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Abstract— Green infrastructure has potential to alleviate the
environmental impact of rapidly growing cities. This potential
has inspired laws in Toronto that require the inclusion of
rooftops with large vegetation beds, called green roofs, into
sufficiently sized construction projects. We study the problem
of reusing stormwater to irrigate a green roof in Toronto, where
potable water is the current irrigation source. The vision is
that widespread reuse of stormwater runoff for irrigation of
green roofs and other purposes can reduce sewer overflow
volumes without over-building (with the added benefit of
conserving potable water). Towards this vision, our goal is to
develop and evaluate two pump controllers for transporting
stormwater to the green roof of interest in simulation. A key
contribution is our development of a site-specific non-linear
model for stormwater flow using smoothing techniques that
permits linearization and a standard model predictive controller
(MPC). We compare the efficacy of the MPC, which anticipates
the weather, and an on/off controller, which is reactive rather
than anticipative, for the site in simulation. With further
study, we are hopeful that this research will advance control
systems technology to improve the performance of green and
stormwater infrastructure in growing urban areas.

I. PREMISE

The incorporation of green infrastructure into urban cen-
ters has been reported to provide benefits to the environment,
economy, and human welfare [1, Tables 1–4]. For example,
the installation of green roofs has potential to reduce the
maximum discharge rate and the total water volume released
by a drainage network during periods of rainfall [2]. Differ-
ent designs for green roofs have different advantages and
disadvantages regarding their ability to retain stormwater
and improve its quality [3]. Motivated by urban drainage
benefits, Raimondi and Becciu have developed a probabilistic
approach to assess the performance of green roof systems,
in which the system may contain stormwater initially [4].

Growing evidence for the benefits of green infrastructure
has motivated some city governments to pass laws that
require new or retrofitted construction to include a green
infrastructure component. For example, the City of Toronto
passed a regulation in 2009, specifying the inclusion of
green roofs into new or modified infrastructure that covers
a large enough area [5]. The regulation calls for “ade-
quate measures...to permit irrigation necessary to initiate
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and sustain the vegetation during the service life of the
green roof” [6, Article IV, Sec. 492-9 M]. This regulation
motivates investigations about which measures may be more
appropriate to sustain the vegetation, and here, we undertake
an investigation from the perspective of automatic control.

Passive control has the advantage of reduced financial
and maintenance requirements compared to automatic con-
trol. However, the role of automatic control in stormwa-
ter management and other water resources applications is
growing. Romero et al. has surveyed automatic control
systems for agricultural applications up to 2012 and has com-
pared model predictive controllers and proportional-integral-
derivative controllers in simulation [7]. More recently, in
2021, a real-time irrigation method that detects soil moisture
has improved the efficiency of water usage for cultivating
tomatoes in a greenhouse [8]. In prior work, we have used
a safety analysis method based on robust optimal control to
assess different designs for stormwater systems numerically
[9]. Model predictive control has been applied in simulation
to alleviate the severity of coastal flooding in Norfolk,
Virginia using the United States Environmental Protection
Agency Storm Water Management Model (SWMM) [10].

Moreover, researchers have investigated methods for auto-
matic sensing and control of green roof systems. From 2002
to 2006, the performance of green roofs in colder climates
was examined by the Toronto and Region Conservation
Authority, and the study used automated devices to sample
runoff from different roof surfaces for assessing water quality
[11, p. 5]. With a focus on the eastern Texas climate,
Aydin et al. has envisioned a green roof system that gathers
daily weather data to develop watering schedules and uses
wastewater for irrigation [12, Sec. 4]. In research about the
seasonal aspects of green roof performance, an automatic
sprinkler system has provided irrigation until a sensor detects
a sufficient rainfall depth [13]. By the same research group,
a neural network has been applied to relate weather data to
soil moisture to estimate a green roof’s water demand and
operate an on/off irrigation controller [14]. The approach has
been validated experimentally at a site in Hong Kong [14].
Moreover, an automated pump can facilitate the reuse of
stormwater runoff for irrigating a green roof, which applies
to our case study of interest.

Research aims. We consider a system consisting of an
underground cistern that collects stormwater runoff, a green
roof that requires irrigation, and two pumps in series (Fig.
1). The system is part of the University of Toronto’s Green



Roof Innovation Testing Laboratory (GRIT Lab), a facility
established in 2010 that studies the performance of green
roofs, green walls, and photovoltaic arrays. The pumps have
been installed with the intention of reusing stormwater for
irrigation; however, potable water is the current irrigation
source. Like other cities in North America, Toronto’s sewers
can release untreated wastewater into natural waterways
during heavy storms [15]. Widespread stormwater reuse (e.g.,
for irrigation, toilet flushing, cooling) could increase the
effective capacity of Toronto’s sewers and thereby reduce
overflow volumes without over-building. Towards this long-
term aim, our short-term aim is to develop a model predictive
controller that anticipates the weather and assess its efficacy
relative to an on/off controller for stormwater-based irrigation
of the green roof at hand in simulation.

Contributions. We report two contributions. Our first con-
tribution is to devise a site-specific non-linear differentiable
model for stormwater flow through the green roof system.
We use site-specific engineering drawings, including a pump
performance curve; we employ sigmoids to estimate case
statements in a differentiable manner; and we adopt a
differentiable approximation for the square root [16]. We
use our green roof system model, data from a Toronto
weather station, and an evapotranspiration model [17] to
develop a model predictive controller (MPC). In parallel,
we propose an on/off controller that reacts to the current
water levels in the cistern and green roof. The MPC is
parametrized by a weight that penalizes high pumping rates;
the on/off controller is parametrized by a multiple of the
maximum pumping rate. We assess the performance of each
controller for various parameter settings and initial states by
simulating a 12-hour period of wet weather from eastern
Canada. Our second contribution is to demonstrate that with
proper parameter settings, the MPC outperforms the on/off
controller. Given that the MPC can adjust the pumping rate
continuously while considering a forecast, the water depth
in the green roof can be maintained closer to a desired level.

Fig. 1. A schematic of a green roof system in Toronto (Spadina Ave.,
GRIT Lab, University of Toronto). This system consists of an underground
cistern that collects stormwater, a green roof with vegetation, and two pumps
in series for transporting stormwater to irrigate the vegetation. In the real
system, potable water is the current irrigation source.

II. PROCESS

First, we present the development of the model predictive
controller and then we present the on/off controller.

A. Model Predictive Controller

We derive a non-linear differentiable model for the flow
of stormwater through the green roof system using the mass
balance principle. To formulate the non-linear differentiable
model, we first present a non-linear non-differentiable model,
then we use a differentiable continuous approximation to
arrive at the formulation. We employ this model to design a
model predictive controller that uses weather data to optimize
the pumping rate. An interesting feature of our approach is
the application of sigmoid functions and a smooth square-
root approximation to enhance the model’s analytical proper-
ties. Here, we present a procedure to develop the non-linear
differentiable model (Sections II-A.1, II-A.2), a linearization
procedure (Section II-A.3), and a model predictive control
algorithm (Section II-A.4).

1) Non-linear non-differentiable model: The physical sys-
tem of interest is the flow of stormwater from the cistern to
the green roof, where the flow is controlled by two pumps in
series (Fig. 1). To form a dynamical model, we represent the
cistern and the green roof as two tanks, tank 1 and tank 2,
respectively. We construct our model using a mass balance
of water entering or leaving tank 1 or tank 2. For tank 1, the
source of water inflow is the precipitation wr (m/s) through
an inlet of area ain (m2), i.e., surface runoff from the street.
Water leaves tank 1 when the height of water exceeds zo (m),
and qout (m3/s) is the volumetric discharge rate through the
outlet of tank 1 (to a sewer downstream that is not modeled
explicitly). For tank 2, the sources of water inflow include
the precipitation wr and the aggregate irrigation from the two
pumps in series qpump (m3/s); the sources of water outflow
include evapotranspiration we (m3/s) and drainage from the
vegetation due to the soil capacity qdrain (m3/s). Table I lists
model parameters.

Our model for the system consists of three key entities:
the state, control, and disturbance. The state at time t is a
vector xt := [xt,1, xt,2]T ∈ R2, where xt,i (m3) is a volume
of water in tank i. The control at time t is a proportion of
the maximum aggregate flow rate produced by the pumps
ut ∈ R (no units). The disturbance at time t is a vector
wt := [wt,r, wt,e]

T ∈ R2, where wt,r (m/s) is a precipitation
rate and wt,e (m3/s) is a volumetric evapotranspiration rate
of the vegetation due to solar irradiance and other climate
factors [17]. We assume that the disturbance is known exactly
and the current state is fully observable for simplicity in this
work. The model is given by

xt+1 = xt + τf(xt, ut, wt), t = 0, 1, 2, . . . , (1)

where τ is the duration of an interval [t, t+ 1), f is chosen



according to the mass balance principle,

f(x, u, w) := [f1(x, u, w), f2(x, u, w)]
T

f1(x, u, w) := wr · ain − qout(x1)− qpump(x, u)

f2(x, u, w) := wr · a2 + qpump(x, u)− we − qdrain(x2),

(2)

x := [x1, x2]T ∈ R2, w := [wr, we]
T ∈ R2, and we define

qout, qpump, and qdrain subsequently. The cistern is equipped
with a gravity-driven outlet with elevation zo (m) and radius
ro (m). The discharge rate (m3/s) through this outlet is given
by

qout(x1) :=

{
cout

√
x1

a1
− zo if x1

a1
> zo

0 otherwise
, cout := cdπr

2
o

√
2g.

(3)
The aggregate flow rate generated by the pumps qpump(x, u)
(m3/s) is a proportion of the maximum flow rate q̄pump,0(x)
(m3/s). The expression for qpump(x, u) is given by

qpump(x, u) :=


0 if x2

a2
≥ zveg or

x1

a1
< zpump + zH

u · q̄pump,0(x) otherwise,
(4)

where zH (m) is the minimum water level relative to a pump’s
base that pumping requires (called net positive suction head),
and zveg (m) is the desired water depth to ensure sufficient
soil moisture for the vegetation. That is, if the vegetation
does not require irrigation (x2

a2
≥ zveg) or if there is not

enough water in the cistern for pumping (x1

a1
< zpump + zH),

then the pumps produce zero flow rate. Otherwise, the flow
rate is proportional to the maximum flow rate, where the
proportion is given by the control u.

We have derived the maximum flow rate q̄pump,0(x) using
a quadratic approximation for a pump’s performance curve
(Fig. 2) and the total head loss of the pipe that is connected
to the pumps. We have used the quadratic approximation

φ(y) := ây2 + ĉ, (5)

where φ(y) (m) is the head and y (m3/s) is the flow rate
produced by a pump. We have measured the head and flow
rate by inspecting a given performance curve, and we have
multiplied the flow rate measurements by two because the
site has two pumps in series. Then, we have fitted the
coefficients (â, ĉ) (5) to our measurements via least-squares
minimization (Fig. 2). A key feature of (5) is the absence of
a term that is linear in y. This modeling choice simplifies
the derivation of the maximum flow rate because the total
head loss also lacks a term that is linear in the flow rate.

The total head loss (m) is a sum of the head loss terms,

L(x, y) := (F l
D + kL) · y2

2ga2pump︸ ︷︷ ︸
friction and minor head losses

+ d− x1

a1
.︸ ︷︷ ︸

approx. static head loss

(6)

We have evaluated the friction and minor head losses using
the geometry of the pipe and the expression given by [18,
Eq. 6.79, p. 389]. The static head loss is the total vertical

distance that the water is raised by the pump, which equals
d − x1

a1
+ x2

a2
. In (6), we have neglected the term x2

a2
for

simplicity because it is substantially smaller than d; x2

a2
is the

level of water in the green roof, whereas d is larger than the
height of the building (Fig. 1). Suppose that x1

a1
≥ zpump +zH

holds. Then, we model the maximum flow rate q̄pump,0(x) as
the non-negative solution y to the quadratic equation,

φ(y) = L(x, y), (7)

where φ and L are given by (5) and (6), respectively.
Equation (7) represents how the operation of the pumps is
affected by their placement underground. By rearranging the
terms in (7), the maximum flow rate q̄pump,0(x) is given by

q̄pump,0(x) := b
√

x1

a1
+ ĉ− d, b :=

(
(F l

D+kL)

2ga2pump
− â
)−1/2

.

(8)
Note that x1

a1
≥ zpump + zH implies that q̄pump,0(x) > 0

holds, which we have verified using the values in Table I.
For tank 2, water in the soil drains when the soil reaches

its capacity limit. This phenomenon is modeled with qdrain
(m3/s) using Darcy’s Law [19, Example 2-2, Case A, pp.
142–144] as follows:

qdrain(x2) :=

{
0 if x2 < zcap

K · a2 ·
(
x2
a2

+zsoil)

zsoil
otherwise,

(9)

where K (m/s) is the saturated hydraulic conductivity, zsoil
(m) is the depth of the soil on the green roof, and zcap (m3)
is the volumetric capacity of the soil.

Fig. 2. The figure shows measurements from visually inspecting a given
pump performance curve (circles) and our quadratic fit φ(y) := ây2 + ĉ
(5) to the measurements (solid blue).

2) Non-linear differentiable continuous model: The
model (1) is not differentiable, and thus it cannot be lin-
earized about an operating point. Linearization is useful
because a controller can be optimized for a linear model more
simply than for a non-linear model, and simpler controllers
can be adopted more readily in practice. Here, we derive a



TABLE I
GREEN ROOF SYSTEM PARAMETERS

Symbol Description Value
a1 Bottom surface area of the cistern 25 m2

a2 Bottom surface area of the rooftop
vegetation

68.8 m2

apump Area of flow through the pump 0.01 · π m2

ain Area of flow through tank 1’s inlet (0.305)2·π m2

â Coefficient for (5) −5.78·105 s2/m5

ĉ Coefficient for (5) 55.2 m
cd Discharge coefficient 0.61 (no units)
d Elevation of the rooftop vegetation rel-

ative to the cistern
16 m

D Diameter of the pipe 0.2 m
ε Positive number that dictates the steep-

ness of a sigmoid function
0.5 (no units)

F Friction factor of the pipe 3.56 (no units)
g Acceleration due to gravity 9.81 m/s2

K Saturated hydraulic conductivity 7.83·10−8 m/s
[20, Table 1,
Sandy silt, slight
clay soil]

kL Minor loss coefficient of the pipe 0.6 (no units)
l Length of the pipe 18.4 m
M Length of the look-ahead time horizon

for the model predictive controller
10 time points sp
(= 10 s)

N Length of the time horizon during
which the green roof system operates

43200 time points
(= 12 h)

π Circle circumference-to-diameter ratio ≈ 3.14
ro Radius of the outlet of the cistern 0.125 m
τ Duration of [t, t+ 1) 1 s
x∗2 Desired water volume in the green roof a2 · zveg m3

zcap Soil capacity a2 · zsoil m3

zH Minimum head that is needed for the
pumps to operate

0.6 m

zo Elevation of the outlet of the cistern 3 m
zpump Pumps’ elevation w.r.t. the base of the

cistern
0.15 m

zsoil Soil depth of the green roof 0.5 m
zveg Desired water depth to ensure suffi-

cient soil moisture
4.57·10−2 m [21,
Table 2, Ex. I]

We use the abbreviations: m = meters, s = seconds, min = minutes, h
= hours, and w.r.t. = with respect to.

differentiable continuous approximation for (1). We define
the model

xt+1 = xt + τf ε(xt, ut, wt), t = 0, 1, 2, . . . , (10)

where ε > 0 is a small positive number, and f ε is given by

f ε(x, u, w) := [f ε1(x, u, w), f ε2(x, u, w)]
T

f ε1(x, u, w) := wr · ain − qεout(x1)− qεpump(x, u)

f ε2(x, u, w) := wr · a2 + qεpump(x, u)− we − qεdrain(x2).
(11)

The functions qεout, q
ε
pump, and qεdrain are differentiable

continuous approximations for qout (3), qpump (4), and qdrain
(9), respectively. Our deviations use sigmoid functions or a
smooth square root approximation [16]. From [16, Eq. 3,
p. 89], a smooth square root approximation is defined by

ψε : R→ R such that

ψε(y) :=


2
3

√
ε if y ≤ 0

1
3εy

3/2 + 2
3

√
ε if 0 < y ≤ ε

√
y if y > ε.

(12)

Now, we estimate qout (3) using ψε as follows:

qεout(x1) := cout · ψε(ν(x1))

ν(x1) := x1

a1
− zo.

(13)

The function qεout is continuous and differentiable [16, p.
89]. The differentiability can be shown by applying [22,
Thm. 20.10, pp. 160–161] to the definition of the derivative.
Intuitively, qεout smooths the “kink” that appears in qout (3)
when x1

a1
= zo.

Next, we present our differentiable continuous approxima-
tion for qpump(x, u) (4), which is more involved due to the
square root together with the additional cases. Our first step
is to form a differentiable continuous approximation for the
square root in q̄pump,0(x) (8) using the approach that we have
employed to derive (13),

ηεpump(x, u) := u · b · ψε(ρ(x1))

ρ(x1) := x1

a1
+ ĉ− d.

(14)

Our second step is to model the cases about the sufficiency
of water for pumping and the soil moisture using sigmoid
functions σε1 and σε2, respectively. The function σε1 is a dif-
ferentiable continuous approximation for the case statement
about the sufficiency of water for pumping,

σε1(x1) :=
1

1+exp (
a1(zpump+zH)−x1

ε )
≈

{
1 if x1

a1
≥zpump +zH

0 otherwise.
(15)

Similarly, σε2 is a differentiable continuous approximation for
the case statement about the soil moisture,

σε2(x2) :=
1

1 + exp (
x2−a2·zveg

ε )
≈

{
1 if x2

a2
< zveg

0 otherwise.
(16)

We multiply (14)–(16) to form a differentiable continuous
approximation for qpump(x, u) as follows:

qεpump(x, u) := ηεpump(x, u) · σε1(x1) · σε2(x2). (17)

We compare qpump (4) and our approximation qεpump (17)
numerically in Fig. 3.

Finally, we derive a differentiable continuous approxima-
tion for qdrain (9) using another sigmoid function to smooth
the soil capacity case statement,

qεdrain(x2) := K · a2 · (x2

a2
+ zsoil)/zsoil · σε3(x2)

σε3(x2) :=
1

1 + exp(
zcap−x2

ε )
≈

{
1 if x2 ≥ zcap

0 otherwise.

(18)

extraspace



Fig. 3. A comparison between qpump(x, u) (4) and a smooth approximation
qεpump(x, u) (17) with u = 0.5, x2 = 0, and ε = 0.5, as x1 varies.

3) Linear model: We approximate our non-linear differ-
entiable model (10) near an operating point p := (x̄, ū, w̄) ∈
R2 × R× R2 at time t by deriving a linear model

x̃i+1 = Apx̃i +Bpũi + Cpw̃i + bp, (19)

where i ∈ TMt := {t, t + 1, . . . , t + M − 1} and M ∈ N
is the length of a look-ahead time horizon. The quantities
x̃i ∈ R2, ũi ∈ R, and w̃i ∈ R2 are the variations of the state
xi, control ui, and disturbance wi about p, respectively,

x̃i := xi − x̄, ũi := ui − ū, w̃i := wi − w̄. (20)

We derive the matrices Ap ∈ R2×2, Bp ∈ R2×1, Cp ∈ R2×1,
and bp ∈ R2×1 by evaluating partial derivatives of f ε at p,

Ap := τ
∂f ε

∂x
(p) + I, Bp := τ

∂f ε

∂u
(p),

Cp := τ
∂f ε

∂w
(p), bp := τf ε(p),

(21)

where I is the 2× 2 identity matrix, ∂f
ε

∂x (p) is the Jacobian
matrix of partial derivatives of f ε (10) with respect to x
evaluated at p, and ∂fε

∂u (p) and ∂fε

∂w (p) are defined similarly.
4) Model predictive controller: Let t = 0 and p =

(x̄, ū, w̄), where x̄ is a given initial state, ū = 0 (no
pumping), and w̄ = [0, 0]T (no precipitation or evapotran-
spiration). Let N ∈ N be the length of the simulation time
horizon. The MPC algorithm proceeds as follows:

1) Compute Ap, Bp, Cp, and bp (21).
2) Compute w̃i for each time i in the look-ahead horizon

TMt using predictions from a local forecast.
3) Compute current and future controls ui for all i ∈

TMt by minimizing a quadratic cost (to be described)
subject to the linear model (19).

4) Apply ut, the control for time t from the previous step,
to the non-linear non-differentiable model (1).

5) Proceed to the next time point, i.e., update t by 1.

6) Measure the current state, and set x̄ to this value.
Select ū to be the control from Step 4 and w̄ to be
the average of the previous disturbances. Using these
values, update the operating point p = (x̄, ū, w̄).

7) If t ≤ N , proceed to Step 1; otherwise, stop.
In Step 3, we have chosen a quadratic cost that penalizes

the current and future control effort and a deviation between
predicted soil moisture and a desired value zveg. Define a
vector of future states X := [xTt+1, . . . , x

T
t+M ]T and a vector

of current and future controls U := [ut, . . . , ut+M−1]T . The
quadratic cost is a function of X and U :

J(X,U) := c(xt+M,2) +

t+M−1∑
i=t

c(xi,2) + λu2i , (22)

where c(y) :=
(
y
a2
− zveg

)2
with y ∈ R, the state at time

t is xt = x̄, λ > 0 is a given weight, and xi,2 (m3) is the
water volume in the green roof at time i.

B. On/Off Controller

We consider the following on/off controller. Let t ∈ N
be the current time, and suppose that xt = [xt,1, xt,2]T is
the state at time t. Let v > 0 be given. The on/off control
ut equals v if the vegetation requires water and there is
sufficient water for pumping but equals zero otherwise,

ut =

{
v if xt,2 < a2 · zveg and xt,1 ≥ (zpump + zH)a1

0 otherwise.
(23)

The on/off controller is considerably simpler to implement,
but it does not incorporate information from a forecast.

III. OUTCOME

To compare the model predictive controller (MPC) and the
on/off controller, we have gathered a 12-hour period of time
series data from a weather station in Toronto during a wet
month (July 2021). The data includes hourly measurements
of precipitation, dew point temperature, temperature, and
wind speed [23]. We have used the latter three data types and
solar irradiance measurements [24] to estimate an evapotran-
spiration rate we over time [17, ET0 equation, p. 2].1 Figure
4 shows the estimated precipitation and evapotranspiration
rates. We have evaluated three sets of initial states, where
each state is high or low relative to the system’s geometry
or desired moisture level (Table II). The term “low-low”
denotes an initial state with low values for x1 and x2, and
the term “high-low” denotes an initial state with a high value
for x1 and a low value for x2. While the simulations are
limited as they assume perfect knowledge of the weather,
they offer insights into the anticipated performance of the
different controllers. We present the total of |xt,2 − x∗2|
over time t for each initial state in Fig. 5, where x∗2
is the desired water volume in the green roof (Table I).

1The solar irradiance data is from July 2014 in Québec [24]; this data
type was not available for Toronto in July 2021.



The results show that the MPC with a moderate weight λ
outperforms the other controllers when pumping is required
(Fig. 5). Our code is available from https://github.
com/catherineyeh/sustech2021-2.

TABLE II
INITIAL STATES FOR SIMULATIONS

Name Initial water volume in
the cistern x0,1 (m3)

Initial water vol. in the
green roof x0,2 (m3)

low-low a1 · zo/1.3 a2 · zveg/1.3
high-low a1 · zo · 1.3 a2 · zveg/1.3
high-high a1 · zo · 1.3 a2 · zveg · 1.3

First, we discuss the results for the “low-low” initial state.
Both controllers produce high pumping rates early in the
time horizon to increase the soil moisture (Fig. 6). However,
the MPC permits continuous changes in the pumping rate,
whereas the on/off controller inherently lacks this ability
(Fig. 6). The behavior of xt,1 is shown in Fig. 7. The
behavior of xt,2 under the on/off controller for any v ∈
{0.2, 0.5, 1, 1.5, 2} resembles the behavior of xt,2 under the
MPC when the magnitude of u is penalized the least, i.e.,
λ = 0.00001 (Fig. 8). The on/off controller lacks flexibility
and predictive ability, which causes excessive moisture in
the green roof after about 2.5 hours (Fig. 8). The best
performance of the MPC occurs for a mid-range penalty,
λ = 0.001, while the performance of the on/off controller is
similar for v between 0.2 and 2 (Fig. 5, circles).

When the initial water volume in the cistern is high and
the initial water volume in the green roof is low (“high-
low,” Table II), the comparisons of the controllers (Fig. 9)
and performance (Fig. 5, diamonds) resemble the previous
findings (Fig. 6; Fig. 5, circles).

When the initial water volumes in both tanks are high
(“high-high,” Table II), the MPC and on/off controller are
zero over time (not shown due to space constraints) because
the vegetation does not require irrigation. Thus, in this case,
there is no difference in their performance (Fig. 5, squares).

IV. CONCLUSION

Using the mass balance principle and smoothing tech-
niques, we have proposed a non-linear differentiable model
for reusing stormwater to irrigate a green roof in Toronto.
This new model permits linearization and a model predictive
controller (MPC) that incorporates weather data. Our sim-
ulations indicate that for an appropriate parameter choice,
the MPC outperforms an on/off controller, which does not
anticipate the weather. We see several exciting extensions.
A stochastic model can strengthen the representation of the
weather, and a risk-averse analysis, as in our prior work [25],
can improve sensitivity to severe, random harmful outcomes.
We expect that a model predictive controller requires more
expensive hardware versus an on/off controller. Future work
can include economic assessments and exploring potentially
less expensive, hybrid designs, e.g., an on/off controller that
anticipates the weather. Further studies about automatic sens-
ing and control for green and stormwater infrastructure have

potential to improve the environmental impact of expanding
cities.
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