yields rendezvous only when the sensing graph is undi-
rected and connected. The feedback in [7] makes the unicycles
converge to a circular formation instead of rendezvous for
some directed graphs containing a reverse directed spanning
tree. In [8] the authors also consider undirected graphs, and
present a feedback to achieve rendezvous in finite time. In [9]
both positions and attitudes of the unicycles are synchronized
using a time-invariant distributed control. The graph is time-
dependent and the authors assume an initially connected com-
munication graph. The controller that is implemented, how-
ever, is discontinuous. In [10] a time-independent, local and
distributed controller is presented. However, the authors make
the assumption that whenever two vehicles get sufficiently
close together they merge into a single vehicle, introducing
a discontinuity in the control function. The same merging
technique is used in [11] for cyclic and tree graphs where each
unicycle keeps its neighboring vehicle within its windshield’s
field of view in order to maintain graph connectivity and
achieve rendezvous. In [12], [13] distributed solutions are
presented whereby the unicycles move toward the average
position of their neighbors. However, a unicycle’s feedback
becomes undefined when it already lies at this average position
which includes the case when the unicycles are at rendezvous.
Finally, in [14] the authors solve the problem of practical
rendezvous using a hybrid controller in which the unicycles
converge to an arbitrarily small neighborhood of one another
for undirected and connected graph topologies.

To the best of our knowledge, the solution presented in this
paper is the first one for directed graphs containing a reverse
directed spanning tree involving feedbacks that are local and
distributed, time-independent, and continuously differentiable.
The proposed solution is of simple implementation, not even
requiring any knowledge about the relative orientation of the
unicycles. As we illustrate through simulations, the proposed
time-independent, continuously differentiable feedback has
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practical advantages over the time-varying feedback in [6]
and the feedback in [7] in that it induces a more natural
behaviour in the ensemble of unicycles. The feedback in [6]
makes the unicycle “wiggle” indefinitely, a behaviour which
would be unacceptable in practice. The feedback in [9] induces
instantaneous changes in direction that are impossible to
achieve with realistic implementations.

The paper is organized as follows. In Section II we present
the notation and review basic graph theory and stability
definitions. In Section III we formulate the rendezvous control
problem. The solution of the rendezvous control problem is
presented in Section IV, together with an intuitive description
of its operation. The proof of the main theorem is presented in
Section V. Finally, in Section VI we make concluding remarks.
Lemmas and claims related to the proof are in the appendix.

II. PRELIMINARIES

A. Notation

We use interchangeably the notation v = [v; --- v,]" or

(v1,...,vy) for a column vector in R™. We denote by 1 € R™
the vector (1,...,1). If v,w are vectors in R?, we denote by
v-w := v w their Euclidean inner product, and by |[v|| :=
(v -v)'/? the Euclidean norm of v. If w € R, we define

x| 0 —w
om0 0]

Let {e1,e2} denote the natural basis of R2, SO(2) := {M €
R2%2 . M~! = MT det(M) = 1} and let S denote the
unit circle. If T is a closed subset of a geodesically complete
Riemannian manifold X, and d : X x X — [0, 00) is a distance
metric on X, we denote by ||x||r := infyer d(x, ¢) the point-
to-set distance of xy € X to I'. If ¢ > 0, we let B.(T") := {x €
X : |Ixllr < e} and by N(I") we denote an open subset of
X containing T". If A, B C X are two sets, denote by A\B
the set-theoretic difference of A and B. If I = {i1,...,%,}
is an index set, the ordered list of elements (x;,,...,x;,) is
denoted by (z;)jer.

Let U, V, W be finite-dimensional vector spaces. A function
f:U — W is homogeneous of degree r if, for all A > 0 and
forall x € U, f(Az) = N f(z). A function f: U xV — W,
(z,y) = f(z,y), is homogeneous of degree r with respect to
x if for all A > 0 and for all (z,y) € U xV, f(A\x,y) =

AN f(2,y).

B. Graph Theory

We refer the reader to [15] for more details on the notions
reviewed in this section. We denote a digraph by G = (V, £),
where V is a set of nodes labelled as {1,...,n} and € is the
set of edges. The set of neighbors of node i is N; := {j €
V:(i,5) €&}

Given positive numbers a;; > 0, i,5 € {1,...,n}, the
associated weighted Laplacian matrix of G is the matrix
L := D — A, where D is a diagonal matrix whose i-th
diagonal entry is the sum Zje A, @ij, and A is the matrix
whose element (A)ij is a if j € N, and 0 otherwise.

A directed spanning tree is a graph consisting of n — 1
edges such that there exists a unique directed path from a

node, called the root, to every other node. A reverse directed
spanning tree is a graph which becomes a directed spanning
tree by reversing the directions of all its edges. We identify the
root of a reverse spanning tree with the root of its associated
spanning tree. A graph G contains a reverse directed spanning
tree if it has a subgraph which is a reverse directed spanning
tree.

Proposition 1 ([1], [6]): The following conditions are
equivalent for a digraph G:

(i) G contains a reverse directed spanning tree.

(i) For any set of positive gains a;; > 0, 4,5 € {1,...,n}
the associated weighted Laplacian matrix L of G has rank
n—1, and Ker L = span{1}.

A graph G = (V, &) is strongly connected if for any two
nodes 7, j € V there exists a path from 7 to j. A set of nodes
S C V is an isolated component if it has no outgoing edges,
i.e., for any edge (i,7) € &, if ¢ € S then j € S. A graph
G = (V',&') is a subgraph of G if V' C V and &' C €.
A subgraph G’ is an induced subgraph of G if for any two
vertices 4,5 € V', (i,7) € £ if and only if (i,5) € €. A
strongly connected component G' of G is a maximal strongly
connected induced subgraph of G. In other words, there does
not exist any other strongly connected induced subgraph of
G containing G'. Letting Go = (Vo,&0)s.--,Gr = Vi, &)
be the strongly connected components of G, the condensation
digraph of G, denoted C(G) = (Ve (G),Ec(G)), is defined as
follows. The vertex set Vo (G) is the set of nodes {v; }ieqo,....r}
where the node v; is a contraction of the vertex set V; of the
i-th strongly connected component G;. The edge set Ec(G)
contains an edge (v;,v;) if there exist vertices ¢/ € V; and
j' € V; such that (¢, j') € £. The following properties of the
condensation digraph are found in [16].

Proposition 2 ([16]): Consider a graph G containing a
reverse directed spanning tree. The condensation C(G) satisfies
the following properties:

(i) C(9) is acyclic, i.e., there is no path in C(G) beginning
and ending at the same node.
(ii) C(G) contains a reverse directed spanning tree 7 with a
unique root vy € Ve (G).
(iii) There exists at least one vertex v; € V¢ (G) such that v
is the only neighbor of v;.

An example of a digraph G containing a reverse directed
spanning tree is shown in Figure 1. The strongly connected
components are boxed. The resulting acyclic condensation
graph C(G) is shown in Figure 2. The vertex vy in the figure is
the unique root of the reverse directed spanning tree in C(G).

As in [16], we define the vertex set £; C V to be the union
of those vertex sets V; that correspond to vertices v; in the
condensation digraph with the property that the maximal path
length from v; to the root vy is equal to j. By this definition,
Ly :=Vo. We let L_; := @. Defining the vertex set £; :=
U!_,L;, by construction, the neighbors of any vertex in L;
are contained in £;_1. Therefore each node set £; is isolated.
For the example in Figure 2, we have £y = {1,2,3,4,5,6},
L1 ={10} U{11,12} and Lo = {7,8,9}.



Fig. 1: Directed graph G containing a reverse directed spanning
tree. The strongly connected components Gy, . . . , G3 are boxed

Fig. 2: Condensation digraph C(G) associated with the graph G

in Figure 1 (left) and reverse directed spanning tree contained
in C(G) (right).

C. Stability Definitions

The following stability definitions are taken from [17]. Let
¥ : x = f(x) be a smooth dynamical system with state
space a geodesically complete Riemannian manifold X with
Riemannian distance d : X x X — [0,00), so that (X,d) is
a complete metric space. Let ¢(t, xo) denote the local phase
flow of X.

Definition 1: Consider a closed set I' C & that is positively
invariant for ¥, i.e., for all xg € I', ¢(t,x0) € T forall ¢t > 0
for which ¢(t, xo) is defined.

e ' is stable for ¥ if for any ¢ > 0, there exists a
neighborhood N (I') C X such that, for all xo € N (T),
o(t, x0) € B:(I'), for all ¢ > 0 for which ¢(¢, xo) is
defined.

o I is attractive for X if there exists neighborhood N'(T") C
X such that for all xo € N(T'), limy—, [|¢(t, X0)|Ir =
0. The domain of attraction of T is the set {xo € X :
lim; o0 ||@(t, x0)|Ir = 0}. T is globally attractive for ¥
if it is attractive with domain of attraction X

e I' is locally asymptotically stable (LAS) for ¥ if it is
stable and attractive. The set I' is globally asymptotically
stable (GAS) for X if it is stable and globally attractive.

Definition 2: Let 'y C I's be two subsets of X that are
positively invariant for 3. Assume that I'; is compact and I'y
is closed.

o I'y is globally asymptotically stable relative to T's if it is
GAS when initial conditions are restricted to lie in I's.

o I'5 is locally stable near 'y if for all ¢ > 0 and all € > 0,
there exists 0 > 0 such that for all g € Bs(I'1) and all
t* > 0, if ¢([0,t*],20) C Be(T1) then ¢([0,t*],z0) C
B.(T2).

e I's is locally attractive near T'; if there exists a neigh-
bourhood A (T';) such that, for all
g € N(Fl), ||¢)(t,$0)||[‘2 — 0 as t — oo.
We present a reduction theorem used to derive our main result
Theorem 1 (Reduction Theorem [17], [18]): Let I'y and
I',, Ty € Ty C &, be two closed sets that are positively
invariant for ¥, and suppose I'; is compact. Consider the
following conditions: (i) I'; is LAS relative to I'y; (i) I'y
is GAS relative to I'y; (ii) I'e is locally stable near I'y; (iii)
T’y is locally attractive near I'y; (iii)” I's is globally attractive;
(iv) all trajectories of 3 are bounded.
Then, the following implications hold: (i) A (i) = Iy
is stable; (i) A (ii) A (iii)) <= TI'y is LAS; (i) A (ii) A (iii)’
A (iv) < T is GAS.

III. RENDEZVOUS CONTROL PROBLEM

Consider a group of n kinematic unicycles. Let Z = {i,, 4, }
be an inertial frame in two-dimensional space and consider the
i-th unicycle in Figure 4. Fix a body frame B; = {biz, biy}
to the unicycle, where b;,, is the heading axis, and denote by
x; € R? the position of the unicycle in the coordinates of
frame Z. The unicycle’s attitude is represented by a rotation
matrix R; whose columns are the coordinate representations of
biz and b;, in frame Z. Letting 0; € S! be the angle between
vectors i, and b;,, we have

o [cos 0;
=

sin 6; cos 0;

— sin 91:|

The angular speed of robot i is denoted by w;. The unicycle
dynamics are given by,

T = u Rieq (D
Ri:Ri(wi)X, i:l,...,n. (2)

In what follows, we refer to system (1)-(2) as ¥;. Its control
inputs are the linear speed u; and angular speed w;. The
relative displacement of robot j with respect to robot ¢ is
z;j = x; — x;. If v € R? is the coordinate representation
of a vector in frame Z, then we denote by vl o= R; Ly the
coordinate representation of v in body frame B;.

We define the sensor digraph G = (V, ), where each node
represents a robot, and an edge from node ¢ to node j indicates
that robot 7 can sense robot j. We assume that G has no self-
loops and is time-invariant. Given a node i, its set of neighbors
N represents the set of vehicles that robot 4 can sense. If j €
N;, then we say that robot j is a neighbour of robot 4. If this
is the case, then robot ¢ can sense the relative displacement of

robot j in its own body frame, i.e., the quantity x;;. Define the
vector y; := (Zij)jen;. The relatlve dlsplacements available
to robot i are contained in the vector y; = (};)jen;. A

local and distributed feedback (u;,w;) for robot 7 is a locally
Lipschitz function of y!. We define the rendezvous manifold

U= {(2i, Ri)ic(1,..n} € R¥ x SO(2)" : i =0, Vi,j}.
3)

We are now ready to state the rendezvous control problem.

Rendezvous Control Problem: For system (1)-(2) with
sensor digraph G, find local and distributed feedbacks



(ui,wi)ie{1,....,ny that globally asymptotically stabilize the
rendezvous manifold I'. A

IV. SOLUTION OF THE RENDEZVOUS CONTROL PROBLEM

Control u; = ||| £ - eq
Consensus robot
Control !
f;
Rotational
Control wi = —kfl - ey (xl R;)
i
Yi
Sensors
(x5, R;)

Fig. 3: Block diagram of the rendezvous control system for
robot 1.

In this section we present the solution of the rendezvous
control problem. Let F;(G, p1,p2) denote the set of linear

functions
fi(y) = Z QijTij, €]
JEN;
i = 1,...,n, such that a;; > 0 for all j € N and

0 < p1 < a;; < p2. Each choice of f; € F;(G,p1,p2).

¢ = 1,...,n, is a rendezvous controller for a collection of

n kinematic integrators with sensor digraph G [1], [2], [3].
We use f(y;) to construct the feedbacks

wi = |15y I:(y7) - e,

, 5
wiz—kfi(yf)-eg, iZl,... ()

, M.

The result below states that for sufficiently large k, the
feedbacks in (5) solve the rendezvous control problem if the
network of unicycles has a sensor digraph containing a reverse
directed spanning tree.

Theorem 2: The rendezvous control problem is solvable for
system (1)-(2) if, and only if, the sensor graph G contains
a reverse directed spanning tree, in which case a solution is
the following. For each positive integer n, and each p1, po
such that 0 < p; < po, there exists £* > 0 such that for all
k > k*, for all sensor digraphs G with n nodes containing a
reverse directed spanning tree, and for all linear functions f; €
Fi(G,p1,p2),i =1,...,n, feedback (5) solves the rendezvous
control problem.

Theorem 2 states that, if the sensor digraph contains a
reverse directed spanning tree, then for a sufficiently large gain
k, controller (5) solves the rendezvous control problem. The
lower bound on k£ is uniform over all sensor digraphs with n
nodes, and all consensus controllers f; with gains a;; in a fixed
compact interval [p1, p2]. In practice this implies that one can
tune the controller (5) without knowing the sensor digraph G
nor the controller parameters a;;. All what is required is to
know bounds on these parameters.

The necessity portion of Theorem 2 was proved in [6]. The
sufficiency part, namely the fact that the feedback (5) solves
the rendezvous control problem, is proved in Section V.

The feedback in (5) is very similar in form to the one in [7]
given by,

U = fz(yi) €1,

wi:fi(y2)~62, iZl,...

(6)

, N

with a;; = 1 for all j € N;. The main difference in (5)
is the extra multiplicative factor [|f;(y¢)|| in the control u;
and the control gain k chosen sufficiently large. While the
feedback in (6) achieves rendezvous for undirected and con-
nected graphs, the solution cannot be generalized to the broad
class of directed graphs considered in this paper in that, as
shown in [19], when the sensor digraph is a directed ring,
the feedback (6) drives the unicycles to a circular formation
instead of achieving rendezvous. Our solution in (5) can be
viewed as an adaptation of the controller in (6) that allows for
rendezvous with directed graph topologies containing a reverse
directed spanning tree.

In the presence of link failures in the sensor digraph, as
long as the resulting graph after the last failure maintains a
reverse directed spanning tree, the presented solution in (5)
will still achieve rendezvous. It remains an open problem to
solve the rendezvous control problem with saturated feedback.
If the rotational control gain k& > k* results in feedbacks
that are too large, the magnitude of the gains a;; can be
reduced appropriately to avoid actuator saturation over any
compact set of initial conditions. This, however, would slow
the convergence rate.

The proposed control architecture is illustrated in the block

diagram of Figure 3. There are two nested loops. The outer
loop treats each robot as a single-integrator driven by the linear
consensus controller,
The set {(zi)icf1,...n} € R* :@;; =0, Vi,j} is globally
asymptotically stable for (7) if the sensing graph has a reverse
directed spanning tree [2]. The signal f;(y;(¢)) is computed in
the body frame B;, and used as a reference signal for the inner-
loop thrust and direction controllers that assign the unicycle
control inputs in (5). The intuition behind these controllers
is shown in Figure 4. The speed input u; is the dot product
w; = ||£:(y!)||f: (y?) - e1. This is the projection of the reference
|If; (yi)||£:(y:) onto the heading axis b;, of robot ¢. The angular
speed, on the other hand, is proportional to the dot product
between the reference f;(y;) and the second body axis b;,.
In Figure 4, one can see that w; = —kl|f;|| sin(¢;) acts to
reduce the angle ¢; between b;, and f;(y;) with a rate propor-
tional to the magnitude of f;. Together, these control inputs
drive the robot velocity u;b;, approximately to the reference
If: (y:)||£i (y:). The convergence is approximate because the
control inputs do not depend on the time derivative of f;. It
is the difference in angle between w;b;, and ||f;(y;)||f:(y;) as
opposed to the difference in magnitude that is important for
obtaining rendezvous. Since ||f;(y;)||f;(y;) is homogeneous of
degree two, as the robots approach consensus, w; converges to
zero slower than u;. This allows w; to exert sufficient control
authority even as the robots converge to consensus, closing
the gap between the vectors u;b;, and ||f;(y;)||f;(y:).
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Fig. 4: Tllustration of the control inputs u; and w; in (5).

A. Simulation Results

We consider a group of five robots with sensor digraph in
Figure 5. For the feedback in (5), we pick a;; = 0.05 for all
j € N;. The control gain k is chosen to be & = 0.2. The initial
conditions of the robots are shown in Table I. The simulation
is presented in Figure 6(a) and the control inputs for the five
vehicles are plotted in Figure 7 showing reasonable linear and
rotational speeds. In Figure 5 the trajectories corresponding to
the feedback in [6], the feedback in [7], and our solution are
compared. The simulations are run with the initial conditions
in Table I and the sensing graph in Figure 5. It can be seen
that the proposed feedback has practical advantages over the
time-varying feedback in [6] as well as the solution in [7].
The proposed feedback induces a more natural behaviour in
the ensemble of unicycles. The feedback in [6] makes the
unicycle “wiggle” indefinitely, a behaviour which would be
unacceptable in practice. The feedback in [7] causes the unicy-
cles to converge to a circular formation instead of rendezvous.
Rendezvous is guaranteed only for undirected graphs.

TABLE I: Simulation Initial Conditions

@ icle 17
@»/%3@

z;(0) (m)  6;(0) (rad)
(0,10) 0
2 (-10,-10) 27 /5
Fig. 5: Sensor di- 3 (—50,10) /5
graph used in the 4 (—10,0) 6m/5
simulation results. 5 (10,0) 8m/5

V. PROOF OF THEOREM 2

This section presents the sufficiency proof of Theorem 2.
The necessity was proved in [6].

The key tool in our proof is the condensation graph and the
isolated node sets £; defined in Section II-B. The same tool
was employed in [16] for pose synchronization (synchroniza-
tion of positions and attitudes) of fully actuated vehicles.

The dynamics of unicycles associated with an isolated node
set Ej are independent of the nodes outside of this set because,
for any robot ¢ € Ej, the feedbacks u; and w; in (4), (5) depend
only on states of robots within £;. Therefore, the dynamics
of the collection of unicycles in L_j,

T = uReq ¥
Ri = Ri(w)*, i€L )

define an autonomous dynamical system. Henceforth,
the dynamics in (8), (9) are denoted by X Z; and
we define the reduced rendezvous manifold T° [:'j =
{(l'i,Ri)ieEj cxie =0, VZ, ke Z]}

Recall from Section II-B that the set £_; is empty, which
implies that the set I'z_ is also empty. We adopt the conven-
tion that Iz is GAS for X7 .

The proof of Theorem 2 relies on an induction argument on
the node sets £;. Key in the induction argument is the next
result stating that if the vehicles in E_j,l achieve rendezvous,
then so do the vehicles in £;.

Proposition 3: Consider system (1), (2) and assume that the
sensor graph G contains a reverse directed spanning tree and
let p; and ps be such that 0 < p; < pa. Suppose that, for some
integer j > 0, the set I'z _ is globally asymptotically stable
for the dynamics X7 . There exists [* > 0 such that for any
k > 1* in (5) and for all linear functions f; € F;(G, p1, p2),
i =1,...,n, feedback (5) globally asymptotically stabilizes
L'z, for the dynamics 3/ .

In the statement of Proposition 3, the lower bound [* on
k depends on the sensor digraph G, while in the statement
of Theorem 2, k* does not. In the proof of Theorem 2
below we show that the lower bound [* can in fact be made
uniform over sensor digraphs G containing a reverse directed
spanning tree. The same comment holds for Corollary 1
below. In Section V-A, we use the above proposition to prove
Theorem 2, and in Section V-B we prove Proposition 3.

In the special case when G is strongly connected, we have
Ly = V. Since, by definition, £_; = @, the set I'z_ is GAS
for >z, and Proposition 3 yields the following corollary.

Corollary 1: Consider system (1), (2) and assume that the
sensor graph G is strongly connected and let p; and p- be such
that 0 < p; < ps. There exists [* > 0 such that for any k > [*
and for all linear functions f; € F;(G,p1,p2), ¢ = 1,...,n,
feedback (5) solves the rendezvous control problem.

A. Proof of Theorem 2

To begin with, the feedback in (5) is local and distributed
because it is a smooth function of y! only. The proof in this
section is performed in two steps. First we will show that for
all graphs G = (V, ) containing a reverse directed spanning
tree, for all parameter bounds p1, p2 such that 0 < p; < po
there exists [* > 0 such that for all £ > [*, and for all linear
functions f; € F;(G, p1,p2), i = 1,...,n, feedback (5) solves
the rendezvous control problem. We then show that the lower
bound on k£ can be made uniform over all sensor digraphs
containing a reverse directed spanning tree.

Consider any graph G = (V, £) containing a reverse directed
spanning tree, parameter bounds p; and py such that 0 <
p1 < p2, and the node sets £; and E_j defined in Section II-B.
By construction, the node sets E_j are isolated, the subgraph
(Vo, &) is strongly connected, and Lo = Lo = V.

The proof is by induction. Since the subgraph (Lo, &)
is strongly connected, by Corollary 1, there exists I; such
that choosing k > [; makes the set I'z =~ globally asymp-
totically stable for system ¥ for all linear functions f; €

Fi(gaP17P2),i:1,...,n.
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Fig. 7: Simulation control inputs for proposed feedback in (5)

Now consider E_j and suppose the reduced rendezvous
manifold 'z is globally asymptotically stable for system
Yz, .- It holds from Proposition 3 that there exists [ such
that choosing k > [7 makes the isolated node set I' = globally
asymptotically stable for system Y. for all linear functions
f, € Fi(G,p1,p2), i =1,...,n. By part (ii) of Proposition 2,
the condensation digraph C(G) contains a reverse directed
spanning tree, so there is a path from every node of C(G) to
the unique root of C(G). By part (i) of the same proposition,
C(G) is acyclic, which implies that the paths connecting the
nodes of C(G) to the unique root of C(G) have a maximum
length, L. Recall that, by definition, L = ZiL:l L; is the
union of those strongly connected components V; of V that
are associated with nodes v; of the condensation digraph C(G)
with the property that the maximum path length from v; to
the root vy is < L. As we argued earlier, the set of such
nodes v; equals the entire condensation digraph, implying
that £;, = V. Let I* > max{l§,...,l5}. By induction, it
must hold that choosing k¥ > [* makes 'z, = I' globally
asymptotically stable for system Yz = >y, = X for all linear
functions f; € F;(G, p1,p2), i = 1,...,n. We conclude that
T" is globally asymptotically stable.

To prove Theorem 2, it remains to show that the lower
bound £ can be taken to be uniform over the set of digraphs
with n nodes containing a reverse directed spanning tree. In
other words, we need to show that for all n, for all p;, po
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such that 0 < p; < pa, there exists k* > 0 such that choosing
k > k* solves the rendezvous control problem for all graphs
with n nodes containing a reverse directed spanning tree and
for all linear functions f; € F;(G, p1,p2), i = 1,...,n. Corre-
sponding to n nodes, there is a finite number of directed graphs
containing a reverse directed spanning tree. Enumerating these
graphs by G;, j = 1,...,m, for all j = 1,...,m the result
from the first part of the proof gives values (I*);, such that
choosing k > (I*);, (5) solves the rendezvous control problem
for all linear functions f; € F;(G;,p1,p2), ¢ = 1,...,n.
Choosing k* = max{({*)1,...,(I*),,} then solves the ren-
dezvous control problem for all graphs G;, j =1,...,m for
all linear functions f; € F;(G;,p1,p2), i=1,...,n. |

B. Proof of Proposition 3

Consider a graph G = (V, £) containing a reverse directed
spanning tree and let p; and ps be such that 0 < p; < po.
Recall that the vertex set £; C V is the union of those vertex
sets V; that correspond to vertices v; in the condensation
digraph C(G) associated to strongly connected components
with maximal path length j to the root node vg. Without loss of
generality, we assume there is a single vertex set V; such that
L; =V;. In the case that £; is the union of several vertex sets,
one can repeat the argument of this proof sequentially for each
component. We denote A := £;_1 and B := £L; = V; and
therefore E_j = AU B. Denote by r the number of unicycles
in the set B. By assumption, I'4 is globally asymptotically
stable for the dynamics X4 and the graph associated to the
nodes in B is strongly connected. We need to show that I' 4
is globally asymptotically stable for the dynamics ¥ 4. The
proof relies on the following coordinate transformation.

1) Coordinate Transformation: For notational convenience,
we collect the position vectors x; and rotation matrices R;
into variables = := (z1,...,2y) and R := (Ry,...,R,). We
define the space R := SO(2) x --- x SO(2) (n times), so that
r € R?" and R € R. For each i € {1,...,n}, define

Xi = f£i(yi) /A,

where A; := Zje/\/i a;j,and let X := (X7, ...
express X as

X = (diag(1/Ar, -+, 1/A)L ® L)z,

(10)
, Xn). We may

In the above, diag(...) is the diagonal matrix with diagonal
elements inside the parenthesis; L is the weighted Laplacian



matrix of the sensor digraph associated with the gains a;;;
finally, ® denotes the Kronecker product of matrices. X lies on
the subspace of R?" given by Im(diag(1/Ay,---,1/4,)L®
I,) C R?™, We let X := Im(diag(1/Ay,--+ ,1/4,)L® 1) C
R2"_ From now on, we will take into consideration that X is
a vector in R?" constrained to lie in the 2(n — 1) dimensional
subspace X representing the values of X which are well-
defined. Since the sensor digraph contains a reverse directed
spanning tree, by Proposition 1 the matrix L ® I has rank
2(n — 1), and Ker(L ® I5) = span{l ® e1,1 ® eg} with
1 € R" Let z := [Iy -+ L)z = ), x;, then the linear
map T : R™ — R?" x R2, z ~ (X,Z) is an isomor-
phism onto its image. Under the action of 7', the subspace
{r € R : 2y = --- = x,} is mapped isomorphically onto
the subspace {(X,Z) € Im7T : X = 0}. Since the feedbacks
in (4)-(5) are local and distributed, it can be seen that the
dynamics of the closed-loop unicycles in (X, Z, R) coordinates
are independent of Z. Moreover, as we have seen, in these
coordinates the control specification is the global stabilization
of {(X,Z,R) € XxR?xR: X =0}, a set whose description
is independent of Z. In light of these considerations, for the
stability analysis we may drop the variable Z, and show that
the set T' := {(X, R) € XxR: X = 0} is GAS for the (X, R)
dynamics.

From here on we will use the hat notation to refer to
quantities represented in (X, R) coordinates. Denote g;(y;) :=
1£: (yi)llfi (y:). Let @ = (aij),j)ee denote the vector con-
taining the parameters of the linear consensus controller f; €
F;(Gi, p1,p2), i =1,...,n. Given positive bounds p; and pa,
by definition of F;(G, p1, p2), the vector of controller gains a
lies in the compact set K (G, p1,p2) := {z € (RT)IEl: p; <
x; < pa, Vr;} where RT is the set of positive real numbers
and |€] is the cardinality of the edge set £. Using (10), the
functions f; and g; and their body frame representations are
given in (X, R) coordinates by

fi(a, X:) = AiXi, gi(a, Xi) = A% Xil|X;

fi(a, X;, R;) = AiR7'X;,

gi(a, Xi, Ry) = A° R Xi]| X3,
where we have made explicit the dependence of these func-
tions on the parameter vector a. We can use these functions to
rewrite feedback (5) in new coordinates as u; = g;(a, X;, R;)-
e1, w; = —kfi(a, X;, R;) - e2. We remark that f; and f! are
homogeneous of degree one with respect to X;. Similarly, g;
and g! are homogeneous of degree two with respect to X;.

The closed-loop unicycle dynamics in (X, R) coordinates are
given by

(1)

> en, @ij (&) - e1)Rjer — (&) - e1) Rier)
A; ’

X, = (12)

Ri = Rz(—kﬁl . eg)x.

We will refer to system (12)-(13) as f)i.

In analogy with what we did earlier, for a set of m nodes
S CV welet Xg := (Xi)iES € Xg and Rg := (Ri)ieS S
Rs :=S0(2)x---xSO(2) (m times). Xg lies on the subspace
of R?™ given by Xg := mg(X) in which w5 : R?" — R2?™
is the projection map whereby 75(X) = (X;)ics € R?*™.

13)

Moreover, if S is an isolated node set, the systems ﬁi,i es
determine an autonomous dynamical system which we denote
by $g. We also denote the reduced rendezvous manifold
by 'y := {(Xs,Rs) € Xs x Rg : X5 =0}. In new coor-
dinates, it needs to be shown that the set I'4 5 is globally
asymptotically stable for the dynamics S aup under the as-
sumption that [4 is globally asymptotically stable for the
dynamics )y A.
2) Stability analysis: Let

V(1, Xp) =Y X X,
i€B
Wtran(%XB) = V('%XB)

Wiet(a@, X, Rp) = Y _ £1(a, Xi, Ry) - ex,
i€B

(14)

where 7;(@) > 0 are gains that are continuous functions of
a € K(G,p1,p2) defined in the proof of Lemma 2 and let
~v(@) :== (71(@)...vr(a)). Consider the function W : R" x
K x Xg x Rg — R defined as

W(’Ya a, XB; RB) = aWtran(Vv XB) + Wrot(@v X37 RB),
15)

where a > 0 is a design parameter.

The next two lemmas are used in the subsequent analysis.

Lemma 1: Let ~(a) be any positive real-valued con-
tinuous function and consider the continuous function
W(v,a,Xp,Rp) defined in (15). There exists a* > 0 such
that, for all @ > 2a* and for all a € K, the following
properties hold:

i) W >0 and W_l(O) = {(XB,RB) : X = 0}
(i) For all ¢ > 0, the sublevel set W, := {(Xp, Rp) :
W(v,a,Xp,Rp) < ¢} is compact.
(i) a*\/V(y,XB) < W(v,a,Xp,Rp) <2a+/V(y,XB).
The proof is in the appendix. From now on assume o > 2a*.
Lemma 2: Consider system (12), (13). There exist positive
real-valued functions 7;(@) in (14) and I* > 0 such that
choosing k > [* implies

%W(Va deBa RB) < *O—V(’)/aXB) + (I)(avXA; R)v o> Oa
(16)

for all @ € K where ®(a, X4, R) is continuous with respect

to its arguments and ®(a,0, R) = 0.

The proof of Lemma 2 is presented in the appendix.

We will now show that choosing k£ > [* implies Daup is
globally asymptotically stable for S aus. The proof will make
use of the reduction theorem (Theorem 1). We will first show
that all solutions of the closed-loop system are bounded. The
rotation matrices live in a compact set, therefore we only need
to show that the states Xaup = (X;)icaup are bounded.
Since A 1is isolated, » A 1s an autonomous subsystem and
by assumption, Iy = {(Xa,Ra) € Xa xRy : Xy =
0} (compact), is globally asymptotically stable. Therefore,
X4 is bounded. From the inequality W (~,a, Xg, Rg) >
a*y/V (v, Xp) in part (iii) of Lemma 1, to show boundedness
of V(v,Xp), it suffices to show that W(vy,a,Xp, Rp) is



bounded. Boundedness of V (v, Xg), in turn, implies bound-
edness of X g. From the bound on the derivative of W in (16),
and by Lemma 1 we obtain

d o a, X 2
%W(’y,&,XB,RB) < - W(%(éa)z&RB)
o > 0. Since X 4 is bounded and R € R lies on a compact
set, it holds that ®(a, X 4, R) is bounded and therefore W
is bounded, which implies that Xp is bounded. Therefore
Xaup is bounded, as claimed. Now define the set, A =
{(X/AUB7RAUB) € XauB X Raup : Xa = 0}. Sipce the
set I'4 is globally asymptotically stable for system >4 and
X aup is bounded, it holds that A is globally asymptotically
stable for 3 AUB-

To show that the set T’ AuB, which is compact, is globally
asymptotically stable for the system Saup, it suffices to
show that ['4up is globally asymptotically stable relative
to A. On the set A, ®(a, X4, R) is equal to zero and the

derivative of W is therefore given by %W(fy,d,X B, Rp) <

f%w, o > 0. By Lemma 1, all level sets of

W(v,a, Xp, Rp) are compact and W~1(0) = {(Xp, Rp) :
Xp = 0}. This implies Daup is globally asymptotically
stable relative to the set A. By Theorem 1, Laup is globally
asymptotically stable for S aup. This completes the proof.

+®(a, X4, R),

VI. CONCLUSION

We have presented the first solution to the rendezvous con-
trol problem for a group of kinematic unicycles on the plane
for directed graphs containing a reverse directed spanning
tree and using continuous, time-independent feedback that is
local and distributed. The solution assumes a fixed sensing
digraph that contains a reverse-directed spanning tree. The
control methodology is based on a control structure made
of two nested loops. An outer loop produces a standard
feedback for consensus of single integrators which becomes
reference to an inner loop assigning the unicycle control inputs
that rely only on onboard measurements. Information of the
unicycles’ relative orientations is not required. We believe that
our control scheme can be shown to yield stability also when
the digraph is time-varying. This would require a modification
of the Lyapunov argument used in the proof. The problem of
full synchronization of the unicycle positions and orientations
for smooth, local and distributed feedbacks remains an open
problem.

APPENDIX

Throughout this appendix we will make use of functions f;
and p defined as follows. Let (@) be any positive real-valued
continuous function and recall from (14) that V (v, Xp) is
positive definite. Define the continuous functions u(y, Xp) :=
Xp/\/V(v,Xp), and pi(y, Xp) = Xi/\/V(v,XB), i €
B. Since the numerator and denominator are both homoge-
neous of degree one, these functions are both homogeneous
of degree zero with respect to Xp. Therefore, the images
satisfy (v, Xp\0) = u(y,$*" N Xp) and (v, Xp\0) =
wi(v,S* N Xp), where S?" is the unit sphere in R?” where
r is the number of agents in B. Since u, p; and ~y(a) are

continuous functions and the sets K and S>"NX g are compact,
the images p(y(K),Xp\0) and p;(v(K), Xp\0) are compact
sets.

A. Proof of Lemma 1
Recall the definition of W (~,a, Xg, Rp),

W = oV Xp) + S (@ Xoo R) - 1

i€B

= V(’YvXB) <O(+

ZieB f;(da Xi7 RZ) s €1
V(’y7 XB)

Using the fact that f/(a, X;, R;) is homogeneous with respect
to its second argument, we have

W= \% V(77XB) <O¢+Zf$ (anui(’y’ XB)sz) '€l> .

i€EB

Since f'f is continuous, u;(y, Xp) is bounded, and Rp € Rp,
a compact set, it follows that the function

Z le (67/141'(77XB),R1‘) . 63‘
i€EB

has a bounded supremum. Accordingly, let

OZ* = sup Z le (a7ui(’y(a)7XB)7Ri) €] .

(a,XB,RB)EKXXpXRp icB
For all a > 2a* we have W(y,a,Xp,Rp) >
W(vy,a,Xp,Rp) := a*/V(v,Xp) > 0. This inequality
implies that W > 0 and W~=(0) ¢ W~'(0). But W =
0 if and only if V(y,Xp) = 0 (e, Xp = 0). Thus
W=10) c {(Xp,Rp) : Xp = 0}. Conversely, on the set
{(Xp,Rp) : Xp = 0}, Xp = 0 and hence W = 0, and
therefore {(Xp, Rp) : Xp = 0} C W~1(0). It follows that
W=Y0) = {(Xp, Rp) : Xp = 0} proving part (i).

For part (ii), note that for all ¢ > 0, W, C
{W(y,a,X,R) < c}. Since the sublevel sets of W are
compact and Rp € Rp, a compact set, the set W, is bounded.
Continuity of W implies that W, is compact.

For part (iii), it has already been shown

W(vy,a,Xg,Rp) > a*y/V(v,Xg). It also holds that

W= V V(’Y’XB) (Oé—ﬁ- Zf; (aﬂui(’anB)’Ri) : 61)

i€B

< VV(1, XB) (a+a) <20y V(y, Xp).

that

B. Proof of Lemma 2

We first compute inequalities for Wtran and Wrot for sys-
tem (12) and (13). We then combine them to derive (16).
Consider unicycle ¢ € B. The dynamics of X; in (12) are
split into two terms, for neighboring robots j € A; N A and
j € N; N B respectively,

. (ujRj61 — uiRiel)
Xi = Z Q5

JENNA A

(u ’R‘el — uiRiel)

+ D ey 1 :

A7)

JEN;NB



For simplicity of notation, we drop the arguments of g;(a, X;)
and g!(a, X;, R;). Adding and subtracting the term,

—8i) —
A,

> jeninp %ij (8; 2 jenina @ij&i

to (17) yields,

ZjeMﬁB aij (&5 — &) — ZjeMﬂA aij8i

_'_Zje./\me aij(uiRjer —uiRier) 325 n,np @i (8 — &)
A; A;

N D jenina GijuiRier Y icnna aij(& — uilier)

D jenins @i (85 — 8i) — X jenina 28

A;
+Zje/\/imB aij(uiRier — &) Djennp Gis(willier — &)
A; A;
D ienina GiguiRier 3o a4 aij(8i — uiRieq)

_|_

Replacing u; and u; by the assigned feedbacks in (5) and
using the identity R;g! = g; then,

Xi = ai(d7XB)+bi(a7XB7 R)+ci(&7XB7 R)+di(a7XA7R)7

where
3 jenins Gis(8; — &) = X jenna Gisks
ai(anB) = ]GNlﬁB JI\SI Ai jENIﬂA J
~ ] ~j
bi(a,Xp, R) = 2 jeninB aini(-gJ er)er — §;)
 Yjeninp 9 Ri((&] - er)er — 8))
A;
aijRi(g) — (8! - e1)e
Ci(a,XBaR) = ZJGNQA J 1; (g 1) 1)
j .
di(a,Xa, R) :== 2jenina alil(v j 61)RJ61.

The time derivative of Wyan = /V (7, Xp) in (14) yields,

. B 1 8V(%XB) e =
Wtran - 2\/‘7 Z 8Xz (az(a,XB) +b1(a;XBvR)
_ 8V 77XB
+Cz(aaXB> 2\/71623 8X ( aXAaR)'
(18)

The derivative of the first term is considered in Claim 1.

Claim 1: There exist gains v;(a) > 0 in (14) that are con-
tinuous functions of @ and a continuous function r(vy,a, Xp),
negative definite and homogeneous of degree three with
respect to Xp, such that > Mai(a,XB) <

- i€EB 0X;
r(’Ya a, XB)

The proof of Claim 1 is presented in Section C of this
Appendix. Let the gains ~; be as in Claim 1. The derivative
of the remaining terms in the square brackets of (18) satisfies,

> M(bi(a, Xp, R) +ci(a, Xp, R))

, 0X;
i€B
1 0V(v, Xp) ) ‘ S Ny
B PRGN I R
eBA 0.X; JENNB I ’
+ Z azg 61>61 ng
jEN;NB
+ Z a”L] ||gz z elH
JEN;NA
1 0V(y,X N N
ST | 2 e e g
zeB jEN;NB
+ > ay (& - &
JEN;

We claim that ||(g!(a, X;, R;) - er)er — gi(a, X;, R))|| =
|&i(a, X;, Ry) 62’ Indeed, writing g = (g¢-e1)e; +8¢ — (&
el)el, we have gi-eo = (g1 —(g!-e1)e1)-eq. Since the vector
g — (8! - e1)er is parallel to e, [(& — (8!-e1)er) €] =
& — (& -e1)er|, so that |g!-ea| = & — (&!-e1)er]|. Then,

Z%ﬁ(bi(m)(&m +¢i(a, X, R))

<2

i€B

aV ’ya XB

‘ Z‘g 62‘+n‘gz 62’

which is homogeneous of degree three with respect to Xp
since 2Y0:X5) i homo f d d gii

e geneous of degree one and g} is
homogeneous of degree two with respect to Xp for all ¢ € B.

The last term in (18) satisfies,

av ’Y, XB
0X;

(av XA7 R)

1 8V 'y,XB) Z
am(
8X JENNA

oV (v,XB) Z
v am”g]”
8X JEN;NA

2\/ FY?XB Z
2\/ ’YaXB Z

1

2\/ ’y,XB 'LGZB i

)R €1

1
< sup Y
;3 (a,XB)EKXXp { 2\/V(y(a), XB)

H‘W} 3" &) = Puan(Xa, R).
? JENNA

19)

The bounded supremum of ’ exists

1 ’ oV (v(a),Xp)
, , VV((@),Xp) 0X;

because this term is homogeneous of degree 0 with respect to
Xp and y(a) is a continuous function of a. Moreover, X4 = 0




implies that ||gg | = 0forall j € Aand hence P20 (0, R) = 0.
Everything together, (18) yields,

av ,anB)

Wran <
fran = 0X,;

(’Y»a XB +Z

i€B

2 V(’Y,XB) [
> glceof +nlgl-eof || + @uan(Xa, R).
jEB

(20
Since r(vy, a, X ) is homogeneous of degree three with respect
to Xp. We can write,
V(y, Xp)V(y
V(v, Xp)V(y

7XB>

r(v,a,Xp) = Xp)
y 2B

I'(’}/, a, XB)

Xp )
V(v,XB)

V(y, X8)V (v, Xp)r (7,4, (v, XB)) -
Analogous operations can be performed with the remaining
term in the square bracket of (20) yielding,

W |f(77 &7 /1'(’77 XB))

V(’Ya XB)V(rYa XB)r <7v a,

Wtran S

;(avﬂj(’vaB)aRj) c €2

oV ( % %XB H

jeB
+7’l|gl a7/”'i(77XB);Ri '€2|)] +‘I)tran(XAaR)-

Since r is continuous and negative definite, a lies on a compact
set K and p(vy(a), X ) lies on a compact set Sy, it follows that
r(y(a),a, u(y(a), Xp))/2 has bounded maximum — My < 0.
3V(V(ﬁ),g(v(&),Xs))
oV (~(a),0)
0X;

has a maximum.

Similarly, the function H

yields,

Lettlng M] = N INaX(a,0)e K x5,
i€B

M,
Mt 5 2
i€B

Wtran SV Z ‘g;(dvﬂj(WaXB)aRJ) t €2
L jEB
+n|gi(@, i (v, Xg), Ri) - ea|)] + Pran(Xa, R)

M o
<V —M2+2—nl;( n|gl(@, mi(v, Xg), Ri) - e2]

+n !gz a ,uz(’YaXB) Rl) . 62‘)} + (I)tran(XAz R)

‘]

(21
for all @ € K. This proves the first inequality. We now turn to
the second. Recall the definition of Wi, Wiot(a, XB,Rp) =
Y icB fZ (a, X;, R;) - e1. The time derivative of W, along

<V =My + My Y |81(@, (v, Xp), Ri)

i€B

+ (I)tran (XAv R)

the vector field in (12)-(13) is Wit = ;e (%f) er. To
express (d/dt)f!, recall that fi(a, XZ,R) R; 'f;(a, X,).

Then, ;tfl = (4R )f + R; ' We will denote the
derivative of f;(a, X;) = 4;X; by,
h,(a, X, R) := (d/db)f;(a, X;) = A; (a;(a, X)

+bi(aaXB7R) + Ci(a7XBa R) + di(a,XA7R))

where the first three terms are homogeneous of degree two
with respect to X and the last term is homogeneous of degree
two with respect to X 4. Consistently with our notational
convention, we will let hl(a X,R) = R;'hi(a,X,R).
Returning to the derivative of f’, we have

7f2 —

bl = (@) B'i(a. X0) + B hi(a, X, R)

_ 0 —w
- W 0
We substitute the above identity in the expression for Wmt,
. o T 0 — W
Wrot - Z <_61 |:w. 0

=3 ((#(@ X0, R) - ex)o; + hi(@, X B) - ex )

] F(a, X, R) + hi(a, X, R).

Z} fi(a, X,;, R;) + hi(a, X, R) ~61)

Substituting the feedback w; = —k(f!(a, X;, R;) -
taking norms, we arrive at the inequality

Wrot < Z

i€EB

e2) and

£i(a, X, R,) 62’ +hi(a, X, R) - e1].
This gives,

. ~. 2
Wt < £, X, Ri) - o] +£(a, X5, R)

i€EB
+ (I)rot (da XAa R)

where

l(a,Xp, R) =Y AiR] (a;(a, Xp) +bi(a, Xp, R)
i€B

+ci(a, XB, R)) - e1

and ®,(a, X4, R) = ZlEBA R!di(a,Xa,R) -

that >, GB‘ ‘(a,X;, R;) - ez| and ¢(a,Xp,R) are homo-
geneous of degree two w1th respect to Xp. The function
Dyot(a, X 4, R) does not depend on X g and ®,:(a,0, R) = 0.
This yields,

e1. Note

kS |E@ X0/ V(3 X), R) ‘
i€EB
E(C_LaXB/ V V(73X3)7R)] +(I)rot(a7XA7R)

(@, wi(y, XB), R;) - ez

Wrot <V ’vaB [

2
77 XB

i€EB

+€(&a M(’Ya XB)a R)] + (Drot(aa XA’ R)

|¢(a, u(y(a), Xp), R)| has a bounded supremum. Letting
M3 = sup ;0. rye kx5, xR (|€(@, 0, R)|), we conclude that,

2
(@, pi(v,XB), R;) '62‘ + M3

Wrot <V '77XB l

i€EB

+ (I)rot(da XAa R)
(22)



for all @ € K. By using the inequalities (21) and (22) we now
bound the derivative of W to derive (16). Notice that

W = aWtran + Wrot

S V(’Y? XB)

_kZ

i€EB

—aMy + aM; Z |g§(ayﬂi(%XB)> R;)- 62|
i€B

~. 2
(@, (v, Xp), Ri) - 2| + My | +®(a, X, R),

where ®(a, X 4, R) := a®yan(Xa, R) + Pror(a, Xa, R).
Choose « > 3M3 /M. This implies,

W <V |—2Ms +aM; Y |81(@ (v, Xp), Ri) - e2]
i€B
"y 2
kY [ @ iy, Xp), Ri) -] | + @@, X, R).
ieB
. (23)
Since  f/(a,X;,R;) is homogeneous  with  re-

le(aa,ul(/y7XB)7RZ) =
Plugging  the

spect to X;, we have,

\/Hg (@,pi (v, XB),R)ll
l&i(a, H1(77XB) R gz(a’ Mi(’YaXB)vRi)'

last’ expression into (23) yields

W S |4 _2M3 + OéMl Z ‘gz(aaul(77XB>7Rl) : 62‘

i€B

kD

= lsi(@ pi %XB
+ ®(a, Xa,R).

H ’gz a :u’l(/}/7XB) RZ) : 62’2

Since g!(a, 1i(v, Xp), R;) is a continuous function of its
arguments and 11;(v, Xp) is compact, |g!(a, ui(v, X5), R;)|
has a maximum M. This implies,

W <V [ =2M, + oMy Y |81, pi(v, Xp), Ri) - €]

ieB
_kz

ZEB

2
a ) Hi 77XB) Rl) ' 62| + (I)(a’vXAvR)‘

Denote /6 (CL Nl(’vaB)sz
and 3 := (/Bz(a :uz(% B)7

b}

= |gi(a, pi(v, XB), Ri) - ea
z))zeB Then,

. k
W<V [—QMQ +aM1'8 - A |,6‘|2} + ®(a, X4, R)

=2 ot
T T | w _
V[T 87| AEIHAJr@(meR).

There exists {* > 0 such that choosing £ > [*, the matrix
above is negative definite and therefore the first term satisfies,

=2 ol 1
V[t p'] [Cﬁgq “;4;%[] M < —oV(7,Xp), (24)

o > 0 for all @ € K. This concludes the proof of Lemma 2.
O

C. Proof of Claim 1

Recalling that V('y,XB) = v X X; with X; = f;/A; and
defining b;; := A L, it holds that,

av(%XB)
Z X, i(a,Xp) *22% ai(a, Xp)
i1€B 1€B
<2 b | YD b (IG5 — IEIE) = D b |IEillf:
i€B JEN;NB JEN;NA
SQZ%’ Z bij _Hf I° + Hf ‘ Z bullf I°
i€EB JEN;NB ye/\fmA
< X by (-3l + ||fj||3)
i€B  jeN;NB
$ X X b (<RI 2RI - S
i€B  jeEN;NB
=23 vy byllEl®.
i€B  jEN;NA

The first term equals 27" Mh with h := (||f]*)iep. M is
the (7 x 7)-matrix whose (i, j)-th component is >, -~ ik
for ¢ = j, bj; for j € N; N B and zero otherwise for
1,7 € {1,...,r} where it is assumed without loss of generality
that B = {l,...,r}. The components of the matrix M
are continuous functions of a. Since B corresponds to a
strongly connected graph, the zero eigenvalue of M is unique
and all components of left eigenvectors corresponding to the
zero eigenvalue are nonzero and have the same sign (see
Proposition D.5 in [16]). Further, it follows from Theorem
3.4.35 in [20] that there exists a left eigenvector associated to
the zero eigenvalue of M, v(a) = (y1(@), ..., v-(a)), which is
a continuous function of a. Without loss of generality, we can
choose the vector v(a) with positive components. Therefore,

oV (v, X
ZLB)%(Z%XB)
: 0X;
i€eB
2 403 P T
<> S0 by (=S IEIS 21808 - E - S5
i€B  jEN;NB
=23 % Y. bylEl® =r(y,a,Xp).
i€EB  jEN;NA
The term
ri(vy,a,Xp) =

S 3 (I + 200 & - S5 1)

i€B jEN;NB

2 A aA 4
< S 3 b S IEIE + 2ARIEI - 1)

i€B jEN;NB

is less than or equal to zero with equality only when f',- = f'j
for all 4,j € B and as such r(v,a, Xg) is less than or equal
to zero with equality only when f'z = f'j for all 4,5 € B.
Now we prove that r(v,a, Xz) = 0 only if £ = 0
for all robots ¢ € B. In the case that A is not empty,
the inequality r(v,a,Xp) < =23, pYi D jenina bij £ |13



implies r(7,a, Xg) = 0 only if f; = 0 for any i € B
with a neighbor in A. As such, by the previous arguments,
r(v,a,Xg) = 0 only if £ = 0 for all i € B. On the
other hand, if A is empty, then B is isolated and strongly
connected. Therefore r(vy,a,Xp) = ri(v,a,Xp) is equal
to zero only if r1(v,a,Xpg) = 0 which is the case only
if fi = f; for all i,5 € B. For all Xz € Xg (ie., all
well-defined values of Xp € R2"), this implies that there
exists © = (x1,...,,) such that diag(Ay,---,A4,)Xp =
(L ® I2)x € span{l ® e1,1 ® ex} where L is the Laplace
matrix for the agents in B (isolated). Since B is strongly
connected, for all a € K (G, p1, p2) there exists a unique vector
7 (with positive entries) such that 57 (L ® I;) = 0. Since
AL @ L)z = 7'1 @ (aey + Pez) for some o, B € R, it
holds that 471 ® (ae; + Bes) = 0. Since all entries of 5 are
positive, this implies & = 8 = 0 and (L® Iz)x = 0. Therefore
x € span{l ® e, 1 ® ex} or, equivalently, that £, = 0 for all
1€ B.

Therefore r(vy,a, Xp) = 0 only if X; =0 forall i € B and
as such r(v,a, Xp) is negative definite. Note that r(~y, a, X )
is homogeneous of degree three with respect to X p because
f; is homogeneous of degree one with respect to Xp for all
i € B. This completes the proof of the claim.
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